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Iff offering to students and teachers a new edition of 
the Elements of Euclid, it will be proper to give some ac¬ 
count of the plan on which it has been arranged, and of the 
advantages which it hopes to present. 

Geometry may be considered to form the real founda¬ 
tion of mathematical instruction. It is true that some 
acquaintance with Arithmetic and Algebra usually precedes 
the study of Geometry; but in the former subjects a begin¬ 
ner spends much of his time in gaining a practical facility 
in the application of rules to examples, while in the latter 
subject he is wholly occupied in exercising his reasoning 
faculties. 

In England the text-book of Geometry consists of tho 
Elements of Euclid; for nearly every official programme of 
instruction or examination explicitly includes some portion 
of this work. Numerous attempts have been made to find 
an appropriate substitute for the Elements of Euclid; but 
such attempts, fortunately, have hitherto been made in 
vain. The advantages attending a common standard of 
reference in such an important subject, can hardly be over¬ 
estimated ; and it is extremely improbable, if Euclid were 
once abandoned, that any agreement would exist as to the 
author who should replace him. It cannot be denied that 
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PREFACE. 


defects and difficulties occur in the Elements of Euclid, and 
that these become more obvious as we examine the work 
more closely; but probably during such examination the 
conviction will grow deeper that theso defects and diffi¬ 
culties are due in a great measuro to the nature of the 
subject itself, and to the place which it occupies in a courso 
of education; and it may be readily believed that an equally 
minute criticism of any other work on Geometry would 
reveal more and graver blemishes. 

Of all the oditions of Euclid that of Robert Simson has 
been the most extensively used in England, ahd the pre¬ 
sent edition substantially reproduces Simson’s; but his 
translation has been carefully compared with the original, 
and some alterations have been made, which it is hoped 
will be found ,jto be improvements. These alterations, how¬ 
ever, are of no great importance; most of them have been 
introduced with the view of rendering the language more 
uniform, by constantly using the same words when the 
same meaning is to be expressed. 

As the Elements of Euclid are usually placed in the 
hands of young students, it is important to exhibit the work 
in such a form as will assist them in overcoming the diffi¬ 
culties which they experience on their first introduction to 
processes of continuous argument. No method appears to 
be so useful as that of breaking up the demonstrations into 
their constituent parts; this was strongly recommended 
by Professor Be Morgan mo.-e than thirty years ago as a 
suitable exercise for students, and'the plan has been adopt¬ 
ed more or less closely in some modern editions. An ex¬ 
cellent example of this method of exhibiting the Elements 
of Euclid will be found in an edition in quarto, published 
at the Hague, in the French language, in 1762 . Two per¬ 
sons are named in the title-page as concerned in the work, 











PREFACE. 


Koenig and Blasslera, This edition hmi served as the 
model for that which is now offered to the student; some 
slight modifications have necessarily been made, owing to 
the difference in the size of the pages. 

It will be perceived then, that in the present edition 
oach distinct assertion in the argument begins a now lino* 
and at the ends of the lines are placed the necessary refer¬ 
ences to the preceding principles on which the assertions 
depend. Moreover, the longer propositions aro distributed 
into subordinate parts, which are distinguished by breaks 
at the beginning of the linos. 

v This, edition contains all the propositions which are 
usually read in the Universities. After the text will be 
found a selection of notes; these are intended to indicate 
and explain the principal difficulties which have been 
noticed in the Elements of Euclid, and to supply the most 
important inferences which can be drawn from the propo¬ 
sitions. The notes relate to Geometry exclusively; they 
do not introduce developments involving Arithmetic and 
Algebra, because these latter subjects are always studied 
in special works, and because Geometry alono presents suf¬ 
ficient matter to occupy the attention of early students. 
After some hesitation on the point, all remarks relating to 
Lope have also been excluded. Although the study of 
Logic appears to be reviving in this country, and may 
eventually obtain a more assured position than it now 
holds in a course of liberal education, yet at present few 
persons take up Logic before Geometry; and it seems 
therefore premature to devote space to a subject which will 
be altogether unsuitable to the majority of those who use a 
work like the present. 

After the notes will be found an Appendix, consisting of 
propositions supplemental to those in the Elements of 
Euclid; it is hoped that a judicious choice has been made 




* PREFACE. 

from the abundant materials which exist for such an Ad- 
pend!*. The propositions selected are worthy of notice oh 
vanous grounds; some for their simplicity, some for their 
whw as geometrical facte, and some as being problems 

, * may natuially snggest themselves, bi t of which the 
solutions are not very obvious. 

rnot T f 1G 1 ^°* k ® nishes with a collection of exercises. Geo¬ 
metrical deductions afford a most valuable discipline for a 
student of mathematics, especially in the earlie/period of 
his course; the numerous departments of analysis which 
subsequently demand his attention will leave him but little 
tune then for pure Geometry. It seems however that the 
totats tf .mmd which the study of pure Geometry tends to 
torm, furnish an - ^antageous corrective for some of the 
evils resulting frc ■ an exclusive devotion to Analysis, and 
it is therefore desirable to engage the attention of begin, 
ners with geometrical exercises. 

Many persons whose duties have rendered them familiar 
with the examination of large numbers of students in 
ejementaiy mathematics have noticed with regret the 
frequent failures in geometrical deductions. Several col- 
lections of exercises already exist, but the general com¬ 
plaint is that they are too difficult Those in the present 
volume may be divided into two parts; the first part con¬ 
tains 440 exercises, which it is hoped wdl not be found 
beyond the power of early students; the second part consists 
of the remainder, which may be reserved for practice at a 
later stage. Those exercises have, been principally selected 
from College and University examination papers, aud have 

*f ted by ] ° ng ex P erien ce with pupils. It will be seen 
iafc they are distributed into sections according to the 

propositions in the Elements of Euclid on which they chiefly 

denend, A a far oa nn..ai„ .1 _ * _ ~ * 

,,,4. u ~7 ;; ”* * K,n3lDlc ' a™ arranged in order of 

difficulty, but it must sometimes happen, as is the case 
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PREFACE, 

fa the Elements of Euclid, that one example prepares 
^e way for a set of others which are much easier than 
itself. It should be observed that the exercises relate to 
pure Geometir; all examples which would find a more 
smtable place m works on Trigonometry or Algebraical 
Geometry have been carefully rejected. 

It only remains to advert to the mechanical execution 
ofthe volume, to whmh great attention has been devoted. 

he figures will be found to be unusually large and dis¬ 
tinct, and they have been repeated when necessary, so that 
they always occur in immediate connexion with the corre¬ 
sponding text. The type and paper have been chosen so 
as to render the volume as clear and attractive as possible. 
The design of the editor and of the publishers has been to 
produce a practically useful edition of the Elements of 
Euclid, at a moderate cost; and they trust that the design 
has been fairly realised. ° 

Any suggestions or corrections relating to the work 
will be most thankfully received. 


I. TODHUUTER. 


St John’s College, 
October 1862. 
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INTRODUCTORY REMARKS. 


B t„ 7 ^ sub J ecfc ofPlane Geometry is here presented to the 
student arranged m six books, and each book is subdivided 
into propositwns. The propositions are of two kinds, pro- 
and theorem*. In a problem something is requtod 

be tnie° ne * “ * e ° rem *°“ e new princi P le is verted to 

A proposition consists of various parts. We have first 
the general enunciation of the problem or theorem- as for 
example, To Me an equilateral triangleZa giZ 

ZlthZZ Z ° r Amj tW ° angU * °f air ^ngU are 
together less than two rig/a angles. After the general 

enunciation follows the discussion of the propositi First, 

and applied particular 
figure which is to be considered; as for example, Let AB 

he the given straight line: it is required to describe an 
equilateral triangle on AB. The construction tliqn usually 
follows, which states the necessary straight lines Zd circles 
which must be drawn in order to constitute the solution of 
* ° r t^* burnish assistance in the demonstration 
of the theorem. Lastly, we have the demonstration itself 

thePr0Wem ^ b0Cn ^**the 

C .°f^ 0uU re 1 uM : and 

binod. ~ ~ 4WVSV4Cw0m iiau demonstration are com- 



xvi INTRODUCTORY REMARKS. 

Tho demonstration is & process of reasoning in which 
we draw inferences from results already obtained. These 
results consist partly of truths established in former propo¬ 
sitions, or admitted as obvious in commencing the subject, 
and partly of truths which follow from the construction 
that has been made, or which are given in the supposition 
of the proposition itself. The word hypothesis is used in 
the same sense as supposition. 

To . assist the student in following the steps of tho 
reasoning, references are given to tho results already ob¬ 
tained which are required in the demonstration. Thus I. 5 
indicates that we appeal to the result established in the 
fifth proposition of the First Book; Constr. is sometime^ 
used as an abbreviation of Construction , and Hyp as an 
abbreviation of Hypothesis. 

It is usual to place the letters q.e.f. at the end of tho 
discussion of a problem, and the letters q.e.d. at the end of 
the discussion of a theorem. q.e.f. is an abbreviation for 
quod erat faciendum , that is, which was to he done; and' 
Q.e.d. is an abbreviation for quod erat demonstrandum, 
that is, which was to he proved. 
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EUCLID’S ELEMENTS. 


book i 

definitions. 

maiitu"dI° INT “ that Wbi ° b bas no P ar *s, or which has 

2. A line is length without breadth. 

3. The extremities of a line are points. 

mLLSSZ *" * *“ —* Wweeo 

breadthf ‘ npWfide8 * ** e-T length and 

6. The extremities of a superficies are lines.. 

being take^XSJhn- U W in which *“7 two points 
that wiperficies? Mght h “ e between *• whSy £ 


no 
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°. f *•te end 

same direction * “ 4 together » but arc not in the 

f' 
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EUCLID'S ELEMENTS . 


9 . A plane rectilineal angle is the indination of two 
straight lines to one another, which meet together, but are . 
not in the same straight line. 

Note. When several angles are at one point B, any 
one of them is expressed by three letters, of which the 
letter which is at the vertex of the angle, that is, at the 
point at which the straight lines that contain the angle 
meet one another, is put between the other two letters, 
and one of these two letters is somewhere j>n one of 
those straight lines, and the other letter on the other 
straight line. Thus, the angle which is contained by the 


the angle which is contained by the straight lines AB, DB 
is named the angle ABD, or DBA ; and the angle which 
is contained by the straight lines DB, CB is named the 
angle DBG, or CBD ; but .if there be only one angle at a 
point, it may be expressed by a letter placed at that point; 
as the angle at E. » •■ f r 

10 . When a straight line standing 
on another straight line, makes the adja¬ 
cent angles equal to one another, each of 

the angles is called a right angle ; and .. • 

the Straight line which stands 'on' the 

other is called a perpendicular to it. ; . t 

11. An obtuse angle is that which ‘ ' / 

is greater than a right angle. • - f / 


f 
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DEFINITIONS. * 

13. A term or bounduy is the extremity of auj thing 
boundaries.“ ““ whid > b W one or 

w. A circle is a plane figure 

S?l!S m S? hy - one Iine > wbid^is f \ 

call l f d ,, tlle Qircumference, and is ,/ \ 

from i hat *? ? trai « ht K*>os drawn % -J— \ 

fimSo t 0 ®*?? 111 P° int wi thin the V /I 

fjJJPn to the clr cumferenco are V / / 

equal to one another: \/ ‘ : y/ 

16. And this point is called the centre of the circle. 

ooat^Cc^^J 8tndghtliM . *"» fro “ 
•Wtte 3J5* *> 

*** »* ■ 

bystraightlines?^ figUres 816 t h° se which are contained. 

lines:' figUres > or trian sH by three stnught 

22. Quadrilateral figures by four straight lines: s 

four straight^linea!^ figures ’ or polygons, by mere than' 

** * 

24 . Of three-sided figures, A 

b» tt^^SddSr 1810 u *>** A", 
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f EUCLI&S ELEMENTS. 

25. An isosceles triangle Is th at 
which has two sides equal: 


A scalene triangle is that 
which has three unequal sides: 


, 27. > A right-angled triangle is that 
which has a right angle: 

[The side opposite to the right 
angle m a right-angled triangle is fro- 
quently called the hypotenuse.! 


quently called the hypotenuse.] 

28. .An obtuse-angled triangle is 
that which has an obtuse angle; 

* . \ , 

it. 29 \.4 n acute-angled triangle is 
that which has three acute angles. 

Of four-sided figures, 

„ ?®- .4 square is that which has 
all its sides equal, and all its angles 
right angles; e 


it .4 rh0 ®bus is that which has 
all its sides equal, but its angles are 

HOt riff'ht fttinrlna • ♦ 
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DEFINITIONS. 

Ita onnJi/ h -j? lb0id that "hich has 
bntfK^ . 8 , ldes e( l aal to on© another, 

A*sarr not -° r ■*• / / 

— four -» id « 1 «*»"» beside. these 


called trapeziums. 

35 . Parallel straight lines 
as are in the same plane, an 
being produced ever so far b< 
do not meet. * * 

four-sided figure is called a quadrilateral a 

^sS'Sr«S 

s^sSSSafe 

to»^dA&^Sr h S Kn^ H w#Bl ‘Wf*™ 

it would certainly be m»L& of its sides parallel; and 
universally adopted.] convemenfc this restriction were 


POSTULATES."** 

Let it be granted, 

point to^any oVe^iut U drawn from *»J one 

any length hfas^gh^m Rne majr Produced to 

- 4 *tatati k : d “ , ' Wta ■»—* 
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AXIOMS. 4 


to wo ™th«. whidl U»°8 ore equri 

t ’ ' - 

2. If equal* be added to equal* the wholes are equal. 
If equal* be taken from equal* the remainder* are 

unequal^ 6(1111118 ** addod to un<H l ual8 the wholes are 
*reuneqmd? Ual8 ** token fr ° m un<M I ual » 4116 remainder* 


JoZnSer *" *"“• ° f the «• 

equlij^otr" 0 <* tto «»m« thiog 

I* coincido ™ th one another, that 

Mother, Uy fiU th ° 8ame space> are M™* to one 


9 . The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

11. AIJ right angles are equal to one another. 


*?• a straight line meet two straight lines so as «a 
make the two interior angles on the same side of it taken 
together, less than two right angles, these straight 1-r 
being continually produced, shall at length meetin g 

angles? WhlCh ar ® 4110 angles which *** loss than two right 









PROPOSITION 1. PROBLEM. 

itraighTlhte 6 m equilaterai triangle on a given finite 

bo tho given straight lino: it is requirod to 
describe an equilateral triangle on AB, 


. froro tbo centre A, at the distance AB, describe tho 
arete BCD. * [Postulate 3. 

• i m 5^r, centre B > afc tho distanco BA, describe tho 

Circle ALE. [Postulate 3. 

Prom the point 0; at which the circles cut one another, draw 
the straight lines CA and Cx. to the points A and B. [Post. 1. 
ABC shall be an equilateral triangle. 

• Because tho point A is the centre of the circle BCD 

ACa i equal to AS. UXfimli*. u. 

And because the point B is the centre of the circle ACE, 
SC u equal to Bl. {Definition If. 

But it has been shewn that CA is equal to AB; 
therefore CA and CB are each of them equal to AB. 

But things which are'equal to the same thing are equal to 
one another. [Axiom l.~. 

Therefore CA is equal to CB. 

Th eref ore CA, AB, BC are equal to one another; . -- 

wherefore the triangle ABC it equilateral, [Def. 24. 

and it it described on the given straight line AB. q.e.f. 




ELEMENTS. 

PROPOSITION 2. PROBLEM. 

given™*aightlme! nt *° draW a * trai 9 ht K** equal to a 

■4ftH ‘V.^en ,t raight 

lino equal to BG. rom the P°«»t A a straight 

thelSSS 6 ,^ £ t0 Bdr ™ 

tne straight line ; [^ 1# — 

and on it describe the eaui / 

lateral triangle DAB, [l { [ a \ 

daVdT^ 0 ^ sht ( A?\ 1 

[Post 2. \ J >^\ J 

t ™ H}® < 2e " tro J*, at the dis- \ r~Bf 7>4 - 

tanw ^ desenbe the circle •• \v ~ //\ r 

Wi7, meeting ZJ/’atG'. [p 0 ,t 3 ' E 

f ■ rom the centre 2), at tho dis 

tance Z><y, describe the circle f 

AL shall be equal to BG. 

to ij! n ‘ * is th0 <«*• of tho circle CGff. 
And because the Doint 7 ) Jo _ [Definition 15, 

DL is equal to DLL- 6 cen *' re °f the circle GEL, 

md DA, DB parts if them are equal. 

therefore the remainder AL is earni t. J DeJiniUon 24 * 

18 e( l uaI to the remainder 

But it has been shewn that BG is equal to BG . 3 ‘ 

BifttWngs^i^fjareequafto^tb ^*** ^ ^ . 

one another. 1 « to the same thing are equal to 

Therefore is equal to i?# - V*b*l. 

* If Xenftraithfii^. _ 

~ -r*~' * me cess v ~" “ 57 c^r 

Bet aud <7 be tho two given straight lines, of which 








J 





BOOK I. 3, 


tocuto,rfro “ ab < 

Prom the point draw 

the straight line AD eqral _«■■ 

10 y\ [X # 2. S' y*\ 

and from the centre. A, at f / \ - 

the /^fance ^Z), describe (c 4 - L 

. ’ [Postdate 3. V J 

Ah shall be equal to G. X "-- 

totSS »?.if 1 “ th0 »f the circle DDF, 

But C is equal to AD {Definition 15. 

f tZigasz 

PROPOSITION 4. THEOREM. 

sicks of thlother"*i? e * ^ one e 9 m l to two 
contained by those side? f™ h f f nd have also the angle* 
also have their loses 1 t0 T e anot/ler > they shall 
triangles shall be equal 'an^thlirnT™ 1 * a ? d the two 
equal . each to each. namdTthnt Z ai t gle * ehall be 

are opposite. J those to whlch the equal sides 

IT th l* W ° * M « 

AB to DB, and A G to ^ DF * each to each » nameI y, 

BF, and the angle BAG A r» 

equal to the angle EDF: l\ A 

the base iSdshall be equal \ /\ 

to the base FF, and the / \ / \ 

triangle ABC to the tri- / \ / \ 

angle BEF and the other / \ / \ 

angles shall be equal, each i _A / \ 

weacn, co winchthe equal ~ u £-|i 

BEF, and the a m^| e to the an « Ie 






1U EUCLID'S ELEMENTS. 

* 

For if the triangle^ BC be applied to the triangle DEF 
so that the point A may be on the point D, and the 
straight line AB on the 
straight line DE, the ? 

point B will coincide with /\ /\ 

the point E t because AB / \ / \ 

is equal to DE. [Hyp. / \ / \ 

And, AB coinciding with / \ / \ 

DE, AC will fall on DF, /_\ 

because the angle BAC » C e 

fa equal to the angle EOF [Rypcthtw. 

Therefore alee tho point (7 will coincide with tlie point F, 
bemuse AG , 8 equal to DF. 

"Ut the points was shewn to coincide with tho point E 
therefore the base BC will coincide with the base EF; * 

because, £ coinciding with E and C with F, if the base BC 
does not coincide with the base EF, two straight lines wifi 
enclose a sp^ce; which is impossible. [Axiom 10 

equaf^H.^ 16 baS ° BG Coincides with the base EF, and is 

Therefore the whole triangle ABC coincides with the whole 
triangle DEF, and is equal to it. - [Axhm i. 

„ A i fl the ^t her if gleS °f the one coincide with the other 
?i fck ' r ’ a , nd J J £ e TT e( l ual them, namely, the 

angle DFE^ ^ angle DEF * md the angle ACB to tho 

Wherefore, if two triangles &c. q.e.d. 

PROPOSITION 5. THEOREM. 

Tlie angles at the base of an isosceles triangle are equal 
to™ 0 ® n0t ,i er ; t i and .jf the equal sides be produced the 
another 11 ^ the shal1 be e 4 ual to one 

bo a n isosceles triangle, having the side A R 
equal to the side AC, and let the StraighUines AB, AC 
be produced to Z> and I E: the angle ABC shall bo equal to 
the angle ACB, and the anglo CBD to the angle BCE. 

In El) take anv TiAml 1 Z I* 

~ —. —-- 

and from AE the greater cutoflUG equal to AFthe less, fU, 









u 



4 


7 

book I. 5 . 

and join FC, GB. 

■ Because^is equal to AG, [Corutr. 
and AB to AC, [Hypothesis. 

the two sides jF* A, AC are equal to the 
two sides GA,AB, each to each; and 
they contain the angle FAG common 
to the two triangles AFC, AGB ; 

therefore the base FG is equal to the 
base GB, and the triangle AFC to 
the triangle AGB , and the remai ning 
angles of the one to the rem aini ng 

the other, each to each, to u r, 

which the equal sides are opposite, 

“ a ®ely the angle A CF to the angle A nr «. 

AFC to the angle AGB. g and the an S le 

•.And becaoM the whole AF isequal to the whole ^<5 
of which the parts AB, AC are equal r /7 , 7 - 

the remainder BFi, eqaal to the remainder CO. [ZZ7 
And FC was shewn to be equal to GB; 

COMB, Srt t t W 0 °rach; BF ‘ F ° * r# e<1 “ alto the two sides 

10 the r le cob ; 

other angles are equal ench’to men** 6 w t ua !’ a . n< t their 
sides are oppositeMmdTtho aT-e ™7', ch «4«*1 

GOB, and thi angle BOfI the a"f!o CM * "" S*J> 

is MtStaSfe‘ hat the Wh0, » 
andjhat the parts of these, the angles CM, BOF ire also 

therefore the remaining angle ABC in P m,ni 

SL Tam 3 ’ which a,e the “tA &'RS 

equalto tLangteGCfi whtne ““l “ Sle ^ & 
side of the base? * hich we the an S ,es on the other 

Wherefore, the angles &c. q.u.d.x ^ :r 
eqnS^ula? Heo< ’° <lra * ®9"“»^«ngle is also 







14 EUCLID'S ELEMENTS 

PROPOSITION 6. THEOREM. + 

‘z $£. ,ome an ° ,k »•- 

nte to , tA* an^, &, *££«/ 

*0 one another. * 

be © triangle, having the 

SS6f°i^fc iiT* 1 to th f &n & eA CJ^: the 
«de AC shall be equal to the aide AB. 

nf*?° rif ^?. bo not e< l ual to AB, one 
of them must be greater than the other. 

be greater, and from it 
cut off DB equal to A C the less, 
and join DC. 

Then, because m the triamrl 
EB is equal to AC, 
and BC is common to both 

and the angle DBG is equal 
therefore the base DC is e, 
triangle DBG is equal to tht 
the less to the greater • wVnV 


[Construct\ 









U. 3. 

* , f» 

t 

instruction. 

i AC, CB, 

Hypothesis. 

and the 
[I. 4, 
{Axiom 9. 
qualto it 

9 is also 

'tere can - 


: Wz 7,8. „ ... U 

° B > **«“*« 

angle is witlloutthe other triple* 1 . th<1 nn ° x ot each w - 
because AC is equal to AD, * rrr 

the angle ^C 7 > is equal to the angle ADC. rrT 

But the angle afC® is greater than the angle BCD. uV 9 
tterefore the angle is also greater than the'angle' 

mu* more then is the angle BDC greater than the angle 

Again, because BC is equal to BD, rwww. 

the angle BDC is equal to the angle BCD. ‘ 

But it hM been snewn to be greater; which ia impossible.’ 

n v £t°- ne .? f the vertices as _ 

A be within the other triangle F s» - 

produce AC, AD to E, F. C/ / 

a T^nbecause AC is equal to /\V 

^ 4 Z), in the tnangle ACD, [ff yp . / X\ 

the angles BCD, FDC, on the //\\ 

other side of the base CD, are // \\ 

equal to one another. [I 5 y . J 

than 1 A ; B 

therefore the angle W ia also greater than theTgle 

mu* more then ia the angle BDC greater than the angle 

Again, becauae 5 <?is equal to BD, r• 

Uie angle is equal to the angle BCD. rj 5 ' 

Tha i llT* b ° greater ' i» impossible. ’ 

Of th^oK neSSttt^ior triang '° is « • ^ 

Wherefore, on the same base &c. q. b .d. 

proposition o ftlTTT . is\ n 

ATitttsrJtezrjssss, 


* 

mother, the' 


J 
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equal, the angle which is contained by the two sides 

** the an 9 le nhichitconZedhi 
the two sides, equal to them, of the other. 

AK Q \n BG ' triangles, having the two aider 

equal to the two sides BE, BF, each to e£lT 
namely AB to BE, md AC to BF, and also the h 

jjjg EF - the ““S'® BAC shajl bo e,o!dto a* 


» SpSisx. as^aisfcSB 

line *< 7 onthe straight line EF, the point C will also coin 
cide with the point F, because BC is equal to EF. r Hm> 

m^JdJapk*. with EF ' ^ “MO Will coto- 

• the base BC coincides with the base EF but tlm 

? d ® 8 do not coincide with the sides ED. FBbvA. 

Jjj® a Afferent situation as EG, FG; then on thesame 
base and on the same side of it there will be two in^ul 

S'Ef ■•“»»«* "® terminated at om oJS% 

of the base equal to one another, and likewise their sides 
which are terminated at the other extremity. 

But this is impossible. Tl 7 

SlfridM »T e J^ b “? “ incidc » with the base EF, 

Hsfis&Sat BAC “ toddM with «» 

Wherefore, if two triangles &c.’ q.e.d. 


PROPOSITION 9 . PROBLEM. 


,hatu «***u 



a 

tl 

ei 

ai 

a 

b 


in 

lir 

tw 

tri 

an 

sti 

B. 

Aj 

an; 

the 

eac 

am 

the 

tvx 
















two tides 
onlained by 

te two sides - 
ch to each, 
he base BG 
iqual to the 


lgle DEF, 
10 straight, 
also coin- 
V. [Hyp. 

will coin- 

F, but the 
, FD, but 
the same 
1 triangles 
extremity 
heir sides 

tl. 7. 
base jEF, 
ED, DF. 
ihe angle 
[Axiom, 8. 


divide it 


BOOK I. 9 , 10. t. 15 

Let BACbe the given rectilineal iT » 

angle: it is required to bisect it. . A ' 

Take any point D in AB, and / \/ 

from AC cut off AE equal to ^ / \ 

AD '> [I. 3. /V ~A 

join DE, and on 'DE, on the side / \ / \ 
remote from A, describe the equi- / V \ 
lateral triangle DEF. [I. l. B F 0 

Join AF The straight line AF shall bisect the angle BAG. 

Because AD is cquaj to AE, IConUructini 

Mid iF is common to the two triangles DAF, EAF 

each^to ^ch S - ^ 8X6 °^ ua ^ to the two sides EA, AP, 

and the base DF is equal to the base EF; [Definition 24 . j 
therefore the angle DAF is equal to the angle EAF. [I 8 

re ^ alan9l ‘ BAC “ “ 
.PROPOSITION 10. PROBLEM. 

•»*>*«** 'to « to divide it 

.. Det AB be the given straight $ 

Ime: it is required to divide it into / \ 

two equal parts. / \ 

. Describe on it an equilateral / \ 

tnangle ABG, [I. i; / \ 

imd bisect the angle AGB by the / I \ 
straight line CD, meeting AB at & o fc 

‘ P* »• 

AB shall be cut into two equal parts at the point D 

, B “ AOi ‘ «® OB W^in 24 , 

ana 0 D is common to the two triangles A CD, BCD 

whtoS 3 ; AC ‘ C ° “ re eq ’ lal 40 Uie tW ° sidc » BO, CD, 

and the angle ACD Is equal to the angle BCD; [CoMr. 

therefore f~.li a Imno a Ti il. «_ »% 

-» w4u*ii w iuu oasa Ui3 . [I. 4, 

Wherefore the given straight line AB it divided into 
two equal parte at the point A. q e.f. 



[Hypothesis, 

[Definition 


i 












to a given 


o CD. {i. 3 . 

[x. i; 

oint C shall 
f. 

Construction. 

WFx 

es EC, CFt 

definition 24.' 
VCFy [I. & 

er straight 
other, each 
definition 10. 
ht angle, * 

en straight 
AB. Q.E.I*. 

y be shewn 


[Hypothesis, 
tfinition 10; 


BOOK I. 11 , 12 . 17 

Also, because ABD is a straight line, [Hypothesis 

the angle DBE is equal to the angle EBA. * 
Therefore the angle DBE is equal to the angle CBE, [Ax 1 
the less to the greater; which is impossible [iLom o' 

segment.^ 0 ™ * traight line * can ™t have a common 

PROPOSITION 12 . PROBLEM. 

MfJvhnhfr 0 a J trai dht line perpendicular to a aiven 
tSfiut it 0f an unlimitfA a given print 

straight hue perpendicular to AB. F ° a 

Take any point D on 
the other side of AB, and A 

from the centre C, at the /\ 

distance CD, describe the . / \ 

circle EQF, meeting AB at \ / \ y® 

F and G. [Postulate 3 . - x/ p| \ 

Bisect FG at H t [i. i 0 . A 
and join Cff. 

alioiTv. 6 stra, £* 1 t > lme OH drawn from the given point G 
shall be perpendicular to the given straight line AB 
Join CF,CG. ) 

Tl 10 ' tew, ection. 

J® con jL mon to the two triangles FHC\ GHC • 

mgS #,'#* 0 are •** &» ‘wo %HC, 

and the base CF is equal to the base CG; [Definition 15 ' 
therefore the angle GHF is equal to the angle CHG • [I 8 
and they are adjacent angles. h 1 * 8 * 

standin & 5n another straight line 
f he adjacent angles equal, to one another, each of thS 
angles is called a right angle, and the straight line which 
stands on the other is called a nernendiculart/t it m./ m ■ 

Wherefore a perpendicular CH 'has hem'drain to 

<mft! e \ST ght hneAB f rom the given point Cwith- 

* l r . ; C 

2 


i 
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0 

V1 PROPOSITION' 13. THEOREM. 

^ich one straight line makes with another 
etraight line on one side of it. either are two rightanales 
or are together equal to tvoo right angles. 9 gle *> 

Let the straight line AB mako with the straight line 
CD, on one side of it, the angles CBA. ABD : these either 
are^wo nght angles, or are* together’ eq^ totoo rig£ 


of thorn taariSangto^ * ^ *° tho “**'£*% cad > 
But if not, from the point B draw BE at right Mglro 'to 

therefore tho angles CBE t EBB are two right angles.[/v /110 

0BBi * to the two angles CBA ARP. 
to eaoh of these equals add tho angle ■ 

EBD « W-I to the throe 

Ague, the angle DBA is equal to the two angles /Si’ 

to each of these equals add the angle ABC- 

•SffS&SRJffl ’ AB0 m ^ *» ft* j*~i' 

Sle‘ h ^e g tojee C S|ef i,i> IlaT0 t,eel1 she ' m *° 
bbTabc 0 CBE> EBD ' m *« “• -.-fries 

But CBE, EBD are two right angles; tW "' t 

therefore DBA, ABC are together «n»*i ^ ^ 

curies. v "—• w vrrQ 

Wherefore, the angles &c. q.b’ 









'ith another 
'ight angle*, 

traight line 
these either 
) two right 


BOOK /. 14 , 15 , 


PROPOSITION 14, THEOREM . 

s&3 

•m & in one and 

•b^UhljJCBn »0 ( ««gt.t.|ine ^5, let the two 

the adjacent nni^Unc'^S^^’ ?J? OT of - ltS " mak " 
right anglos- together equal to two 

8 Fnr V r nu h 1 ^ m the 8ame8trai 'ghtlinewith CB. 
ror it BD be not m 

*5® ® am ® straight line with 

C5, let BE be in the same / 

straight line with it. / 

Then because the straight / 

une AB makes with the / 

straight line OBE, on one / e 

the an ? Ies o- 

-4-SJ5, these angles are to- B D 

gether equal to two right angles. rT ft* 

5*533?" ABC - ABD “ *• ‘"tether equal tot™ 

“ 8l8s -' faC ’ ^■ Si ’ »e equal to thfln^M 

way Je common angle 
mg angle ABB, ** ° 18 c^ual to the remain-. 

toe lees to toe greater; which is impossible. U * m *‘ 

TndTn tif M ^ ™ the “ m0 atraight ’“e with CB. * 

ore BD 18 in the same straight line with CB 
/ Wherefore, if at a points, q.n.0. ' 

- a * a .f ' - , f ^ . f 

PROPOSmoH 15. THEOREM. ■ 

oppoeile, anplaMUbeequai™ ttnol * er ’ **• optical, or 


.. * TVa 


the three 
[Axiom 2. 
flea DAE, 


the three 
[Axiom 2. 
be equal 


he angles 
[Axiom 1, 


ABD, each 

Ignition 10 . 

; angles to 
[I. 11 . 
Ies.fD^. 10 . 
3AyABE', 


\ 
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Let the two straight lines AB, CD cut ono another at 

to the angle A ED. d\. 

Because the straight line 

A E makes with the straight R --r> 

«“» <® ‘he angles cU, A B 

A ED, these angles are tqge- D 

ther equal to two right angles. rr .« 

oqualto tHo Hglt anltef MB ' the8 ° a ' 80 •» *»««% 

£ g*" »- “ h ™ * >» ££ 

AED^DEB. ang * es CEA, AED are equal to the angles 
maming angle DEB ° h ^ ^ 13 e ^ ua * to the re- 

• Wherefore, if two straight lines &<*. q BD 

linos'"cate^thS “o’tnriTwhicW if ‘ W ,° rtrai *hf 
point where 

by of I 40 “"S'e^ado 

together equal to four nght angle™ * ff &t 0ne mnt > are 

T . PROPOSITION 16. THEOREM. 

Blflppf j/7nf E» ( • 9 -• 

““« produ ™ “ 

Because i« Annoi f a tv* .* +% *« . 






BOOK I. i 6> 17. 2l 

and the angle AEB ia equal to the angle CEP 
hecauso they are opposite ver- * 

tical angles; [i. 15 . / . A - 

therefore the triangle AEB /\ Sy ' 

is equal to the triangle CEE / \ / 

and the remaining angles to’ / / 

the remaining angles, each to / /V / 
each, to which the equal sides /s' \/ 

are opposite; 4 y 

therefore the angle BAE is * V\ D 

equal to the angle ECF W \ 

ttsste \ ' 

,° r Z “"S ' 0 ACD is greater than the angle BAE 
be sTmirif 1 hf bisec “. th« eido^ 

thatfethe >ngle^fci,,rAS:&LS e e“Je £$ 

Wherefore, if one tide &o. «. E .n. S K[I ' 1 '- 
PROPOSITION 17. THEOREM 
righlV^leT 91 ** ^ ** trian # le are together 'lest than two 

togetheHess^han twj rfgjfcgfe/ two of its ^es are 
Produce BC to D. ' A 

rf**? 61 } ^ CD is the exto- /I 

nor angle of the triangle ABC it / \ 

is greater than the interior op {£ / 

site angle ABC. [if is* / l 

To each of these add the angled CB / \ 

Therefore the angles A CD. ACB 15 G~ 35 

aie greater than the angles ABC, ACB. 

Bnt tte angle, ACS, ACB are together equal to two right 

two righ?anglea^ 68 ABC ' MB •» together leJthlS,' 

.^5 the same man* 1 **** i* ^n*. v _ _ 

• -Wherefore, any two angle* &c. q.e.d. ; ;: j’ 


n 
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EUCLID'S ELEMENTS. 
PROPOSITION 18. THEOREM. 

^ ,rimgU *« th > »r**r 

“glo“ CA 6 AB 

Because .4(7 is greater than 

%$£%$?"*****>*■'■ 

, because ADB is the ex¬ 

terior angle of the triangle BDC 
it is greater than the interior op! 
posite angle DCB. [i £ 

But the angleADB is equal to the angle ABD, fi $ 
because the side AD is equal to the side AB. ' [<£,» 

the angle ABB is alao greater than the angfe 
Mug more thou la the angle ABO greater than the angle 
Wherefore, the greater fide &c. q.e.d. ^ 
PROPOSITION 19. THEOREM 

« ss rttiss 

For if not, AC must be either 
0< iual to AB or less than AN. 

But AC is not equal to AB, 

for then the angle ABC would 
be equal to the angle ACB; [I 5 
but it is not; [Hgpotfak 

therefore AC is not equal to AB. 

Neither is A C less than AB, 

for then thfi »mrln A Tin 1J 1 • 

ACB ; -° w ” WUiU 09 iess than the angle 

but it is not j *8. 

j [Hypothetic 
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% 

\ 

the greater 

C is greater 
ter than the 



> [I. 8 . 

[Constr. 

the angle 

t the angle 
[Axiom 9. 


ied by the 

> ABC is 
io greater 


he angle 
[1.18, 
ypothuit. 


m 

i 
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therefore AC is not less than AB. 

And it has been shewn that ^C7is not equal to AB. 
Therefore AG is greater than AB. 

Wherefore, the greater angle &c. q.E.D. 


PROPOSITION 20. THEOREM. 

¥ “ ,rittngle “ re t ° ll *‘ her «“>» 
Site t S'°. : ! r ytTO ddes "0 togettor 


greater than the third side • 
namely, BA, AC greater than 
BC\ and AB, BG greater than 
AO) and BC } CA greater than 

Produce BA to Z>, 
making AD equal to A G t 
and join DC. 



JS'ZSX***-**™- IConslruction. 

Uie angle ADC is equal to the angle ACD. [r k 

But the angle BCD is greater than the angle ACD. [Ax. 9 . 

A nT C £ re thS a J gle BGD * S greater than the an gle BDC. 
And because the angle BCD of the triangle Ttrn {„ 

that th6 

therefore the side BD is greater than the side BC. 

But BD is equal to BA and AC. 

Therefore BA, AC are greater than BG. 

BC * re 

Wherefore, any two sides &c. q.e.d. 


PROPOSITION 21. THEOREM. 
*Z£Z$ § g£ f the dd ? 0fa trian 9le there be drawn 



i 


EUCLID'S ELEMENTS. 


H 

Lot ABC be a triangle, and from the points B. C. 
the ends of the side BO, 
let the two straight lines 
BD, CD be drawn to the 
point D within the triangle: 

BD, DC shall be less 
than the other two sides 
BA, AC of the triangle, 
but shall contain an angle 
BDC greater than the 
augle BAG. 

Produce BD to meet AC at E. 

t Because two sides of a triangle are greater than the 
third side, the two sides BA, AE of the triangle ABE are 
greater than the side BE. [I. 2k 

To oach of these add EC. 

Therefore BA, AC are greater than BE, EC. 

Again; the two sides CE, ED of the triangle CED are 
greater than the third side CD. .' £i. 20. 

To each of theso add DB. 

Therefore CE, EB are greater than CD, DB. 

But it has been shewn that BA, AC are greater than 

BE, EC ; 

much more then are BA, AC greater than BD, DC. 

Again, because the exterior angle of any triangle is 
greater ..than, the interior opposite angle, the exterior 
angle BDC of the triangle CDE is greater than the angle 
CED. [I. 16. 

For the same reasdn, the exterior angle CEB of the tri¬ 
angle ABE is greater than the angle BAE. 

But it has been shewn that the “angle BDC is greater than- 
the angle CEB ; 

much more then is the angle BDC greater than the angle 
BAG. 

Wherefore, if from the ends &c. q.e.d. 
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PROPOSITION 22. PROBLEM. 

To make a triangle qf which the sides shall be equal to 
three given straight lines, but any two whatever of these 
must be greater than the third. 


Let A y B, G be the three given straight lines, of which 
any two whatever are greater than the third; namely, 
A and B greater than C; A and C greater than B ; and 
B and G greater than A : it is required to make a triangle 
of which the sides shall be equal to A, B, C, each to each. 


Take a straight lino 
DE terminated at the 
point D, but unlimited 
towards E, and make 
DF equal to A, FG 
equal to B, and GH 
equal to C. [I. 3. 
From the centre F, 
at the distance FD, 
describe the circle 
DKL. ■ [Post 3. 



c 


Fi-om the centre at the distance GH, describe the circle 
HLK) cutting the former circle at J5T. 

torn KF KG. The triangle KFG shall have, its sides 
equal to the three straight linos A, B, C. 

Because the point F is the centre of the circle DKL 
FD » equal to FK IDefnUUm 15.' 

£* f Tf *° A : ICwtruOion. 

Therefore FK is equal to A. [Axiom 1. 

Again, because the point G is the centre of the circle HLK 
« oqoa! to OK 

But GH is o^ual to G [C<m,.M um. 

Thereforo o q ud to G [Axiom 1. 

TU , “ C, “? t0 ' B - IContrucHon. 

t^ u ,ines KF > FG ’ aK «« 

F , FO ha * iu ,hra > ««« 
Ahr'«™ q ^ t0 thG three given straight lines 

■L'J Vt QtU.Fi 
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PROPOSITION 23. PROBLEM,. x . 

Z>C£ g 10 the ffi ven rectilineal angle 

. take any 9 

points Z>, .£; and join DE / j v 

Make the triangle AEG the / / 

sides of which shall be equal / / 

I?rf he ^S? re ^ 8 trai ffht lines / / 

EE, EC; so that AF _j, / 

“J*? be e l ual CD, AG to - L —r 

CE, and EG to DE. [I. 22. / ® 

The angle FAG shall be j/ 

equal to the angle DCE. 

an^rT 6 F t'n AG are eqwal to EC, CE, each to each, 
fl t 0 b *® e ***** to the base DE; [< Construction. 

therefore the angle FAG is equal to the angle DCE. [I. 8 

lin^AT!Z Q amltEAr e V°t t A *5 the given * tra W ht 

rectilineal angle DCE. q^e.f. ma ^ e to tfie given 


PROPOSITION 24. THEOREM. 

If two triangles have two sides of the one eaual tn /«.,» 
sides of the other, each to each,-hut the angle contained bu 

tainX *£ °{ ^ them , grmter thanthe^Zlec^ 
nttS.** ^ th em, of the other the base 

Wangle which hare the twtt 
each" *° 

EAC greater than the angle 27Z>*? tto’bSJIW^nC 









to make a 
igle. 

I the given 
ogle: it is 
r en straight 
neal angle 


to each, 
instruction. 
OB. [I. 8. 
i straight 
the given 


ok to two 
Gained by 
'igle con- 
i the base 
tier than 
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greater than the base 

EF. £ D 

Of the two sides \ IV 

BE, BF, let BE be \ Y\ 

the side which is not \ Y\ 

greater than the other. \ \\ 

At the point B in \ \ \ 

the straight line BE, I - V J \ \ q 

make the angle EBG a c 

equal to the angle if 

bag, [I. 23. 

and make BO equal to AC or BF, [I. 3, 

and join EG, GF. 

Because AB is equal to BE, [Hypothesis. 

and AC to BG ; [ Construction . 

the two sides BA, AC are equal to the two sides EB, BG, 
each to each; 9 9 

and the angle BA C is .equal to the angle EBG; [ Constr . 
therefore the base BG is equal to the base EG. [I. 4. 

And because ZK? is equal to BF, [Cmstruction. 

the angle BGF is equal to the angle BFG. [I. 5. 

But the angle BGF is greater than the angle EGF. [Ax. 9. 
Therefore the angle BFG is greater than the angle EGF. 
Much more then is the angle EFG greater than the angle 
. [Axiom 9. 

And because the angle EFG of the triangle EFG is 
greater than its angle EGF, and that the greater angle is 
subtended by the greater side, j-j 

therefore the side EG is greater than the side EF. 

But EG was shewn to be equal to BG\ 
therefore BG is greater than EF. 

Wherefore, if two triangles &c. q.e.d. 


the two 
each to 
tie angle 
shall be 


PPOPnaTnnrAXT «r mrwv*^ ***..«. 

* i £x£d\J£ii!ifuk 

t , 

tii an $ e * ^ ave , two ***** the one equal to two 
ndes qf the other, each to each, but the base*f the one 
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tlTlZ^Z *!h ° the (' the angle stained by 

*%** wh \ ch b™ . ihe neater base, shall be 

V^ofZ\ l Z an9U ,m,mned 19 m ***» «“«' ‘0 

tiaJftiR 3< 2/ >EF P? *7? which hayo the two 

g; »4 %t* „r^ d s d a « 

J^Sr r thau“S 1 e h 4lr e El "- U, ° msh DAC « 

For if not, the angle \ \\ 

DA C must be either equal \ \ \ 

to the angle EDF or less \ \ \ 

than the angle EDF. \ * \ 

But the angle BAG is not \ \ \ 

equal to the angle EDF, n - i - 

for then the base DC o ju -j» 

would be equal to the base EF: r T a 

but it is not; m 

Wore the angle SAC is not equal to the angle Tup 
Neither is the angle BAG less than the angle EDF 

for then the base BC would be less than the base EF- ri 24 
but it is not; r „ *; * 

therefore the angle BAG is not less than the angle EDF. 

tothe^eiS/ 6 ™ ‘ ha ‘ 41,8 a ” Sle BA0 is ^ 

Therefore the angle BAG is greater than the angle EDF. 
Wherefore, if two triangles &c. q.e.d, 

PROPOSITION 26 . THEOREM. 

mig \ es V thc one W* 10 tl °o 

angles of the other, each to each , and one side eaual tn 
one side, namely, either the sides adjacent to the eaual 
angles, or sides which are opposite to equal angles in each 
the 1 0th i r sides be equal, each to each, and also 
otfJr! rd an - 16 ^ the one . egual t0 th « third, angle of the 

1/nr y nr a F b< ! Wangles, which have the 
angles ABC, BCA equal to the. angles DEE*, EFD, each 







ntained by 
e, shall be 
es equal to 

ve the two 
F, each to 
t the base 
3AG shall 



[I. 4. 

Hypothesis. 
i EDF. 
)F } 

IF ; [1.24. 
hypothesis. 
0 EDF. 
lot equal 

e EDF. 


'll to tico 
equal to 
he equal 
in each, 
tnd also 
’e of the 
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to each, namely, ABC to DBF, and BGA to EFD ; and 
let them have also one side equal to one side; and first let 
those sides be equal which are adjacent to the equal ancles 
m the two triangles, namely, BC to EF: the other sides 

namel y } AB to DE, and 

A G to DF. and the third 
angle BAG equal to the A 
third angle EDF. 

For if AB be not 
equal to DE, one of them 
must be greater than the 
other. Let AB be the 
greater, and make BG 
equal to DE, [i. 3 . 

and join GG. 

, Then because GB is equal to DE, 
and BG to EF ; 



[Construction. 

[Hypothesis, 


- vs. -* 

the two sides GB, BG are equal to the two sides DE, EF. 
each to each; ’ * 

and the angle GBG is equal to the angle DEF; [Hypothesis. 

therefore the triangle GBG is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposito; [I, 4 , 

therefore the angle GGB is equal to the angle DFE. 

But the angle DFE is equal to the angle AGB. [Hypothesis. 
Therefore the angle GGB is equal to the angle AGB , [Ax. t. 
the less to the greater; which is impossible. 

Therefore AB is not unequal to DE, 

that is, it is equal to it; i 

and -56'is equal to EF\ , (afe*** 

9&*r, 2*525^* BOm eq " al 40 th0 two 8idc » 

find flip ann>ln A Tin tm .^...1 1- 11 . . _ _ •• 

-~.. e . v « cyuui w me angle isniF; [Hypothesis, 

therefore the base A G is equal to the base DF, and the 
third angle BAG to the third angle EDF. * [L 4 . 


ave the 
D, each 



w ■ 
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Next, let sides which are opposite to equal anjrl 
tnangle beequal to one another, namely, 2, 

. llkewi ? e m thl ? ca8e the other sides shall be e 
^ch to each, namely, BO to EF, and AC to DF 
also the third angle BA C equal to the third angle EL 

For if BC be not A 
equal to EF, one of them |V ? 

must be greater than* V \ 

the other. \\ \ 

Let BC be the greater, \\ • \ 

and make BH equal to \\ \ 

m [i. 3. \\ 

and join AH. s He E~ - 

Then because BH is equal to EF, [Comtruc 
and AB to DE ; , 
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I 30P0SITI0N 27. THEOREM. 

If a straight line falling on two other straight lines, 
the alternate angles equal to one another , the two 
traight lines shall be parallel to one another. 

Let the straight line EF, which falls on the two straight 
AB, CD, make the alternate angles AEF, EFD 
ual to one another: AB shall be parallel to CD. 

For if not, AB and (72), being produced, will meet 
ither towards B, D or towards A, C. Let them be pro- 
uced and meet towards B, D at the point G. 



Therefore GEF is a triangle, and its exterior angle AEF 
is greater than the interior opposite angle EFG ; [1.16. 

But the angle AEF is also equal to the angle EFG ; {Him. 
which is impossible. 

Therefore AB and CD being produced, do not meet to¬ 
wards B, D. 

In the same manner; it may be shewn that they do not 
meet towards A, C. 

But those straight lines which being produced ever so far 
both ways do not meet) are parallel. {Definition 35. 

Therefore AB is parallel to CD. 

Wherefore, if a straight line &c. q.e.d. 


PROPOSITION 28. THEOREM. 

, If a straight line falling on two other straight lines, 
make the exterior angle equal to. the interior an d opposite 
angle on the same side of the line , or make the interior 
angles on the same side together equal to two right angles ; 
the two atraight lines shall be parallel to one another. 


/ 



6Z EUCLID'S ELEMENTS ■ 

stl ?# h< L lin0 £F ’ which falls on tho two 
}i ne ! CD, make the exterior angle EGB 

Se «f" ?P * a “- d 0 PP 0 f it0 an S l0 GHD on tho same 

#a^’n r ± ma x? the int ^ nor angles on tho same side BGtL 

gS^lel^CD e<1Ual t0 tW ° nght angles: AB sha11 bo 

Because the angle EGB is * 
equal to the angle GHD, [Hyp. \ 

and the angle i£(?.Z?is also equal * \ (l ' <• 

to tho angle A GH, [i. 15 . -B 


PROPOSITION 29. THEOREM. 

Xf a straight line fall on.two parallel straight lines . 
it makes the alternate angles equal to one another, and 
the exterior angle equal to the interior and opposite angle 
on the same side; and also the’ two interior angles on 
the same side together equal to two right angles. 

line EF fall on tho two parallel 

BhTrk* lnGS : *" 0 a, temate angles AG1LGHD 

?es b !lin!| U h °? e * ai A oth ? r > a ? d the exterior angle 

t*GB 4 »hall be equal to the interior and onnosito ano-la 






on tho two 
angle EGB 
) on tho same 
3 sido BGH ,: 
AB shall bo 


—-—b 

-D 

\ 

F 

[I. 27. 
ire together 

[Hypothesis. 
equal to two 
[1.13. 
o the angles. 

io remaining 
0 ; [Axiom, 3. 


[I. 27. 


tight lines , 
lother, and 
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on tlic same side, GllD, and tho two interior angles on 
the same sido; BGH, GHD, shall bo together equal to two 
nght anglos. 

For if tho anglo AGH bo 
not equal to the anglo GHD, 
one of them must bo greator 
than tho other; let the anglo 
AGH be tho greater. 

Then tho anglo AGH is greator 
than tho anglo GHD ; 

to each of them add the anglo 
BGH, b 

therefore the angles AGH, BGH are greater than the 
angles BGH, GHD. 

But tho angles AGH, BGH are together equal to two 
nght angles; [j, j 3 < 

therefore the angles BGH, GHD are together less than 
two right angles. 

But if a straight line meet two straight lines, so as to 
make the two interior angles on the same sido of it, taken' 
together, less than two right angles, these straight lines 
being continually produced, shall at length meet on that 
side on which are the angles which, are less than two 
right angles. [Axiom 12. 

Therefore the straight lines AB, CD, if continually pro¬ 
duced, will meet. 

But they never meet, sinco they are parallel by hypothesis. 

Therefore the anglo AGH is not unequal to tho anglo 
GHD; that is, it is equal to it. 

, But the angle AG II is equal to the angle EGB. [I. 15. 
j Therefore the anglo EGB is equal to tho angle GHD. [Ax. 1. 
Add to each of these the angle BGH. 

Tlierefore the angles EGB, BGH are equal to tho angles . 
BGH, GHD. [AxwvkZ, 

But the angles EGB, BGH are together equal to two 
right angles. H 13> 

Therefore the angles BGH, GHD are together equal to 
two nght anglos. rfxiom 1. 

\V horeforo, if a straight line &c. q.e.d. 


3 



EUCLID'S ELEMENTS. 

PROPOSITION 30. THEOREM. v 

Straight line* which are parallel to the tame slraiaht 
line are parallel to each other-. 

Let AB,CD be each of them parallel to EF\ AB 
shall be parallel to CD. 

Let the straight line QHK 
cut AB, EF, CD. 

Then, because QHK cuts / 

the parallel straight linos AB. . „/ 

EF, the angle AQH is equal ^ ‘— J f~ - B 

to the angle GHF. [I. 29. / 

Again, because QK cuts E --F 

the parallel straight lines EF. n n/ 

CD, the angle GHF is equal C -/-® 

to the angle GKD. [I. 29. / 

And it was shewn that the / 

angle AQK is equal to the angle GHF. 

Therefore the angle AQK is equal to the angle GKD • [Ax. 1 
and they are alternate angles} 

therefore AB is parallel to CD. rj 2 - 

Wherefore, straight lines &c. q.e.d. 


PROPOSITION 81. PROBLEM. 

10 ™&Z?rXht g Un l ?‘ ,hr0Uah a fivm 1Kinl P*™™ 

lineal 

point A parallel to the straight line BC. ^ 

In BC take any point 

D, and join AD ; at the -- —A v 

point A in the straight " / 

line AD, make the angle / 

DAE equal to the angle ' / _ 

ADC-, [1.23. B -- C 

a«d produce the straight line EA to F. 

EF shall be parallel to BC. 
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Because tho straight line AD, which meets the two 
straight lines BC, EF, makes the alternate angles EAD 
ADO equal to one another, [Construction. 

EF is parallel to BC. [I 27 . 

, Wherefore the straight line EAF is drawn through tho 
given point A , parallel to the given straight line BC. q.b.j. 

+ 

PKOPOSITION 32. THEOREM. 

If a side qf any triangle he produced, the exterior 
angle is equal to the two interior and opposite angles • 
and the three interior angles qf every triangle are toge¬ 
ther equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC 
be produced to D : the exterior angle ACD shall be equal 
to the two interior and opposite angles CAB, ABC : and 

ta ® an S les of the triangle, namely, ABC, 

BCA } CAB shall be equal to two right angles. 

Through thepoint C'draw A 

CE parallel to AB. [I. 31. P 

Then, because AB is par- s' \ / 

allel to CE, and AG falls on \ 

them, the alternate angles b -—X——-- 

BAC, ACE are equal. ^ ^ 

Again, because AB is parallel to CE, and BD fails on 
them, the exterior angle ECD is equal to the interior and 
opposite angle ABC. |-j 2 g 

BACC 6 AGE WaS SheW “ t0 be ® qual the 

therefore the whole exterior angle ACD is equal to the 
two interior and opposite angles CAB, ABC. [Axiom 2 . 
To each of these equals add the angle ACB • 

ACB are oquai * 

But the angles ACD, ACB are together equal to two right 
angles j j-j jg 

therefore also the angles CBA, BAC, ACB are together 
equal to two right angles. [AxbmZ 

Wherefore, if a side qf any triangle &c. q.e.d. 

3—2 
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twice as manyright anglesL thefgu™&,tide?™ 1 * 
as m^n^glS^ Ca ?, be ? ivid , ed into 

SM“ from * ** * sAtita 
’Wasssf*5 n 
S^MaST *' tbu * - t! *° m 

wi?® Sa ? e a ^ les are equal to the \ /\\ 

S*t +^ ang ? s of . th ® figure, together V . 

iTtL tb g,es at the P° int F > which A -b 

is the common vertex ofthe triangles, 

that is, together with four right rr n * 

as® 2 a 

astheljure&Xf 1 W,C6 a8m " ,r n '* ht angles 

dH W%&2Z2& . / 

angle 1S eqiial to t 

nght angles; [1.13. A \ 

nf Thf°n e a11 the intenor angles \ \ 

\L 5 ®^ together with all \ \ 

tSi™* ang - es> are equal to d-b- 

sos-raf* ang,ea - * 

SsareftJgc/Ewith tar riffi!t !l l t ii° intorior an = les of.the 

““7 a S the 4 issaa “ iui “ 40 tKiM 

all its e^aeS'te^lS <!?"!*■ with 

the fie-nrA tu g » iiS 6 „ e( l ual . ^ all the interior ancles of 
f _ °—- t -6—ae I wiwi xour right ancles 

”gles C *“ th6 elt0 ™ r “gles are e q aal to W right 
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Corollary 2. 
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right angles 
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PROPOSITION 83. THEOREM. 

The straight lines which Join the extremities of two 
equal and parallel straight lines towards the same varts 
are also themselves equal and parallel. F ’ 

a„d^t1L“be®„ed “‘SfJ”?- 

Join BO. 

Then because AB is par¬ 
allel to CD, [Hypothesis. 

and BC meets them, 

the alternate angles ABC, 

BCD are equal. [I. 29. 

And because AB is equal to CD, 



, » ’ iLiypowesu, 

and 6 is common to the two triangles ABC, DCB • 
the two sides AB, BC are equal to the two sides DC, CB' 
each to each; ’ * 

mid tile angle ABC was shewn to be equal to the angle 

therefore the base \ AC is equal to the base BD, and the 
*? the t r ian S le BCD, and the other angles 

^?e opp^fte f g J eaCn t0 each > t0 which the «des 

therefore the’angle ACB is equal to the angle CBD. ^ 

linet^ 6 t J G lin ® BC meets tho two straight 
a i d makes the alternate angles ACB, CBD 
equal to one another, AC is parallel to BD. ’ n oj 

And it was shewn to be equal to it. 

\\ heicfore, the straight lines &c. q.e.d, 

PROPOSITION 34. THEOREM , 

.'*”*•» """ £i? > “iviaes a mio two equal parts " 
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«£tT °” e a “ 0tl ‘ er - “ d «*> diameter B<F2n S 

tofc//mitT£! f-- 

D^7T t0rRate - an gles ABC\ \ 

BCD are equal to one an- \ \ 

“ th ? r - [ 1 . 29 . \ . 

nd because ^(7 is parallel ® S 

J? ED.&nd BC meets them, 

SSfiT* “ gIc3 ACB < CBD are equal to „ n0 
the two triangles A BC ncn 1 . ± 29 ‘ 

fisssasia 3“SSf“?» 

two triangles, which fa ■adjacent te thefr eiualTuT" , t01110 
thfttWM|e%f‘teo S ni e ?o a the'1,? a ^ ca f *° and 

angle CDS. ' nd the an S leBA <3 equal to the 

And because the angle ABC is ennai + rt ii, , L*‘ 26, 

and the angle CBD to the angle AoT BOD - 

i 16 r!'i° 1C angI ° y, - 0Z> is e <l ua l t° the whole angle ^ CZ> rj 

* ACh *° b ““ 3 — *0 bfeqSft^ 

^nSSlSSSS^" mi a ” g,cs of a J—W-W 

For A ! S ° * h ® diameter bisects the parallelogram. 

For .A2? being equal to CD, and BC common 

2Sifto BC “■“* the two aides DC, CB 

“gle h itSf ABC hM «— to he equal to the 

Into two equal parte. d 106 «“ ra > 1 n>°S™n at CRB 

Wherefore, l/u opposite sides &c. q.E.n. 


r 
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PROPOSITION 35/ THEOREM. 

Parallelograms on the same base, and between the same 
parallels, are equal to one another. 

Let the parallelograms ABCD, EBGF be on the same 
base BC, and between the sameparallels AF, BC: the paral¬ 
lelogram ABCD shall be equal to the parallelogram EBGF. 

If the sides AD, DF of a _D_v 

the parallelograms ABCD, I ~7| ~7 f 

DBCF, opposite to the base ./ / 

BC, be tenninated at the same / / 

point D, it is plain that each of y y 
the parallelograms is double of B c 

the triangle BDC; [I. 84. 

and they are therefore equal to one another. [Axiom 6. 

But if the sides AD, EF, opposite to the base BC 
of the parallelo- ’ 

grams ABCD, A -n-y- ^ 4—5—S—S’ 

EBCF be not \ Y / X / \J 

terminated at \ / \ / \ f \ / 

the same point, \ / \ y \ \ / 

then, because W-- Y *- d 

ABCD is a par- B 0 B G 

allelogram AD is equal to BC ; [I. 34 . 

for the same reason EF is equal to BC ; 
therefore AD is equal to EF; [Axiom 1 . 

therefore the whole, or the remainder, AE is equal to the 
whole, or the remainder, DF. [Axioms 2 , 3 . 

And AB is equal to DC ; [I. 34 . 

therefore the two sides EA, AB are equal to the two sides 
FD, DC each to each; 

and the exterior angle FDC is equal to the ulterior and 
opposite angle EAB; [I. 29 . 

therefore the triangle EAB is equal to the triangle 
FDG ' [I. 4. 

Take the triangle FDC from the trapezium ABCF, 
and from the same trapezium take the triangle EAB, 
and the remainders are equal ; '" [Axiom 3. 

^^^e^arallelogram ABCD is equal to the parallelo- 
Wherefore, parallelograms on the same base &c. q.e.d. 




is equal to FG,[li yp . 
and FG to EH, [1.34. 

pZ. is equal to 
EH \ [Axiom 1. 
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PatnlMn PR0P0SITI0N 30. THEOREM, 
parallel*, arle^ualZ ZTanoT/Sr.^ the * ame 

the ^ iTin bases 

SfSg ^^ 00 ■» 

Join BE, OIL A 

1 --. _ _ D K rV . 


and they are parallels, ~ * G 

“l^jf ^ * the 

parall^Sight"IinM C toS£ 1 the 3 ‘s remitieS ° f e<|lal md 

selves equal and parallel? ^ th me parta are them- 
Therefore EE, CH are hntfc , P* 33. 

Therefore EBOHil a £*££? tmBeL 
And it is equal to ABrn Z \, [definition. 

basest; an5between thesamepaJalleKc?^V he same 

<» ttsvr" tl,e paralfel ^m EFGli h^S 

aUelogram ^5^^ 1Ielo S ram AB6d is equal to the par- 
Wherefore, parallelograms „. ba [Axiom L 

PROPOSITION 37 . THEOREM 
allels, arelqrn// 16 Samebase > an d between the same par. 
^t the triangJes 

nn j , 0n t * le same base \--—A —?- F‘ 

EC, and between the same \ 7\/Z"7 

£Pi£9 \ the tri - \ /X\ / 

to thetn^K \/ \\/ 

Produee ^4Z> both ways B '— 

to the points E, F; [Rost. 2 . ® 
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vcen the same 

n equal bases 
BG: the 
parallelogram 


G. 

[Hypothesis. 

itraight lines 

->f equal and 
,s are thern- 
[I. 33. 

[• Definition. 

>n the same 
H. [I. 35. 
is equal 

to the par- 
[Axiom 1. 


same par- 


through B draw BE parallel to CA, and through C draw 
CF parallel to BB. £j. 31 . 

Then each of the figures EBCA, DBCF is a parallelo¬ 
gram ; [ Definition. 

and EBCA is equal to BBCF , because they are on the same 
base BC, and between the same parallels BG, EF. [I. 35 . 
And the triangle. ABC is half of the parallelogram EBCA, 
because the diameter A B bisects the parallelogram; [I. 34 . 
and the triangle BBC is half of the parallelogram DBCF, 
because the diameter BC bisects the parallelogram. [I. 34 . 
But the halves of equal things are equal. [Axiom 7 . 

Therefore the triangle ABC is equal to the triangle BBC. 

Wherefore, triangles &c. q.e.d. 

Hr -h 

PROPOSITION 38. THEOREM. 

Triangles on equal bases, and between the same par¬ 
allels, are equal to one another. 

Let the triangles ABC, BEF be on equal bases BC, 
EF. and between the same parallels BF, AB : the triangle 
ABC shall be equal to the triangle BEF. 

Produce A B both 
ways to the points 
G,H-, 

through B draw BG 
parallel to CA, and 
through F draw FH 
parallel to EB. [1.31. 

Then each of the 
figures GBCA, BEFH is a parallelogram. [Definition. 
And they are equal to one another because they are oh 
equal bases BC, EF, and between the same parallels 
BF, GH. [I. 36 . 

And the triangle ABC is half of the parallelogram GBCA, 
because the diameter A B bisects the parallelogram; [ 1 . 34 . 
and the triangle BEF is half of the parallelogram BEFH, 
because the diameter BF bisects the parallelogram. 

But the halves of equal things are equal. [Axiom 7. 

Therefore the triangle ABC is equal to the triangle BEF. 

Wherefore, triangles &c. q.e.d. 
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•ide of it, aretZZ ‘t%, Sp^laF m ,K ‘ *”>» 

£}“ B fl “n'j'on the°£erid?onf <7 th >0 on tbe ramo 
tween the same parallels. e of it; they shall be be- 

Join AD. 

■dD shall be parallel to BO. 4 ____ ft 

AE°pJlni, *•» \^n\ 

and join ^< 7 . 31 * \ j 

Then the triangle A Ttr *^ ■ 0 

because they are nn£t e( i uaI to the triangle Fftr> 

«“■><> Pm nlL7c AU 8am ° base BC > “d KeefflS 

the greater to the less • wWi, • • {Axiom, 1. 

Therefore A v ! * , ch 15 im Possible. 
j “f® AE ls no * Parallel to BO. 

straight MnXroughTbut AD ^ Sh< ^ wn ’ that n <> other 

«""*» A D fa Xlx tic ^ ** BC - 

Wherefore, &c , Qed 

PROPOSITION 40. THEOREM. 

andon the samel'iTe ofd! ^between th™* Strai 9 ht h M 
Let the equal triangles 

in the same straight r on equal bases 

side of it: they shall be between th^lf^ an< * same 

Join AD. WGen the ame parallels. 

AD shall be parallel to BF. R 

- Forifitis not, through i / \ ^"CV\ 

Parallel to°Z$ / \ \ 

meeting ED at Q n si’ / \ ns. 

and join GF. * ' / \ N V» 
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Then the triangle ABO is equal to the triangle GEF, 

because they are on equal bases BO, EF, and between 
the same parallels. [I. 33 . 

But the triangle ABO is equal to the triangle DEF. [Hyp. 
Therefore also tho triangle DEF is equal to the triangle 
GEF, [Axiom 1 . 

the greater to the less; which is impossible. 

Therefore AG is not parallel to BF. 

In the same manner it can be shewn that no other 
straight line through A but AD is parallel to BF; 
therefore AD is parallel to BF. • 

Wherefore, equal triangles &c. q.e.d. 


PROPOSITION 41. THEOREM. 

If a parallelogram and a triangle be on the same base 
and between the same parallels, the parallelogram shall be 
aouble of the triangle. 

BOD and the triangle EBO be 
between the same parallels 
A BOD shall be double of tho 

Join AC. 

Then the triangle ABC 
is equal to the triangle EBO, 
because they are on the same 
base BO, ana between the same 
parallels BO, AE. [I. 37 . 

But the parallelogram ABOD 
is double of the triangle ABO, 
because the diameter AG bisects the parallelogram. [I. 34. 

Therefore the parallelogram ABOD is also double of the 
triangle EBO. 

Wherefore, if a parallelogram &c. q.e.d. 



Let the parallelogram A. 
on the same base BO, and 
BO, AE : the parallelogram 
triangle EBO. 
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„ PROPOSITION 42. PROBLEM. V 

given triangle, ^^havemetfitsT f * 11 ^ to a 
rectilineal angle. m ^ lts an 9 le $ equal to a given 

lineafanglf^iUs reqSred f^5 ngle{ i, and D the given recti 

£aU be equal ti the^en 2 ^llel?g^?ha t ' 

angles equal to D? tmn S Ie ABG > and have one of 

. . ^ lsec t BC at E : [1.10. 

S „i.S P°iat i-Z - O 


to D; Yi q 2 r / 

through A draw AEG / 
parallel to j£<7 and through / ] 

draw GGb parallel to E - 1 

f & 31. 

Therefore * 50 ? fa a parallel™. 
And, because Bj S'fa equal to ^(7 

T,nA fr>inti» 1 A i n -n . * 


[Definition. 

[Construction. 


the triangle AD7? i c ^ , . % L^onstruchon. 

they are on equS base?^ 0 w? triangle^ because 
parallels £<?, ases nE > EC, and between the same 

Therefore the triangle A Tin 4 j 

But the pamllologram BBCO^ n ^ ““ tria “S l «^^C 
ifbecause thfy are on !!^ 1S< V double of the triangle 
the same parallels EC, AG: base EG > 1111(1 between 

Wore the paraI,e.o Kram FECa „ ^ ^ ^ 

^d it has one of its angles CEF equal to the given'angle 

^Xfi 6 0hm r ,ria1XABC B Z T 

°EE equal to the ghminghD. ^ on * of Ut 
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PROPOSITION 43. TUEOREM. f 

The complements of the parallelograms which are about 
the diameter qf any parallelogram, are equal to one 
another. 

Let ABCD be a parallelogram, of which the diameter 
18^4(7; and EH, GF parallelograms about AG, that is, 
through which AC passes; and BK, KD the other paral¬ 
lelograms which make up the whole figure ABCD and 
which are therefore called the complements: the comple¬ 
ment BK shall be equal to the complement KD. 

Because ABCD is a 
parallelogram, and AC its 
diameter, the triangle ABC 
is equal to the triangle 
ADC. [I. 34. 

Again, because AEKH is 
a parallelogram, and AK 
its diameter, the triangle 
AEK is equal to the triangle 
Ah T. [1.34. 

For the same reason the triangle KGC is equal to the 
triangle KFC. 

Therefore, because the triangle AEK is equal to the tri¬ 
angle AUK , and the triangle KGC to the triangle KFC ; 
the triangle AEK together with the triangle KGC is equal 
to thetrianglo-4i£ir togetherwith the triangle KFC. [Ax.2 . 

But the whole triangle ABC was shewn to be equal to the 
whole triangle ADC. 

Therefore the remainder, the complement BK is equal to 
the remainder, the complement KD. [Axiom 3. 

Wherefore, the complements &c. q.e.d. 



PROPOSITION 44. PROBLEM. 

To a given straight line to apply a parallelogram, 
which shall be equal to a given triangle , and .have one 
qf its angles equal to a given rectilineal angle. 
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two righ?Mglea g ' eS ' H *® •» together less^han 

i£riSglra „n tI,osame t !;id" 0 toee r th tra i Sht 'I 06 ™*e ‘he 
angles will meet on that side, if ptoffifJ J ess than two right 
Therefore #5 and will mpi r ^ eDou S h - U*12. 
let them meet at it 1 * lf produced 1 

“5fiB^ Weel ^t r i®’ p - 3[ - 

Therefore is eqoal to** 

~ Ui ' 13 e q«al to the triangle O „ P* 43 * 

before LB is equal to the triangle n lCmitruct ^ 

6 w [Axiom 1, 
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And because the angle QBE is equal to the angle ABM [1 15 
and likewise to the angle D ; [Construction. 

the angle ABM is equal to the angle D. [Axiom 1 . 

Wherefore to the given straight lineAB the parallels 
'/“PPhed, equal ta the Wangle C, and having 
the angle ABM equal to the angle D. q.e.f. 

PROPOSITION 45. PROBLEM. 

To describe a parallelogram equal to a given rectilineal 

figure, and having an angle equal to a given rectilineal 
angle • 

Let A BCD be the gi ven rectilineal figure, and E the 
given rectilineal angle; it is required to describe a par- 
allelogram equal to ABCD f and having an angle equal to E. 




H M 


® * rj 42 

C(mal°to^thfl 4 *nn tt PPl.v the parallelogram GM 

eq J tothe aSS ' ““ havln * the OfM 

The figure FKML A hall be the parallelogram required.' ' 

GHM^ Q the ^ 6 E18 equal each of the angles FKII, 

theang ! 0 EKffiB equal to the angle GUM. ^3™ 1. 

Add to each of these equals the angle KHG • 

therefore the angles EKTT. Trrta. _A- a, _ . 

KHG, GUM. ~ —'-^ vo me angles 


[Axiom 2. 
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PROPOSITION 46. PROBLEM. 

/ 

To describe a square on a given straight line. 

Let AB bo the given straight lino: it is required to 
describe a square on AB. 

From the point A draw AC 
at right angles to AB; [i. n. c 

and make AD equal to AB, [ 1 . 3 . 

through D draw DE parallel to D__ _ 

AB ; and through B draw BE • r 

parallel to AD. [I. si. 

ADEB shall bo a square. 

For A DEB is by construction 
a parallelogram; 

therefore AB is equal to DE, A--- 

and AD to BE. [I. 34 . 

But AB is equal to AD. lOrnM*. 

Therefore the four straight lines BA, AD, DE, EB are 
equal to one another, and the parallelogram ADEB is 
equilateral. u«*» 1 . 

Likewise all its angles are right angles. 

For since the straight line AD meets the parallels AB 
right angles ^ e8 BAI>} ADE are to S ether equal to two 

but BAD is a right angle; [Construct^. 

therefore also ADE is a right angle. [Axiom , 3 . 

But the opposite angles of parallelograms are equal. [I. 34 . 
Therefore each of the opposite angles ABE, BED is a 

"* ht f* le - „ Ustal 

Therefore the figure ADEB is rectangular; 

and it has been shewn to be equilateral. 

Therefore it is a square. [Definition 30, 

And it is described on the given straight line AB. q.e.f. 

OoBOiiEAEY. From iho demonstration it is manifest that 
evei 7 parallelogram which has one right angle has all its 
angles right angles, -. - 


' 
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PKOPOSITION 47. THEOREM, -f" 

In any right-angled triangle, the square which is de¬ 
scribed on the side subtending the right angle is equal to 
the squares described on the sides which contain the riaht 
angle. 

f-t^be a right-angled triangle, having the right 
anglo BAC : the square described on the side BC shall bo 
equal to the squares described on the sides BA, AC. 

On BC describe 
the square BDEG, 
and on BA, AC do- £ 

scribe the squares / \ H 

GB,HC; [1.46. _X \ A y\ 

through A draw AL \ • 

parallel to BD or \ 

OE; [1.31. 

and join Afi, FC. 13 7 V~ 0 

Then, because the / \ 

angle BAG is a right / \ 

angle, [Hypothesis. ! \ 

and that the angle ^ 

BAC is also a right . ! 

angle, [Definition 30. 

ttetw° str^ght lines^4(7, on the opposite sides of 

pomt A * h6 a4iaceiit angl ° 3 eiwi 
therefore CA is in the same straight line with AG. [I 14 
line, ^e Same reasou ’ AD and in the same straight 

Now the angle BBC is equal to the angle FBA, for each 
of them 1S a right angle. t flZnii. 

Add to each the angle ABC. 

Therefore the whole angle DBA is .equal to the wholeangle 

[Axiom 2 

BD m 

0X1(1 tho : .. gle DBA is equal to the anglo FBC 
flwrofo™ tho triangle ABB is equal to the triangle 

[I. 4. 
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. Now the parallelogram BL is double of the triangle 
ABD, because they are on the same base BD, and between 
the same parallels BD, AL. ’ [i 41 

And the square GB is double of the triangle BBC, because 

SSifis fb^/c*™ base m and between the [t 8 ™ e 

But the doubles of equals are equal to one another. [Ax. 6. 

Therefore the parallelogram BL is equal to the square GB. 

!£ e * ame man ? er > Joining AE } BK, it can be 
shewn, that the parallelogram CL is equal to the square CH. 

2SSS&5- **■" BDBG is 

OB, desc ” bod °a .5(7, and the sqiTrea 

Therefore the square described on the side BO is equal to 
the squares descnoed on the sides BA, AC. ** 

Wherefore, in any right-angled triangle &c. q.e.d. 

i 

PROPOSITION 48. THEOREM. 

If the square described on one of the sides of a tri- 
angle be equal to the squares described on the other two 

right angle. *** contamed *V these <w sides is a 

Let the square described on BC. one of the sides of 
the triangle > AbC, be equal to the squares described on 
the other sides BA, AC: the angle BAC shall be a right 

From the point A draw AD at t- 

nght angles to AC; [ 1 . 11 . 9 

and make AD equal to BA; [I. 3 . / \ 

and join DC. */ \ 

Then because DA is equal to / \ \ 

the square on DA is equal to / \ 

the square on BA. / 

io each of these add the square 13 ^ 

on 

m e BA° r AG° SqUareS °“ DA> A ° &re eqnfd t0 tho sc '! iares 
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But because the angle DAC is a right angle, [Construction. 
the square on DC is equal to the squares on DA, AC. [I. 47. 
An^by hypothesis, the square on BC is equal to the squares 

Therefore the square on Z> <7is equal to the square on BC.[Ax.l. 
Therefore also the side DC is equal to the side BC. 

And because the side DA is equal _ 

to the side AB; [Constr. 9 

and the side AC is common to the / \ 

two triangles DA C, BA C; / \ 

the two sides DA, AC are equal to /\ \ 

the two sides BA, AC, each to each; / \ 

and the base DC has been shewn to L- _ ^ Ss \ 

be equal to the base BC; (j; 

therefore the angle DAC is equal to the angle BAG. [I. 8. 
But DAC is a right angle ; [Construction. 

therefore also BA C is a right angle. [Axiom l. 

Wherefore, if the square &c. q.e.d. 
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definitions; 

, * 

Evert right-angled parallelogram, or rectangle, is 
Baid to be contained by any two of the straight lines which 
contain one of the rio-hf. 

--—Q-’ 

oK A /“.every parallelogram, any of the parallelograms 
called a Gnomoi^’ Sether With * ho tw0 com P te ”>="te,» 
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Construction. 
,AG.[I. 47. 
the squares 

>n BC.[AxA. 
BO. 


D 



lAO. [I. 8 . 

Construction. 
[Axiom 1. 


stangle, is 
ties which 

lelograms 
sments, is 


Thus the parallelogram HG, 
together with the complements 
AF, FG } is the gnomon, which is 
more briefly expressed by the let¬ 
ters AGK\ or EHG, which are at 
the opposi te angles of the parallelo¬ 
grams which make the gnomon. 



PROPOSITION 1. THEOREM. 

If there be two straight lines, one of which is divided 
into any number of parts, the rectangle contained by the 
two straight lines is equal to the rectangles contained by 
the undivided line, and the several parts of the divided line. 

Let A and BO be two straight lines; and let BO be 
divided into any number of parts at the points D, E : the 
rectangle contained by the straight lines A, BO, shall be 
equal to the rectangle contained by A, BD, together with 
that contained by A, DE, and that contained by A, EG. 

From the point B draw BF 

at right angles to BG ; [1.11. B_ p e r 

and make BG equal to A ; [I. 3. 
through G draw GH parallel 
to BG-, and through I), E, G 

draw DK, EL, CH, parallel a _ I 

to BG. [I. 31. & , t a 

Then the rectangle BH ______ 

is equal to the rectangles 11 A * 

BK, DL, EH. 

nn is , contained by A, BG, for it is contained by 
GB BG .and GB is equal to A. [Construct^. 

nn 13 , c ^?*? 1 . ned by A jJ 3I) > for it is contained by 
GB, BD, and GB is equal to9|; 3 

wif- I 8 . C01ltail ?® d b y A > FE, because DK is equal to 
BG, which is equal to A ; £ It 

and in like manner EH is contained by A, EG. 

Therefore the rectangle contained by A, BGh equal to the 
rectangles contained by A,BD, and by A,DE, and 1 by A,EG. 

Wherefore, if there be two straight lines &c. q.e.d. 
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\ ’ ' 

PROPOSITION 2. THEOREM. 

a straight line be divided into any two narts tha 

are Zgeler^Zlt Z %wet Z^Zte line.'** *** 

^rr«i h j. r6ctansi<> A ^ -nvft?i*x 

[Note, To avoid repeating the wnrd a « 

conSri K°°+ fre 1 uentI ^ th ? rectangle f--J—9 

contained by two straight lines AB, AC 

A B^cf^ 8imply CaUed the Wangle 
ADEB^ B dCSCribo tho 

T2l r A C draW ^ i>-i-i 

rMte " gte "•« 

* is 

and C£ 1S contained by ^5, BO, for AEi a equal to^ 

rft toe reetangle ^Z^c; together with the rect¬ 
angle AB, BC, is equal to the square on AB 

Wherefore, if a straight line &c. q.e.d. 


PROPOSITION 3. THEOREM. 

'one ofVe^aHs is 

at ttf *« W* 

tto AC, OB, togetLriitiiie ^uLonT« *“ 
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On BG describe the square CDEB % t [I. 46. 

produce ED to F, and through A a C n 

draw A ^parallel to GDotBE. [1.31. I-1- 

Then the rectangle AE is equal 
to the rectangles AD, CE. 

But AE. is the rectangle contained 
by AB, BG, for it is contained 

by AB, BE, of which BE is equal ... 1 _ 

to BG \ D E 

and AD is contained by AG, CB, for CD is equal to CB • 
and GE is the square on BG. * ’ 

Tl^r^ore the rectangle is equal to the rectangle 

AG, CB, together with the square on BG. 

Wherefore, if a straight line &c. q.e.d. 

PROPOSITION 4. THEOREM. 

If a straight line be divided into any two varts the 
square on the whole line is equal to the squares on the two 

^two parts ^ Wlt ^ tmCC th& rectan $ e contained by the 

Let the straight line AB be divided into any two parts 
at the point G : the square on AB shall be equal to the 

tTedby *AC;cS: t ° gether With twice the ^tanglecon“ 

. On AB describe the square 
ADEB; [I. 46. A C y 

J oin BB ; through C draw GGF / 

paralldto AD or BE, and through G TT O / 

draw HK parallel to AB or DE. [1.31. H - / -K 

Then, because GF is parallel / 

to AD, and BD falls on them, / 
the exterior angle GGB is equal / 

to the interior and opposite an- D E-E 

gle ADB ; * \rr 29 . 

but the angle ADB is equal t<^pe angle ABD, ri 5 
because BA fa equal to AD, being sides of a sqiare j 
therefore the angle GGB is equal to the angle GBG- lAx. 1. 

^? r ? for , e the side OG is equal to the side CB. ’ [r 0 
But CB is also equal to GK, and CG to BK • ri 24 
therefore the figure CGKB is equilateral. ' * * 
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Bk\ !f/^ Se ? e< ^£ular- For since CC 
,, * CS meets them, the uncles JTTif 1 / 
ther equal to two right angles' ( 

But KBC is a right angle ri 

Therefore OCB is a right angle. 1 

And therefore also the angles CGJT CVT, 
these are right angles. g ***> ff* 

UditT C i GKB , “ "*taugular; [ 

?“ d ^ has been shewn to be emn- Ar— 
lateral; therefore it is a square, and 
it is on the side Off. 

For the same reason HF is also a H ~~ 

square^ and it is on the side HQ 

which is equal to AC. r r 34 v 

CKm the •«»“» ^ 

element e?" 86 ‘ h ° Com P I <>“®‘ ■*<*!* equal 
l ,V? ‘5,^° rec tauglo contained bv , 


theorem. 

into two equal parts and 
ectangle contained by the 
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unequal parts, together with the square on the line between 
the points of section, is equal to the square on half the line. 

nArf/i/u! stra fS^t line AB be divided into two equal 
P “J® point C. and into two une ual parts at the 

on OI) fih<iiii\ reCtan i + ‘ 4 ?*together with the square 
on on, shall be equal to the square on. CB. 

On CB describe the . „ 

square CEFB; [I. 46. A- _ 0 T) B 

*TYrr/? E ’ 1 * h l rou S b draw |_L_ h/,, 

BHG parallel to CB or BF- ,K / — ** 

through Hdraw KLMvhcal- / 

talto CB or EF ; and through / 

or BJf P araUel to CL E-&— p 

* [l* ^1* 

Then the complement CH is equal to the complement 
r * p - 43 . 

to SfwhoU °DK DM ' thcrefore ' hewhol ' > ^ 
But CM is equal to AL, ItT^S 

because AC is equal to CB. Ww-fa* 

Therefore also AL is equal to DF. [Axiom 1. 

toZ^and cjy® *** ° H J therefore the whole AH is equal 

MialtfS 6 rectangle contained by AD, DB, for DH is 
„ j r.n. ’ . [II. 4, Corollary. 

and DF together with CH is the gnomon CMG ; 

therefore the gnomon CMG isequal to the rectangle AD DB. 
~oeach of these add LG, which is equal to the square on 

t 11 - 4 > Corollary, and I. 34 . 

S£w SK Sff,„ a “ d e» e <*^ 

with th ° 

Wherefore, if a straight line &c. q.b.d. 

Preposition it is manifest that the difference of 
on two unequal straight lines AC, CD is eaual 
o the rectangle contained by-their sum and difference. 
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PROPOSITION C, THEOREM \ 

Sare on CT. S<1Uar0 °" C ®’ shiJl be Ijual i tlfo 

On CD describe the f- “~t-?—-P 

square GEtfD j [i. 46> X 

*nnn E ' t] T^ h B draw K - -7—— M 

•S"® Parallel to CB or / 

^ thr °ugh II draw / 

f£5 P ? r l ,lel t0 or / 

TV^ and^ through A draw £ - 4^ —J, 

AK parallel to CL or DM. ^ 1 

Then, because ^<7is equal to CB rrr ol * 

the rectangle is pnnol +«. +i> / , L Hypothesis. 

but CTia ^ to ^ 10 a ° re0tan Ste OB’; tr. 38.' 

therefore also AL is equal to IIF r , ?*. 43 ' 

J o each of these add CJf. * &**«»» 1. 

But^AM ^s^the ^ J/ + 1Se ? Xal toth ? gnomon CMC. [Ax.2. 
for DM is equal to j^ tang 0 contained by AD, DB, 

“° th0 rect “^ db is „, ual £&<£££ 
To each of these add Z G , whio* is e q „a, to the s,uaf on 

Therefore the rectangle An nn?' 4 ' Corol [ ar ^ and *• 34. 
on CB, is equal to the gnomon CMr^tflf+i? 1 ^ the s< J^re 
But the gnomon CMC Tarn? and the fi ^ re ^ 
CBZB, which is thf?qua?e^n Sd UP the Wh ° le fi ^ uro 

Wherefore, if a straight line &c. q. k .d. 
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PROPOSITION 7. THEOREM. 

If a straight line be divided into any two parts, the 
■ squares on the whole line, and on one of the parts, are 
| equal to twice the rectangle contained by the whole and 
that part, together with the square on the other part. 

Let the straight line AB be divided into any two 
parts at the point C: the squares on AB, BC shall be 
equal to twice the rectangle AB, BC, together with the 
square on AG. 

. _• describe the square A On 

A DEB, and construct the figure ~/ > 

as in the preceding propositions. / 

Then AG is, equal to GE [1.43. H-—— fC 

to each of these add GK ; / 

therefore the whole AK is equal to / 

the whole GE ; . [/__ L__ 

therefore AK, GE are double of ^ IE 
AK. 

square ^c’k'^ th ° 5110111011 AKF > together with tho 

therefore tho gnomon AKF, together with the square GK 
is double of AK. ’ 

But twice the rcctanglo AB, BO is double of AK, 
for Bi. is equal to BC. [II. 4 , Corollary. 

Therefore the. gnomon AKF, together with the square CAT, 
is equal to twice the rectangle AB, BC. 

To each of these equals add LIF, which is equal to the 
square on AG. [II. 4, Corollary, and I. 34. 

therefore the gnomon AKF, together with the squares 
■“•*» 18 equal to twice the rectangle AB, BC, together 
with the square on AG. 

But the gnomon AKF together with the squares CK, LIF, 
make up the whole figure A DEB and CK, which are the 
squares on AB and BC. 

Therefore the squares on AB, BG, are equal to twice tho 
rectangle AB, BC, together with the square on AO. 
Wherefore, if a straight line &c. q.e.d. 
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PROPOSITION 8. THEOREM. 

a * tra ight line be divided into any two parts four 
th i re . ctai $ le contained by the whole line and one of 
<Mualil*th 0gethe ~ WUh , ihe t( i uare on the other part, is 

7SL XulTdl^Xu tra ^ M Hne which Umadeu * 

BtriisSfr quare ? n - 4 c L sha11 be e( l? al to the square on the 
straight line made up of^i? and EC together. 

., Produce AB to D, so 

t na t _ ED may be equal A C n n 

to CB\ [/><«*. 2 . and 1.3. I T~7 

°. n _-^A> describe the square M --— 

AEFD ; / 

^^d construct two figures ^ 1 / ~~~~ 0 

such as in the preceding / 

propositions fa / 

Then, because CB is equal — -J—J—- 

*°BD, _ [Construction. E H L * 

and that CB is equal to GK, and BD to KN tt 94 
therefore GK is equal to KN. * [Axbml. 

For the same reason PB is equal to BO. 

And because CB is equal to BD, and GIT to KN, the rect- 

G-ftoZ Z2S$lx& r “ tangle **< “ d «*£* 

tfl^agram CW; beCa " S< ’ th ° yar< ’ the com * ,< !““£ 

therefore also BN is equal to GR. [AAwn. 1. 

Therefore the four rectangles BN, CK, GR RNa.ro P m,»i 

thorn CK ’ a ” d B ° * 6 four “ re oToS ol 


[I. 34. 
[Axiom 1. 


Again, because CB is equal to BD, 
and that Bl) is equal to BK. 
that is to CG, 

and that CB is equal to GK, 


[Construction, 
[II. 4, Corollary. 

[I. 34. 
[I. 34. 
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[I. 34. 
[Axiom 1 . 

the rect- 
> rectangle 
[I. 36. 
nplements 
[I. 43. 

[Axiom 1 . 

are equal 
of one of 


'instruction. 



that is to GP; [H. 4, Corollary. 

therefore CO is equal to GP. [Axiom 1. 

And because CG is equal to GP, and PR to RO, the 
rectangle AG is equal to the rectangle MP, and the rect¬ 
angle PL to the rectangle RF. [I. 36. 

But MP is equal to PL, because they are the complements 
of the parallelogram ML ; [I. 43. 

therefore also AG is equal to RF. [Axiom 1. 

Therefore the four rectangles AG, MP, PL, RF are equal 
to one another, and so the four are quadruple of one of 
them AG. 

And it was shewn that the four CK, BN, GR and RN 
are quadruple of CK ; therefore the eight rectangles 
which make up the gnomon AOH are quadruple of AK. 

And because AK is the rectangle contained by AB, BC, 
for BK is equal to BC ; 

therefore four times the rectangle AB, BC is quadruple 
of AK. 

But the gnomon AOH was shewn to be quadruple 
of AK. 

Therefore four times the rectangle AB, BC is equal to the 
gnomon AOH. [Axiom 1. 

To each of these add XH, which is equal to the square on 
AC. [II. 4, Corollary, and I. 34. 

Therefore four times the rectanglo AB, BC, together with 
the square on AC, is equal to the gnomon AOH and the 
square XH. 

But the gnomon AOH and the square XH make up the 
figure AEFD, which is the square on AD. 

Therefore four times the rectangle AB, BC, together with 
the square on AC, is equal to the square on AD, that is to 
the square on the line made of AB and BC together. 

Wherefore, if a straight line &c. q.e.d. 
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PROPOSITION 9. THEOREM. N 

• V^ line be divided into tivo equal, and alto 

into ttoo unequal parts, the squares on the two uneaual 
parts are together double of the square on half the line 
and of the squareon the line between thepoinZf sectim 

cf D ’ DB &8S 

From the point C draw v 

CE at right angles to AB, [I. n. k 

and make it equal to AC or Sf \ „ 

CB ’ . . [1.3. / 3^\\ 

and join EA, EB ; through 

D draw DF parallel to CE, and /--jL—-1—X 

through F draw FG parallel V B 

t0 B ^ i [I. 31. 

and join AF. 

Then, because AC is equal to CE, IConUruc^m. 

the angle EAC is equal to the angle A EC. [I 5 

And because tho angle ACM is a right angle, [Oomlmaion. 

%M™gle r a " Sl<a AE0 ' EAC m t °* Cther «!>“» 

and they are equal to one another; 
therefore eaeh of them is half a right angle. 

a righUngTo 0 reaS ° n GaCh ° f thG £UlffleS CEB > EBG is half 

Therefore the whole angle AEB is a right angle. 

And because the angie GEF is half a right angle and 

> fwitis e T IJ d to the interior 

therefore the remaining angle EFG is half a right angle. 

^;f r 1,S e . angle GEE ^ equal to the angle EFG and 
the side EG is equal to the side GF. [16 

Again, because the angle at B is half a right angle, and the 
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angle FDB a right angle, for it is equal to tho interior and 
opposite angle ECB [I* 29. 

therefore the remaining angle BFD is half a right angle. 
Therefore tho angle at JJ is equal to tho angle BFD, 
and tho side DF is equal tho side JOB. [I. 6. 

And because A C is o~ - I to CE, [Construction. 

tho square on AC is equal to square on CE; 
therefore the squares on AC, i 'E are double of tho square 
on AC. 

But the square on AE is equal to tho squares on A C, CE, 
because tho angle ACE is a right angle; [I. 47. 

therefore tho square on AE is doublo of the square on AC. 
Again, because EG is equal to GF, [Construction. 

tho square on EG is equal to the square on GF; 
therefore the squares on EG, GF are doublo of tho square 
on GF. 

But tho square on EF is equal to the squares on EG, GF, 
because the angle EGF is a right angle ; [I. 47. 

therefore the square on EF is double of the square on GF .. 
And GF is equal to CD; • t 1 - 34 - 

therefore the squaro on EF is doublo of the square on CD. 
But it has been shewn that the square on AE is also 
double of the square on AC. 

Therefore the squares on AE, EF are double of the 
squares on AC, CD. 

But the square on AF is equal to the squares on AE, 
EF, because the angle AEF is a right angle. [I. 47. 

Therefore the square on AF is double of the squares on 
AG, CD. 

But the squares on AD, DF are equal to the square on 
AF, because the angle ADF is a right angle. [I. 47. 

Therefore the squares on AD, DF! are double of the 
squares on AC, CD. 

And DF is equal to DB ; 0 

therefore the squares on AD, DB are double of the 
squares on AC, CD. 

Wherefore, if a straight line &c. q.e.d. 
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' PROPOSITION 10. THEOREM. 

If a straight line be bisected, and produced to any 
point, the square on the whole line thus produced , and 
the square on the part of it produced, are together double 
of the square on half the line bisected and of the square 
on the line made up cf the half and the part produced. 

Let the straight line AB be bisected at C, and pro¬ 
duced to D : the squares on AD , DB shall be together 
double of the squares on A C, CD. 

From the point (7draw CE at right angles to AB, [I. ll. 
and make it equal to AC 
or CB\ [I. 3. 

andjoin^^', EB ; through 
E draw EF parallel to 
AB, and through D draw 
DF parallel to CE. [1.31. A 
Then becaiise the straight 
line JEFmeets the parallels 
EC, FD, the angles CEF, EFD are together equal to two 
right angles; [i. 2 9. 

and therefore the angles BEF, EFD are together less 
than two right angles. 

Therefore the straight lines EB, FD will meet, if produced, 
towards B, D. [Axiom 12. 

Let them meet at G, and join AG. 

Then because AC is equal to CE, [» Construction. 

the angle CEA is equal to the angle EAC ; [I. 5, 

and the angle ACE is a right angle; [Construction. 

therefore each of the angles CEA, EAC is half a right 
angle. [ 1 . 32 . 

For the same reason each of the angles CEB, EBC is half 
a right angle. . 

Therefore the angle AEB L a right angle. 

And because the anaro EBC is half a right angle, 
the angle DBG is also halfe, right angle, for they are verti¬ 
cally opposite; ^ [ 1 . 15 . 

but the angle BDG is a rig’u- angle, because it is equal to 
the alternate angle DGE ; [I. 29. 

therefore the remaining angle D(72?ishalf aright angle, [1.32. 


And because the ani 
the angle DBG is also ha 
cally opposite; 
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and is therefore equal to the angle DBG; 
therefore also the side BD is equal to the side DG. [I. 6 
Again, because the angle EGF is half a right angle 
and the angle at F a right angle, for it is equal to the 
opposite angle ECD; p 34 

therefore the remaining angle FEG is half aright angle, [1. 32 ! 

and is therefore equal to the angle EGF; 

therefore also the side GF is equal to the side FE. r [j. g. 

And because EG is equal to CA, the square on EG is 
equal to the square on CA ; 

therefore the squares on EG, CA are double of the square 
on CA. * 

But the square on ^4 A" is equal to the squares on EG, CA. [ 1 . 47 . 
Therefore the square onAE is double of the square on AC. 

Again, because GF is equal to FE, the square on GF i 3 
equal to the square on FE; . 

therefore the squares on GF, FE are double of the square 
on FE. ^ 

Butthesquare on EG is equal to the squares on GF,FE.[ 1 . 47 . 
Therefore the square on EG is double of the square on FE. 
And FE is equal to CD; p 34’ 

therefore the square on EG is double of the square on CD. 

But it has been shewn that the square on AE is double 
of the square on AG. 

Therefore the squares on AE, EG are double of the 
squares on AC, CD. 

But the square on AG'is equal to the squares on AE, 
EG. p 47 

Therefore the square on AG is double of the squares on 

But the squares on AD, DG are equal to the square on 

Ir, [f. 47. 

Therefore the squares on AD, DG are double of the 

squares on AC, CD. 

And DG is equal to DB ; . 

therefore the squares on AD, DB are double of the squares 
on AC, CD. 

Wherefore, if a straight line &c, q.e.d, 


5 
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PROPOSITION 11. PROBLEM. V 

To divide a given straight line into two parts , so that 
the rectangle contained by the whole and one qf the parts 
may be equal to the square on the other part. 

Let AB be the given straight line: it is required to 
divide it into two parts, so that the rectangle contained by 
the whole and one of the parts may be equal to the square 
on the other part. 

On AB describe the square 
ABDC\ [I. 46. 

bisect AC at E\ [L10. 

join BE ; produce CA to F, and 
make EF equal to EB ; [I. 3. 

and on AF describe the square 
AFGH. [L 46. 

AB shall be divided at H so 
that the rectangle AB, BH is 
equal to the square on AH. 

Produce GH to K. !__J_J 

Then, because the straight lino c K D 

AC is bisected at E, and pro¬ 
duced to F, the rectangle CF, FA, together with the 
square on AE, is equal to the square on EF. [II. 6. 
But EF is equal to EB. [Construction. 

Therefore the rectangle CF, FA, together with the square 
on AE, is equal to the square on EB. 

But the square on EB is equal to the squares on AE, AB, 
because the angle EAB is a right angle. [I. 47. 

Therefore the rectangle OF, FA, together with the square 
on AE, is equal to the squares pn AE, AB. 
fake away the square on AE, which is common to both • 
therefore the remainder, the rectangle CF,FA, is equal to 
the square on AB. * [Axiom 3 . 

But the figure FK is the rectangle contained by CF, FA, 
iovFG is equal to FA; ’ 

and AD is the square on AB ; 
therefore FK is equal bo AD. 

Take awav the common A TJ* or»rl fTi a wnmoin/lnw PW 

| V --£- ; v WS1U VUV £ ViUOIUUVI JZ.-JISL 

™ equal to the remainder HD . [Axiom 3 . 
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PROPOSITION 13. THEOREM. ^ 

In every triangle, the square on the side subtending 
an acute angle, is less than the squares on the sides con¬ 
taining that angle, by twice the rectangle contained by 
either of these sides, and the straight line intercepted 
between the perpendicular let fall on it from the opposite 
angle, and the acute angle. 

Let ABC be any triangle, and the angle at B an acute 
angle; and on BC one of the sides containing it, let fall 
the perpendicular AD from the opposite angle: the square 
on AC, opposite to the angle B, shall be less than the 
squares on CB, BA, by twice the rectangle CB, BD. 

First, let AD fall within the 
triangle ABC. 

Then, because the straight line 
CB is divided into two parts 
at the point D, the squares on 
CB, BD are equal to twice the 
rectangle contained by CB, BD 
and the square on CD. [II. 7. 

To each of these equals add the 
square on DA. 

Therefore the squares on CB, BD, DA are equal to twico 
/ the rectangle CB, BD and the squares on CD, DA. [Ax. 2 . 
But the square on AB is equal to the squares on BD, DA, 
because the angle BDA is a right angle; [I. 47. 

and the square on A C is equal to the squares on CD, DA .[1.47. 
Therefore the squares on CB, BA are equal to the square 
on AC and twice the rectangle CB, BD ; 
that is, the square on AC alone is less than the squares on 
CB, BA by twice the rectangle CB i BD. 

Secondly, let AD fall without 
the triangle ABC. 

Then because the angle at D is 
a right angle, [Construction. 
the angle ACB is greater than 
a rightangle; ' [1.16. 
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* 

and therefore the square on AB is equal to the squares 
on AC, CB, and twice the rectangle BC, CD. [II. 12. 
To each of these equals add the square on BO. 

Therefore the squares on AB, BC are equal to the square 
on AC, and twice the square on BC, and twice the rect¬ 
angle BC, CD. [Axiom 2. 

But because BD is divided into two parts at C, the rect¬ 
angle DB, BC is equal to the rectangle BC, CD and the 
square on BC ; [II. 3. 

and the doubles of these are equal, 

that is, twice the rectangle DB, BC is equal to twice the 
rectangle BC, CD and twice the square on BC. 

Therefore the squares on AB, BC are equal to the square 
on AC, and twice the rectangle DB, BC; 

that is, the square on AC alone is less than the squares on 
AB, BC by twice the rectangle DB, BC. 

Lastly, let the side AC be perpendicular A 

to BC. / 

Then BC is the straight line between the / 

perpendicular and the acute angle at B\ / 

and it is manifest, that the squares on / 

AB, BC are equal to the square on AC, / 

and twice the square on BC. [I. 47 and Ax. 2. - C 

Wherefore, in every triangle &c. q.e.d. 

PROPOSITION 14. PROBLEM. ~f 

To describe a square that shall be equal to a given recti- 
lineal figure. 

Let A be the given rectilineal figure: it is required to 
describe a square that shall be equal to A. 

Describe the rect¬ 
angular parallelogram 
BCDEeqosl tothe rec¬ 
tilineal figure A. [1.45. 

Then if the sides of it, 

BE, ED are equal to 
one another, it is a 
square, and what was 
required is now done. 
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But if they are not equal, produce one of them BEioF.x 
make EF equal ' 

to ED. [I. 3. A - - 

and bisect BF ! / /(\ 

atGf; [1.10. / \ / / \ 

from the centre / » \ / / \ 

G, at the distance \ / b! -— Z— , ) r 

GB, or GF, de- \ / G E 


scribe the semi- V d-_J n 

circle BHF, and 
produce DE to H. 

The square described on EH shall be equal to the riven 
rectilineal figure A. 6 

Join GH. Then, because the straight line BF is divided 
into two equal parts at the point G, and into two unequal 
parts at the point E, the rectangle BE, EF, together with 
the square on GE, is equal to the square on GF. [II. 5 . 
But GF is (iqual to GH. 

Therefore the rectangle BE, EF, together with the square 
on GE, is equal to the square on GH. 

But the square on GH ia equal to the squares on GE, jEff;[I.47. 

therefore the rectangle BE, EF, together with the square 
on GE, is equal to the squares on GE, EH. 

Take away the square on GE, which is common to both; 
therefore the rectangle BE, EF is equal to the square on 
■CH. [Axiom, 3 . 

But the rectangle contained by BE, EF is the parallelo- 
gram BD, 

because EF is equal to ED. [Construction. 

Therefore BD is equal to the square on EH. 

But BD is equal to the rectilineal figure A. [Construction. 

Therefore the square on EH is equal to the rectilineal 
figure A. 

Wherefore a square has been made equal to the given 
rectilineal figure A, namely, the square described on 
EH. Q.E.F. 









BOOK III. 


DEFINITIONS. 

• 

1. Equal circles are those of which the diameters are 
equal, or from the centres of which the straight lines to 
the circumferences are equal. 

This is not a definition, but a theorem, the truth of 
which is evident; for, if the circles be applied to ono 
another, so that their centres coincide, the circles must 
likewise coincide, since the straight lines from the centres 
are equal. 

2 . A straight line-is 
said to touch a circle, 
when it meets the circle, 
and being produced does 
not cut it. 

3 . Circles are said 
to touch one another, 
which meet but do not 
cut one another. 

4. Straight lines are sa ; d to 
be equally distant from the centre 
of a circle, when the perpendicu¬ 
lars drawn to themfrom the centre 
are equal. 

5 . And the straight line on 
which the greater perpendicular 

gQi ri fn bo fkrther from tho 
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6. A segment of a circle is the 
figure contained by a straight line 
and the^circumference it cuts off 

7. The angle of a segment is that L- 

which is contained by the straight 
line and the circumference. 

8. An angle in a segment is 

the angle contained by two straight ✓ 

lines drawn from any point in the / 
circumference of the segment to ( 
the extremities of the straight line 
which is the base of the segment. I 

. 9. And an angle is said to in-. \ 
sist or stand on the circumference \ 

intercepted between the straight 
lines which contain the angle. 


10. A sector of a circle is the 
figure contained by two straight 
lines _ drawn from the centre, and 
the circumference between them. 


11. Similar segments of _ 

circles are those in which /" _ 

theanglesareequal,orwhich /\\ 

contain equal angles. ^ {/ 

„JESSl r n th ! Mo 1 ™2propositions, whenever the expression 
occumK^ ron ^centre,” or “drawn from the ceZefi 

SerenVe. ^ Underst °° d that th f lines are ^awn to the cir- 
Any portion of the circumference is called an arc.] 


PROPOSITION 1. PROBLEM. 

To find the centre qf a given circle. 

Let ABC be the ffivAn nitv/fi* . U- —: a -i 

centre. °- AW 43 w nan ix& 
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Draw within it any straight' 
line AB, and bisect AB 
& t D ; [1.10. 

from the point D draw DG 
at right angles to AB ; [I. li. 

produce CD to meet the cir¬ 
cumference at E } and bisect 
CE&tF. [1.10. 

The point F shall be the centre 
of tho circle ABC. 


c 



For if F be not the centre, 
if possible, let G be the centre; and join GA, GD, GB. 
Then, because DA is equal to DB, [ Construction . 

and DG is common to the two triangles ADG y BDG ; 

the two sides AD, DG are equal to the two sides BD, DG, 
each to each; 

and the base GA is equal to the base GB, because they are 
drawn from the centre G ; [I. Definition 15. 

therefore the angle ADG is equal to tho angle BDG. [I. 8. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle; [I. Definition 10 . 

therefore the angle BDG is a right angle. 

But the angle BDF is also a right angle. {Construction. 
Therefore the angle BDGis equal to the angle BDF, [Ax. 11 . 
the less to the greater ; which is impossible. 

Therefore G is not the centre of the circle ABG. 

In the same manner it may be shewn that no other point 
out of the line CE is the centre ; 

and since CE is bisected at F, any other point in CE 
divides it into unequal parts, and cannot be the centre. 
Therefore no point but F is the centre; 
that is, F is tho centre of the circle ABC: 
which was to be found. 


Corollary. From tiiis it is manifest, that if in a circle 
a straight line bisect jM^ther at right angles, the centre of 
the circle is in the straight line which bisects the other. 
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PROPOSITION 2. THEOREM. 

If any two joints be taken in the circumference cf a 
circle, the straight line which joins them shall fall within 
the circle. 

Let ABC be a circle, and A and B any two points in 
the circumference: the straight line drawn from A to B 
shall fall within the circle. 

For if it do not, let it fall, if 

S ossible, without, as AEB. 

ind D the centre of the circle 
ABC 5 [III. 1. 

and join DA, DB ; in the arc 
AB take any point F, join DF, 
and produce it to meet the 
straight line AB at E. 

Then, because DA is equal 
to DB, [I. Definition 15. 

the angle DAB is equal to the angle DBA. [I. 5. 

And because AE, a side of the triangle DAE, is pro¬ 
duced to B, the exterior angle DEB is greater than the 
interior opposite angle DAE. [ 1 . 16 . 

But the angleD^^was shewn to be equal to the angle DBE; 
therefore the angle DEB is greater than the angle DBE. 

But the greater angle is subtended by the greater side; [1.19. 
therefore DB is greater than DE. 

But DB is equal to DF; [I. Definition 15. 

therefore DF is greater than DE, the less than the greater; 
which is impossible. 

Therefore the straight line drawn from A to B does not 
fall without the circle. 

In the same manner it may be shewn that it does not 
fall on the circumference. 

Therefore it falls within the circle. 

"Wherefore, if any two points &c. q.e.d. 

PROPOSITION 3. THEOREM. 

If a straight line drawn throufjfofhe centre of a circle, > 
bisect a straight line in it which does not pass through the 
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/ 

centre , it shall cut it at right angles ; and if it cut it at 
right angles it shall bisect it. 

Let ABC be a circle; and let CD, a straight line drawn 
through the centre, bisect any straight line AB, which does 
not pass through the centre, at the point F: CD shall cut 
AB at tight angles. 

Take E the centre of the 
circle; andjoinA^, EB. [III.i. 

Then, because AF is equal 
to FB, [J9j ipothesir, 

and FE is common to the two 
triangles AFE, BFE; 

the two sides AF, FE aro 
equal to the two sides BF,FE, 
each to each; 

and the base EA is equal to the base EB; [I. Def. 15. 
therefore the angle AFE is equal to the angle BFE. [1.8. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle; [I. Definition 10 . 

therefore each of the angles AFE, BFE is a right angle. 

Therefore the straight line CD, drawn through the centre, 
bisecting another AB which.does not pass through the 
centre, also cuts it at right angles. 

But let CD cut AB at right angles: CD shall also 
bisect AB; that is, AF shall be equal to FB. 

The same construction being made, because EA, EB, 
drawn from the centre, are equal to one another, [I. j Def. 15. 
the angle EAF is equal to the angle EBF. [I. 5. 

And the right angle AFE is equal to the right angle BFE. 
Therefore in the two triangles EAF, EBF, there are two 
angles m the one equal to two angles in the other, each to 
each; 

and the side EF, which is opposite to one of the equal 
angles in each, is common to both; 

therefore their other sides are equal; [I. 26. 

therefore AF is equal to FB. 

therefore, if a straight line &c. q.k.d. 
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PROPOSITION 4. THEOREM. 

If in a circle two straight lines cut one another , which 
do not both pass through the centre, they do not bisect one 
another. 

Let ABCD be a circle, and AC, BD two straight lines 
in it, which cut one another at the point E, and do not'both 
pass through the centre; AC, BD shall not bisect on© 
another. 

If one of the straight lines 
pass through the centre it is plain 
that it cannot be bisected by 
the other which does not pass 
through the centre. 

But if neither of them pass 
through the centre, if possible, 
lot AE be equal to EC, and BE 
equal to ED. 

Take F the centre of the circle 
and join EF. 

Then, because FE, a straight line drawn through the 
centre, bisects another straight line AC which does not pass 
thtough the centre; [Hypothesis. 

FE cuts AG at right angles; [III. 3. 

therefore the angle FEA is a right angle. 

Again, because the straight line FE bisects the straight 
line BD, which does not pass through the centre, {.Hyp. 

FE cuts BD at right angles; pIL 3. 

therefore the angle FEB is a right angle. 

But the angle FEA was shewn to be a right angle; 
therefore the angle FEA is equal to the angle FEB, [ix. 11. 
the less to tho greater; which is impossible. 

Therefore AC, BD do not bisect each other. 

Wherefore, \f in a circle &c. q.e.d. 



i\ [III. 1. 


PROPOSITION 5. THEOREM. 

If two circles cut one another, they shall not have the 
same centre. 

1W. fVlfl fuTA HIWaI ab A D/T /y T%n Ant AHA ama41»aw 

W"V wzviOT vX/ur VMM vmv MMVOUV* viiw 
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points B, C : they shall not hare the seme centre. 

For, if it be possible, let E 
be their centre; join EG, and 
draw any straight line EFG 
meeting the circumferences at 
F and G. 

Then, because E is the cen¬ 
tre of the circle ABC, EC is 
equal to EF. [I. Definition 15. 

Again, because E is the centre 
of the circle CDG, EC is equal 
to EG. [I. Definition 15. 

But EC was shewn to be equal to EF; 
therefore EF is equal to EG, [ Axiom 1. 

the less to the greater; which is impossible. 

Therefore E is not the centre of the circles ABC, CDG. 
Wherefore, if tvoo circles &c. Q.E.D. 

PROPOSITION 6. THEOREM. 

If two circles touch one another internally, they shall 
not have the same centre. 

Let the two circles ABC, CDE touch one another inter¬ 
nally at the point G: they shall not have the same centre. 

For, if it be possible, let 
F be their centre; join FC, 
and draw any straight line 
FEB, meeting the circum¬ 
ferences at E and B. 

Then, because F is the 
centre of the circle ABO, 

FC is equal to FB. [I. Def. 15. 

Again, because F is the 
centre of the circle CDE, 

FC is equal to FE. [I. Definition 15. 

But FC was shewn to be equal to FB ; 
therefore FE is equal to FB, [Axiom 1. 

the less to the greater; which is impossible. 

Therefore F is not the centre of the circles ABC, CDE. 
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PROPOSITION 7. THEOREM. 

. W anypoint be taken in the diameter of a circle which 

draVY^F''*li«i' VhSkZn t 

t ! lt * P 0int to the circumference, the greateet 
t* that in which the centre it, and the other part of the 

nearwto \Vstlt^hA' an \^ any ° th V' *^ at wh ' ch '* 
l?alZ*V*Jl%V 9 % hne ” h ' ch P«*™through thecentre, 
w always greater than one mere remote; and from the 

tlniiJh??- there ° an Redrawn to the circumference two 
thZPt\l xiut *' a nd only two, which are equal to one ano¬ 
ther, one on each tide <f the shortest line. 

Lot ABCD be a circle and AD its diameter in which 
let any point F be taken which is not the centre; let E be 

5n 2a : of ^ the strai £ ht lines FB, FC, FG, &c. that 
can Re drawn from F to the circumference, FA, which 

sMl ^ the S«»test, ^d M the o£er 
diameter AD, shall be the least: and of the 
o hers FB shall be greater than FC, and FC thaw FG. 

Join BE, CE, GE. 

Then, because any two sides . 

of a triangle are greater than the 
third side, [ 1 . 20 . c /\ \ 

therefore BE, EF are greater /\\\ \ 

than2?.T. [ \VsC. 

But BE is equal to AE; [I.Dtf. 15 . \ M K ) 

therefore AE, EF are greater \ 
than BF, ^ I -- 1I 

that Is, AF is greater than BF. 

Again, became BE i, eqrnl tt> CE, tf. Drf.Uio* 15. 
and EF is common to the two triangles BEF, CEF\ 

each to Sch; BF ** ^ to the two sides EF, 

but the angle BEF is greater than the angle CEF; 
therefore the base FB is greater than the base FC. [I. 24. 

fha?jS me manner ifc may be 8hewn that FG « greater 


Again, because GF FF «*« miA<%4iu. ll.«^ rr/v 

_ , --; - « «*V Kivawr vi.'mi x>u. 


fL 20a 
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and that EG is equal to ED ; [I. Definition 16. 

therefore QFFE are greater than ED. / 

Take away the conunon part FE, and the remainder GF is 
greater than the remainder FD. 

Therefore FA is the greatest, and FD the least of all 
the straight lines from F to the circumference ; and FB is 
greater than FC, and FO than FG. 

Also, there can be drawn two equal straight lines from 
the point F to the circumference, one on each side of the 
shortest line FD. „ - 

For, at the point E. in the straight line EF, make the 
angle FEH equal to tne angle FEG, [1.23. 

and join FH. 

Then, because EG is equal to EH, [I. Definition 15. 
and EF is common to the two triangles QEF,HEF\ 

the two sides EG, EF are equal to the two sides EH, EF, 
each to each; 

and the angle GEF is equal to the angle HEF ; [Conatr. 

therefore the base FG is equal to the base FH. [I. L 
But, besides FH, no other straight line can be drawn 
from F to the circumference, equal to FG. 

For, if it be possible, let FKbe equal to FG. 

Then, because FK is equal to FG, ' [Hypothesis. 

and FH in also equal to FG, 

therefore FH is equal to FK ; [Axiom, 1. 

that is, a line nearer to that which passes through the 
centre is equal to a line which is more remote; 
which is impossible by what has been already shewn. 
Wherefore, if any point be taken &c. q.e.d. 

I . • - ’ ' ' •> 

PROPOSITION 8. THEOREM. 

If any point be taken without a circle, and straight 
lines be drawn from it to the circumference, one qf which 
passes through the centre ; cf those which fall on the con¬ 
cave circumference, the greatest is that which parses 
through the centre, and qf the rest, that which is nearer 
to the one passing through the centre is always greater 
than one more remote; but of those which fall on the 
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convex circumference, the least it that between the point 
without^ the circle and, the diameter; and cf the rest, that 
which is nearer to the least is always lets than one more 
remotes and from the same point there can be drawn to 
the circumference two straight lines, and only two, which 
are equal to one another, one on each side of the shortest line. 

Let ABC be a circle, and D any point without it, and 
from D let the straight lines DA, DE, DF, DC be drawn 
to the circumference, of which DA passes through the centre: 
of those which fall on the concave circumference AEFC, the 
greatest shall be DA which passes through the centre, and 
the nearer to it shall be greater than the more remote, 
namely, DE greater than DF, and DF greater than DC ; 
but of those which fall bn the convex circumference GFLH 
the least shall be DG between the point D and the dia¬ 
meter AG, and the nearer to it shall be less than the more 
remote, namely, DF less than ZZ, and DL less than DH. 

Take' M, the centre of the 
circle ABC, [III. 1. 

and join ME, MF, MC, MH, ? 

ML, MF. ’ A 

Then, because any two sides // \\ 

of a triangle are greater than / { \ \ 

the third side, [I. 20. // \ \ 

therefore EM. MD are greater 

than ED. - //\\j\ l\ 

But EM is equal to AM-, R.Def.15. [! A'\\ / \ 

therefore AM, MD are greater _i/ / , '4 / \ 

than ED, XbPy* 

that is, AD is greater than ED. y\\ / ) 

Again, because EM is equal 1 \l/ / 

t° FM, _I 

and MD is common to the two - A 

triangles EMD, FMD ; 

the two sides EM,MD are equal to the two sides FM, i MD 
each to each; , 

but the angle EMD is greater than the angle FMD • 

therefore the base ED is greater than the base FD. [1.24. 

In the same manner it may be shewn that FD is 
greater than CD, 

. .... . .. .. /v . I 
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Therefore DA is the greatest and DE greater than DF, 
and DF greater than DC. 

Again, because MK, KD are greater than MD, [i. 20. 
and MK is equal to MO, [I. Definition, 15. 

the remainder KD is greater than the remainder GD, 
that is, GD is less than KD. 

And because MLD is a triangle, and from the points 
M y D, the extremities of its side MD, the straight lines 
MK, DK are drawn to the point K within the triangle, 
therefore MK, KD are less than ML, LD ; [L 21. 

and MK is equal to ML ; [I. Definition 15. 

therefore the remainder KD is less than the remainder LD, 

.In the same manner it may be shewn that LD is less 
than HD. 

Therefore DG is the least, and DKless than DL, and DL 
less than DH. 

Also, there can be drawn two equal straight lines from 
the point D to the circumference, one on each side of the 
least line. 

For, at the point M, in the straight line MD, make the 
angle DMB equal to the angle DMK, [I. 23, 

and join DB. 

Then, because MK is equal to MB, 
and MD is common to the two triangles KMD, BMD ; . 

the two sides KM, MD are equal to the two sides BM,MD 
each to each; 

and the angle DMK is equal to the angle DMB ; [Constr. 
therefore the base DK is equal to the base DB. [I, 4. 

But, besides DB, no other straight line can be drawn 
from D to the circumference, equal to DK. 

For, if it be possible, let DN be equal to DK 
Then, because DN is equal to DK, 
and DB is also equal to DK, 

therefore DB is equal to DN j [Axiom 1. 

that is, a line nearer to the least is equal to one which is 
more remote ; 

which is impossible by what has been already shewn. 

Wherefore, if any point be taken && o.i s n» - - ■ j 

6 
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PROPOSITION 9. THEOREM. 

If a point be taken within a circle^ from which there 
fail more than two equal straight lines to the circum¬ 
ference, that point is the centre of the circle. 

Let the point D be taken within the circle ABC ' from 
which to the circumference there fall more than two equal 
straight lines, namely DA, DB, DC: the point D shah be v 
the centre of the circle. 

For, if not, let E be the centre; 
join DEand. produce it both ways to 
meet the circumference at F ana &; 
then FG is a diameter of the circle. 

Then, because in FG, a diameter 
of the circle ABC, the point D is 
taken, which is not the centre, DG 
is the greatest straight line from D 
to the circumference, and DC is greater than DB, and 
DB greater than DA; n i [III. 7. 

but they are likewise equal, by hypothesis; 
which is impossible. 4 

Therefore E is not the centre of the circle ABC. 

In the same manner it may be shewn that any other 
point than D is not the centre; 
therefore D is the centre of the circle ABC. 

. Wherefore, if a point be taken &c. q.e.d. 

PROPOSITION 10. THEOREM. 

One circumference of a circle cannot cut another at 
more than two points. . ' 

If it be possible, let the circumference ABC cut the 
circumference DEF at more 
than two points, namely, at the 
points B, G, F. 

Take K, the centre of the 
Circle ABC, [III. 1. 

and join KB, KG, KF. 

Then, because. K is the 
centre of the circle ABC , 
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thei ©fore KB, KG, KFsre all eqaal to each other. [I Def 15 

** KF ' therefore 

But, K is also the centre of the circle ABC. [Construction. 

ZmS?**? the "“S? P° int 18 the centre of two circles 
which cut one another; U UB 

which is impossible. pjj ^ 

Wherefore, one circumference &c. q.s.v. 

PROPOSITION 11. THEOREM. 
c J r . cl . es to Y' c ] i one another internally, the straight 

l i na vrodwed ' ,hM 

«f two . T c J es A *fl ABE touch one another inter- 

pssrmnsm at i“! 
STSsyf&sus- '• * 

... For, if not, let it pass otherwise, 
u jwssible, as FGDH, and join ^-|L , 

Then, because AG, GF are t/L^/ \\ 

greater than AF, [I. 20 . ( ycr^l J \ 

and A F is equal to HF, [I. Def. 15. V 

therefore AG, GF, are greater \ E^.yc 

than HF. V ^ 

Take away the common part GF\ B 

therefore the remainder AG is greater than the remainder 

Brt'tfheqmltoDa El. Definition 15. 

Therefore the straight line which joins the points F, G 
!2JT^ UCed > <»ooot pass otherwise than trough the 

toat is, it must pass through A. 

it prefer©, if two circles «c. q.e.d. „ 
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PROPOSITION 12. THEOREM. 

' If two circle* touch one another externally; the straight 
line which join* their centre* shall pas* through the point 
Of contact. 

Let the two circles ABC., ABE touch one another ex¬ 
ternally at the point A ; ana let P be the centre of the 
circle ABC, ana O the centre of the circle ABE: the ' 
straight line which joins the points F, O, shall pass through 
the point A, 

For, if not, let it 
pass otherwise, if pos¬ 
sible, as FCBG, and 
join FA, AG. 

Then, because Pis 
the centre of the cir¬ 
cle ABC, FJi is equal 
to PC'; [I. Be/. 15. 
and because G is the 

centre of the circle ABE, GA is equal to GB; 
therefore FA, AG are equal to FC, BG. [Axiom 2. > 

Therefore the whole FG is greater than FA, AG. 

But FG is also less than FA, AG; [I. 20. 

which ia impossible. . 

Therefore the straight line which joins the points P, G, 
cannot pass otherwise than through the point A, 
that is, it must pass through A. 

Wherefore, if two circles &c. q.e.d. 

'I * ' i 



PROPOSITION 13* THEOREM. 


One circle cannot touch another at more point* than * 
one, whether it touches it on the inside or outside. 


' For, if it be possible,, let the circle EBF touch the 
circle ABC at more points than one; and first on the 
inside, at the points B, B. Join BB, and draw 6r#bisect¬ 
ing BB at rignt angles. [1.10,11. 


Then, because the two points B, B are in the circum¬ 
ference of each of the ciroles, the straight line BB falls 
within each of them ? ftIL 2L 
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PROPOSITION 14. 

i Equal straight lines in a circle 

the centre: and those which are 
centre are equal to one another. 

Let tto straight lines AB, CL 

Z ' UW(h<Jr: the J 

• ?ake ^the centre of the 
circle ABDC; - [m l 

and from E draw EF, EG per¬ 
pendiculars to AB, CD; [i! J 2 . 
and join EA, EC. 

.. k^ause the straight 

line EF, pacing through the 

S?*\% CUts the 8tra «ht line AB, 
which does not pass through the 

at right angles, it afso bisects it; r m . 

40 **> “ d AD ^ double of AF 
For the like reason CD is double of CG 

But AB is equal to CD • 

therefore AF is equal U, CG. Ml*** 

And because AEh equal to CE rr Jv,!' 
ae e,»are on ABU J to the *ia re ojcl* ™ * 

“o the 8, “ res on °°’ 0E ™ "T* a 

Woroae squares on AF, FE are equal to the squares 

Sot the sqoare on AF In dmai .u [Axiom I. 

«cause A^h equal to <W; q *° lhe s « uare « CG, 

Sr4^Tn a s£f 8q " are ™^ia equal to the ro¬ 
ne |a° f0M tbe straight ““<> EF fa 09«al to the'^ht 
'u* strai « ht “ a circle are aoid to be equally distant 


theorem. +• 

ire equally distant from 
qually distant from the 

C £ to the circle ABDC, bo 
1 bo equally distant from 
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& £ JS&JJ53? perpendic " to “>■ f-J 

ttorofore d*. C® are equally distant ftomtho £££" 

ofclSSSSSf%”S 

squares on EG, GC\ ^ w ^ 8X6 e ^ ua ^ to the 

K^iFr^’S 04 " 111 *° th ° V^roon m, 

mS*°4^°onGcf '" ,U “ re0,1 * A h *** ^ 

So C0 nt0n ** 8tn *W“ H “ ^ »1PI to thiS 

tfCO* ™ 8h< " m 40 b0 double of Zif] mi ci> double 
Therefore AB is equal to CD. r , . „ 

Wherefore, equal straight lines &c. q.e.d. [ ‘ 

PROPOSITION 15. THEOREM. 

and i ‘tfS!Z‘' raighl Kn ‘ ! » * <*«*/ 
O^WOSM greater than one nm-e rmZu^Mda <m,re< ‘ 
u ™<*rer to the centre than tte les ™ * * * th ° greater 

*th^M ]“ tT/fi “ f „ which ^^ i» a diameter, aad 
AD shall be greater than er *° th ° Centre tban FG • 

%*£!$** BOtSR Ab 

b© greater than FG. aC J\ n. 

vJ^J hQ cent ™ E draw l\/L 1 ' 

fS'vSF perpendiculars to K iE\T 

j.. ’ [f- 12. \ \\ J 

and join EB, EG, EF. qk NJ/ 

* Then, because .42? is equal * ^n - ^ 0 

LnAffifiMiA il T\ i a _ • . _ 

— „ w „ i3 equai t0 BE EC 

* 1 Axiom 2. 
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but BE, EC wet greater than BC; 
therefore also AD is greater than BC. 

And, because BC is nearer to 
the centre than EG, [Hypothesis. 

EH is less than EK. [III.De/. 5. 

Now it may be shewn, as in the 
preceding proposition, that BC 
13 double of BH, and FG double 
of FK, and that the squares on 
EH, HB are equal to the squares 
on EK, KF. 


[I. 20 



But the square on EH is less than the square on EK, 
because EH is less than EK; 

therefo * ’■he square on HB is greater than the square 
on KF 

and therefore the straight line BH is greater than the 
straight line FK ; 

and therefore BC is greater tha n FG. 

Next, let BC be greater than FG : BC shall be nearer 
to the centre than FG, that is, the same construction 
being made, EH shall be less than EK. 

For, because BC is greater than FG, BH is greater 
than FK. 6 

But the squares on BH, HE are equal to the squares on 

and the square on BH is greater than the square on FK. 
because BH is greater than FK ; 

therefore the square on HE is less than the square on KE • 
and therefore the straight line EJH is less than the straight 
line EK. 

Wherefore, the diameter &c. q.e.d. 


PROPOSITION 16. THEOREM. 

The straight line drawn at right angles to the diameter 
a arete from the extremity of it, falls without the 
circle; arid no straight line can he drawn from the 
extremity, between that straight line and the circumfer¬ 
ence, so as not to cut the circle. v 















BOOK III. 16 . 


. be a circle, of which D is the centre and 

An V imn ? e * :er: straight line drawn at right angles to 

AB, from its extremity A, shall fall without the circle. 

._F° r ,if not, let it fall, if pos- ^_^ , 

sible, within the circle, as AC, / ^\\ 

aiid draw DC to the point C, ( JJp 

where it meets the circumference, ^ l 

Then, because DA is equal to \ ^ / 

BC, [I. Definition 15. \ J 

tho angle DAG is equal to the 
angle DCA. [I. 5j 

But the angle DAC is a right angle; [EypothuU. 

therefore the angle DCA is a right angle ; 

and therefore the angles DAC, DCA are equal to two 
right augles; which is impossible. ^ [I 17 

Therefore thestrai^ht line drawn from A at right angles to 
AB does not fall within the circle. h S 

n . f “ d in .l he s . ame ® an »er it may be shewn that it does 
not fall on the circumference. 

Therefore it must fall without the circle, as AE. 

Also between the straight line AE and the*circumfer¬ 
ence, io straight line can be drawn from the point A, which 
does not cut the circle. ^ * 

For, if possible, let AE be between 
them; and from the centre D draw T E 

DG perpendicular to AE; [I. 12 . —vA 

let DG meet the circumference at H. / 

Then, because the angle DGA is a / / \ 

right angle, [Construction. Br - 5>~ — A. 

the angle DAG is less than a right V / 

angle; [r. 17 . \ / 

therefore DA is greater than DG. [ 1 . 19 . ^-^ 

But DA 18 equal to DH; [I. Definition 15. 

SS!f^-£?.!!.? rea ‘ er than DG, the less thou the greater: 

TtiJuvJL* ~ 

^betWMn^iSiL 1 ™® ““r be drawn from the P° infc 
circle. A£md the circumference, so as not to cut the 


[I. Definition 15. 
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Wherefore^ the straight line &c. q.e.d. 

Corollary. From this it is manifest, that tue straight 
line which is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle; [llI.Dtf.2. 
and that it touches the circle at one point only, 

because if it did meet the circle at two points it would fait 
witrnn it, [III. 2. 

£is°w is orient, that there can be but one straight line 
which touches the circle at the same point. 

PROPOSITION 17. PROBLEM. 

d . raw . a straight line from a given point , either 
'circle* ° T ^ ctrcum f e ™nce, which shall touch a given 

n JLH Iot the .gfren point A be without the given circle 
22?; w reqmred to draw from A a stra^ht line, which 
snail touch the given circle. 

. Take E, the centre of the 
circle, [III. i. —"nj, 

and join AE cutting the circum- / ^ 

ference of the given circle at D ; / / Z\ \ 

and from_the centred, at the d (o »/ \L 

distance EA, describe the circle 1 f *• JbF 

■AFC; from the point D draw \ \ J ] 

DF at right angles to EA , [I. li. \ / 

and join EF cutting the circum- 

ference of the given circle at B; 

join AE. AB shall touch the circle BCD. 

eou^T 86 E iS the Centre ?f the circle AFG > EA is 

* , , ^ * _ . [!• Definition 15. 

equd toJgft E 18 the Centre of th .° circ le BCD, EB is 

“ 4 ^ 7 ^“ AE - m m •*-> 

FED? 8118:10 at E U 001111,1011 40 the two triangles AEB, 

trian , gle £ E ? 18 e< l ua l *o the triangle FED. 
^“r angles to the other angles, each to each, to 
winch the equal sides are opposite; rj * 










raight 
r of a 

Id fall 
III. 2. V 
it line 


nther 

given 

circle 

tvhich 


A is 
n 15. 

B is 
»15. 
sides 

EB, 

* 

ED, 
b, to 
I. 4. 
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therefore the angle ABE is equal to the angle FDE. 
But the angle FDE * 
therefore the angle ABE 


is a right angle; [Construction. 

'is a right angle. [Axiom 1. 
And EB is drawn from the centre; but the straight line 
drawn at right angles to a diameter of a circle, from the 
extremity of it, touches the circle; [III. 16, Corollary. 
therefore AB touches the circle. 

And AB is drawn from the given point A. q . e . f . 

But if the given point be in the circumference of the 
circle, as the point D, draw DE to the centre E, and DF at 
nght angles to DE; then DF touches the circle. [III. 16, Cor. 

f . .. 

PROPOSITION 18. THEOREM. 

Xf <* straight line touch a circle the straight line drawn 
from the centre to the point qf contact shall he perpen¬ 
dicular to the line touching the circle. 

Let the straight line DE touch the circle ABC at the 
point Ci take F, the centre of the circle ABC, and draw 
the straight line FC: FC shall be perpendicular to DE. 

For if not, let FO be drawn from the point F perpen¬ 
dicular to DE, meeting the cir- . ^ 

cumference at B. 

Then, because FGC is a right / \ 

[Hypothesis. ( T \ 

FCC is an acute angle; [I. 17 . I K I 

and the greater angle of every \ \ / 

triangle is subtended by the \ V/ 

greater side; [ 1 . 19 . 5 - " Q r 

therefore FC is greater than FC. 

[I. DtfniUon 15. 

wwth than fte leMth “ *°*™*«n 

Therefore FC is not perpendicular to DE. 

m i n " or may be shewn that no other 
svnag-ui hmo now * is perpendicular to DE, but FC- 
therefore FC is perpendicular to DE. 

Wherefore, if straight line &c. q . e . d . 
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PROPOSITION 19. THEOREM. 

If a straight line touch a circle, and from the point of 
contact a straight line be drawn at right angles to the 
touching line, thz centre of the circle shall be in that line. 

Let the straight line DE touch the circle ABC at C, 
and from G let CA be drawn at right angles to DE: the 
centre of the circle shall be in CA. 

For, if not, if possible, let /’be A 

the centre, and join CF. ^ 

then, because DE touches the circle / \ 

ABC, and FC is drawn from the ( \ 

centre to the point of contact, FC Bi / 


angle; !#, [Construction. 

therefore the angle FOE is eaualto the angle ACE, [Ax. 11. 
the less to the greater j which is impossible. 

Therefore I 1 is not the centre of the circle ABC. 

In the same manner it may be shewn that no other point 
out of CA is the centre ; therefore the centre is in CA. 

Wherefore if a straight line &c. q.e.d. 

PROPOSITION 20. THEOREM. 

The angle at the centre of a circle is double of the angle 
at t o circumference on the same base, that is, on the same 
arc. 

a c ^ rc ^ e > an( l BEG an angle at the centre, 
and BAG an angle at the circumference, which have the 
Kime arc, BC, for their hasp: the angle BEG shall be 
double of the angle BAG. 

Join AE, and produce it to F. - _ A 

First let the centre of the circle /^~ 
be within the angle BAG. / / \ \ 

_ Then, because EA is equal to / / L\ \ 

EB, the angle EAB is equal to the \ ///X \ I 

auglo EBA ; - f [ 1 . 5 , \ //l \\ / 
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But the angle BEFia equal to the angles EAB, EBA ; [1.52. 
therefore the angle BEF is double of the angle EAB. 

For the same reason the angle FEG is double of the 
angle EAC. 

Therefore the whole angle BEG is double of the whole 
angle BAG. 

Next, let the centre of the circle 
be without the angle BAG. 

Then it maybe shewn,as inthefirst 
case, that the angle FEG is double of 
the angle FAC, and that the angle 
FEB, a. part of the first, is double of 
the angle FAB, a part of the other; 
therefore the remaining angle BEG is 
double of the remaining angle BAG. 

Wherefore, the angle at the centre &c. q.e.d. 



PROPOSITION 21.' THEOREM. «f 

The angles in the same segment of a circle are equal to 
one another. 

Let ABGD be a circle, and BAD, BED angles in the 
same segment BAED: the angles BAD, BED shall be 
equal to one another. 

Take F the centre of the circle 
ABGD. [III. 1. 

First let the segment BAED be 
greater than a semicircle. 

Join BF, DF. 

Then, because the angle BFD is 
at the centre, and the angle BAD is 
at the circumference, and that they 
have the same arc for their base, 
namely, BCD ; 
therefore the angle BFD is double of the angle BADXIIL2Q. 
For the same reason the angle BFD is double of the angle 
BED. " . 

Therefore the angle BAD is equal to the angle BED. [Ate,?, 





1 1 : 

it' 
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“* Ktmml BAED «» »<* greater Uua 

Drew AF to the centre, and pro- . _ 

uuce it to meet the circumierence at ArJL 

C, and join GE. 

Then the segment BA EC is 
greater than a semicircle, and there- i A 1 

fore the angles BAC, BEC in it, are V F \ I 

equal, by the first case.. V \ / 

For the same reason, hocniiao «,« \ / 


• / * ' v y <£<*u**i uuwrac naure m 
scribed in, a circle are together equal to two right angles , 

civdoA^JC *•*■**« . fi ^ re inscribed in th 

**45® irigM ^i oppo8,te “ giM ,han b ® 

Join .4(7, BD. D 

Then, because the three angles 

of every triangle are together / / ><X\ 

equal to two right angles, [I. 82. / / \ \ 

the three angles of the triangle \/X \\ 

CAB, namely, CAB, ACB. ABC --yB 

are together equal to two right V / 

angles. 6 

But the angle CAB is equal to the angle C%B because 
they are m the same-segment CDAB; ’ nucii 

fw “?L e i s equal to the angle ADB because 

they are in the same segment ADCB ; 8 ©cause 

therefore the two angles GAB Am +««. *i , 
to the whole angle ASc. ' ”® t ° geth r e / 

To each of these equals add the angle ABC; 
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SHtPJjtfBffSa** A0B ' AB0 ‘ areei “ lto 

two* right a” gta f AB ' A GB ’ ABC “ re t0ge ‘ her ^ £ 
gSrSKMgl“ 6 “e 1 '*' 1 - 8 ' 7 - -"W*™ together eqrnj to 

„ A ^r e T ann ® r ‘ h ma ? ^ shewn that the angles 
^-4Z), i?C!Z) are together equal to two right angles. 

Wherefore, the opposite angles &c. q.e.d. 


PROPOSITION 23. THEOREM. 

On the same straight line, and on the same side 
ere cannot he two similar segments of circles, not 


the same side of it, let there be two similar segments of 
circles ACB, ABB , not coinciding with one another. 

Then, because the circle A OB 
cuts the circle ABB at the two p 

points A, B, they cannot cut one 
another at any other point; [III.10. 
therefore one of the segments \m 

must fall within the other; let A--f 

ACB fall within ABB', drawthe 
straight line BOB, and join AG, AB. 

Then, because ACB , ABB are, by hypothesis, similar 
segments of circles, and that similar segments of circles 
contain equal angles, [III. Definition 11. 

therefore the angle ACB is equal to the angle ABB ; 

that is, the exterior angle of the triangle ACB is equal to 
the intenor «nd opposite angle; 4 

which ia impossible. ^. 16 

Wherefore, on the same straight line &c. q.e.d. 


4 





Bisect AC at D; [X, 10. 

from the point D draw DB at right angles to* AC; [1.11. 
and join AB. 

First, let the angles ABD, BAD ,be equal toone another. 
Then DB is equal to DA ; 
but DA is equal to DC ; 
therefore DB is equal to DC. 


{Axiom 1 
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Ttojfowtheihwe straight lines EA,EB,ECexo allequal • 
and therefore D is the centre of the circle. mTo 

DA^D^nr* 5 *t ^k at the . di , 8tanco of an 7 of the three 

i. aimicS“ lhe M,rtre D b in A0 - **"> «*">«>* ABO 
anott^ let angle8 ABB > BAD >» not eqonl to one 

At the Point A, in the straight line AB, make the angle 
BAE equal to the angle ABB j * [I 23 

produce BE, if necessary, to meet AE at E, and join EG. 
ABE** beCaUSG the mfsle BAE is «q™A to the angle 
EA in’ equal to ED. 

And Woso AD tan**! to CD, KWr-U*! 

and EE is common to the two triangles AEE, CEE : 

S^hto Mh ; A2> ’ D£!&T6 equalt0 the two sides CE,EE f 

£L!t GqUal to th ° "+ Cf>E {^St ° f 

therefore the base EA is equal to the base EC, [ 1 ^ 4 ] 
But EA was shewn to be equal to EB • 
therefore EB is equal to EG. * [Axiom 1 . 

Therefore the three straight lines EA, EB,ECtae all equal • 
and therefore E is the centre of the circle. [III. 9 . 

EA^EB fn C 2 tre -u’ at * h ® ^stance of any of the three 
*r» f c > “escribe a circle; this will pass through the 

descriC^’ the circle of whic h ABC is a segment is 

,, A “ d it is evident, that if the angle ABE be greater 

Jjjjj. ^ e ^ gIe i? u B * i he centro E falIs without tfe set- 
tf the dfi? J'nnV. 18 therefore less than a semicircle; bit 
be less than the “HJ 1 ® BA£> > the centre 
torn* ^cirde! 8egment ABC > wMc ® »therefore greater 

a *& *?**!.¥« circle being given, the circle 

hut been described of \ich it is a segment, q.k.f. 

7 t, 
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PROPOSITION 26. THEOREM. ' 

In equal circlet , eg'uol angrfc* *tanc? on eguaf arc#, 
whether they be at the centres or circumferences. 

Let ABO. DEF be equal circles; and let BOG. EHF 
be equal angles in them at their centres, and BAG , EDF 
equal angles at their circumferences; the arc BKG shall 
be equal to the arc ELF. 


Join BC, EF. * 1 

Then, because the circles ABC, DEF are equal, {Hyp. 
the straight lines from their centres are equal; [III. Def. 1. 
therefore the two sides BG, GC are equal to the two sides 
EH, HF, each to each; 

and the angle at G is equal to the angle at H ; [Hypothesis. 
therefore the base BG is equal to the base EF. [I. 4. 

And because the angle at .4 is equal to the angle at D,[Hyp. 
the segment BAG is similar to the segment EDF\ [III.2)<f.ll. 
and they are on equal straight lines BC, EF. 

But similar segments of circles on equal straight lines are 
equal to one another; t [IIL 24. 

therefore the segment BAG is equal to the segment EDF. 

But the whole circle ABC is equal to the whole circle 
DEF', * [Hypothesis. 

therefore the remaining segment BKG is equal to the re¬ 
maining segment ELF ; [Axiom, 8. 

therefore the arc BKG is equal to the arc ELF. 

WKAWifnrn M it/ll f.iircJfiJt &A. O ff.H i 


I 
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PROPOSITION 27. THEOREM. 

an£A? rcl *' th f, angle ! which ‘ton* on equal arcs 
an ° ther ’ Whetker theV *» or 

BOC^EHF G L^hI b ® f quaI d ‘ rcles > md let the angles 
o* fkis. - ** *t their centres, and the angles BAG. EDF 

ttn^A el n/^^ C ^? n H e ^ ence8, 011 e( l uaI arcs BG. ]$F: the 

£ 1 * 3 ^ “ e “* EHF ' •*-& 


u. 

G ' 

O 

U 

/jL 

\ 

K 

N 

60 

E r 


''U 


If the angle BGC be equal to the ancle PTTTP »* 
m^fest that the angle b1 C is^o <to thf, a?gie 

r»„ f .» , ; [HI. 20, Axiom 7. 

ut, it not, one of them must be the creator Let TtP-P u 

t"r l e.faIKkight mZ°j>o; 

make the angle BGK equal to the angle EHF. [I. 23 ! 
and rtiof* ^® caus ® the angle BGK is equal to the angle EHF. 

s^sssts? “ gS •“ on •hS 

therefore the arc BK is equal to the arc EF. 

But the arc EF is equal to the arc BG; [Hvpothetis 

therefore the arc BK is equal to the arc BG, [Axiom 1 . 
the Jess to the greater; which is impossible. 

a'Sitii is not une<lual *° the “si o^bf, 

ang ^ B0C ’ r “ d ,«“ 

*■""**! the angle at A is equal to the angle at D. lUr. 
Wherefore, in equal circlet &c. q.e.d, 

7—2’' v •’ 




I 
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PROPOSITION 28 . TEEQREM. 

• ± » ’* 

In equal circlet, equal ttraight lines cut off equal ares, 
the greater equal to the greater, and the less equal to the 
lets . 

Let ABC, DEF be equal circles, and BC, EF equal 
straight lines in them, which cut off the two greater arcs 
BAG, EDF, and the two less arcs BGC, EHF: the 
greater arc BAG shall be equal to the greater arc EDF, 
and the less arc BGC equal to the less arc EHF. 


Take K, L, the centres of the circles, [III. i. 

and join BK, KC, EL, LF. 

Then, because the circles are equal, [Hypothesis. 

the straight lines from their centres are equal; [III. Ptf. 1. 

therefore the two sides BK, KC axe equal to the two sides 
EL, LF, each to each; 

and the base BC is equal to the base EF ; [Hypothesis. 
therefore the angle BKGS& equal to thf> liable . 'LF. [I. 8 . 

But in equal circles equal angles stand on equal arcs, when 
they are at the centres, - [IIL 29 . 

therefore the arc BGC is equal to the arc EHF. 

But the circumference ABGC is equal to the circum- 
fflrffi® DEHF ; [Hypothesis. 

therefore the remaining arc BAC it equal to the remaining 
arc jgDF. [Axiom 3. 

Wherefore, in equal circlet &c. q kj>. j 
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PROPOSITION 29. THEOREM. 


In equal circles, equal arcs are subtended by equal 
straight lines. 



Take K, L, the centres of the circles, [III. l. 

and join BK, KC, EL, LF. 


_ T}j en > because the arc BOO is equal to the arc 
EHF, [Hypothesis. 

the angle BKG is equal to the angle ELF. [III. 27. 

And because the circles ABC, DEF are equal, [Hypothttit. 
the straight lines from their centres are equal; [III. D<f. 1. 

therefore the two sides BK, KC are equal to the two sides 
EL, LF, each to each; 

and they contain equal angles; 

therefore the base BC is equal to the base EF. [I. 4, 
Wherefore, in equal circles &c. q.e.d. 


PROPOSITION 30. PROBLEM. 

To bisect a given arc, that is, to divide it into two equal 
parts. 


: tu 
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1 x 

Let ABB be the given arc: it is required to bisect it 
Join AB; 

bisect it at C ; , [1.10. 

from the point C draw CD at 
right angles to AB meeting 
the arc at D. [1.11. 

The arc ABB shall be bisected 
at the point D. • 

Join AD, DB. 

Then, because A C is equal to CB, [Construction. 

and CD is common to the two triangles A CD, BCD ; 

the two sides AC, CD are equal to the tTro sides BC, CD, 
each to each • 

and the adgle ACD is equal to the angle BCD, because 
each of them is a right angle; [Construction. 

therefore the base AD is equal to the base BD. [I. 4. 

But equal straight lines cut off equal arcs, the greater 
equal to the greater, and the less equal to the less; [III. 28. 

and each of the arcs AD, DB is less than a semi-circum¬ 
ference, because DC, if produced, is a diameter; [III. 1. Cor. 

therefore the arc AD is equal to the arc DB. 

Wherefore the given arc is bisected" at D. q.e.f. 


* PROPOSITION 31. THEOREM. 

t. 

In a circle the angle in a semicircle is a right angle; 
but the angle in a segment greater than a semicircle is less 
than a right angle ; and the angle in a segment less than 
a semicircle i3 greater than a right angle. 

Let ABCD be a circle, of which BC is a diameter 
and E the centre; and draw CA, dividing the circle into 
the segments ABC, ADC, and join BA, AD, DC: the 
angle m the semicircle BAC shall be a right angle; but 
the angle in the segment ABC, which is greater than a 



















BOOK III. 31 . 


103 


semicircle, shall be less than a 
right angle; and the angle in 
the segment ADC, which is less 
than a semicircle, shall be greater 
than a right angle. 

Join AE, and produce BA to F. 

• Then, because EA is equal to 
EB, [I. Definition 15. 

the angle EAB is equal to the 
angle EBA j [I. 5. 

and, because EA is equal to EC, 
the angle EAC is equal to the angle EC A; 

therefore the whole angle BAC is equal to the two angles, 
ABO, ACB. [Axiom. 2. 

But FAC, the exterior angle of the triangle ABC, is equal 
to the two angles ABC, ACB\ [I. 32. 

therefore the angle BAG is equal to the angle FAC, [Ax. 1, 
and therefore each of them is a right angle. [I. Def. 10. 
Therefore the angle in a semicircle BAC is a right angle. 

And because the two angles ABC, BAC, of the triangle 
ABC, are together less than two right angles, [1.17. 

and that BAG has been shewn to be a right angle, 
therefore the angle ABC is less than a right angle. 

Therefore the angle in a segment ABC, greater than a 
semicircle, is less than a right angle. 

And because ABGD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two 
right angles; [111.22. 

therefore the angles ABC, ADC are together equal to two 
right angles. 

But the angle ABC has been shewn to be less than a right 
angle; 

fliArfifnrA fliA ati&Ia A TlCt 10 frwutf a* fVion a on/via 

w ’■tr « Wf VVft W Ajtgs;v 

Therefore the angle in a segment ADC, less than a semi¬ 
circle, is greater than a right angle. 

Wherefore, the angle &c. q.e.d. 
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Corollary. From the demonstration it is manifest 
that if one angle of a triangle be equal to the other two, it 
is a right angle. 

For the angle adjacent to it is equal to the same two 
angles; [ 1 . 32 . 

and when the adjacent angles are equal, they are right 
angles. [I. Definition 10* 

PROPOSITION 32. THEOREM. 

If a straight line touch a circle, and from, the point ojT 
contact a straight line be drawn cutting the circle, the 
angles which this line makes with the line touching the 
circle shall be equal to the angles which are in the alternate 
segments <f the circle. 

Let the straight line EF touch the circle ABCD at 
the point B, and irom the point B let the straight line BD 
be drawn, 1 cutting the circle: the angles which BD makes 
with the touching line J EF, shall be equal to the angles in 
the alternate segments of the circle; that is, the angle 
DBF shall be equal to the angle in the segment BAD, 
and the angle DBE shall be equal to the angle in the seg¬ 
ment BCD. 

From the point# draw BA 
at right angles to EF, \ [1.11. 
and take any point C in the 
arc BD, and join AD, DC, 

CB. 

Then, because the straight 
line EF touches the circle 
ABCD at the point B, {Hyp. 

and BA is drawn at right* 
angles to the touching line 
from the point of contact B, [Construction. 

therefore the centre of the circle fs in BA. [III. 19. 

Therefore the angle ADB, being iu a semicircle, is a right 
angle. [III. 31. 

Therefore the other two ang les BAD. ABD are equal to » 
right angle. = ' [1.32 

But ABF is also a right anglo. , [Construction. 
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Therefore the angle ABF is equal to the angles BAD 
ABD. ’ 

j r »n each of these e ^ uals take away the common angle 

therefore the remaining angle DBF is equal to the remain- 
mg mgh BAD, lAxiom s 

which is in the alternate segment of the circle. 

And because ABGD is a quadrilateral figure in a circle, 
the opposite angles BAD ., BCD are together equal to two 
right angles. [III. 22. 

But the angles DBF, DBE are together equal to two 
right angles. [Lit. 

&ngleB°BAD ^CD are equal to the 

"BAD** an ^ e DBF has been shewn equal to the angle 

therefore the remaining angle DBE is equal to the re¬ 
maining angle BCD, [Axiom*. 

which is in the alternate segment of the circle. 

Whereforej, if a straight line &c. q.b d. 


PROPOSITION 33. PROBLEM. 4" 

. a ffiven straight line to describe a segment of <t 
circle, containing an angle equal to a given rectilineal 
angle. 

Let AB be the given straight line, and C the given 
rectilineal angle: it is required to describe, on the given 
straight line AB, a segment of a circle containing an angle 
equal to the angle C. 

First, let the angle C _ „ " 

be a right angle. |c-- 

Bisect AB at F, [1.10. f \\ 

and from the centre F, at V. 

the distance .F.B, describe A F- b 

the semicircle AtiB. - 

Then the angle AHB 

in a semicircle is equal to tlio right angle C. fill. 81. 





106 


EUCLID’S ELEMENTS. 


But if the angle C be 
not a right angle, at the 
point A , in the straight line 
AE, make the angle BAD 
equal to the angle C; [1.23. 
from the point A, draw AE 
at right angles to AD;[ 1.11. 
bisect AB at F; [ 1 . 10 . 
from the pointy draw FG 
at right angles to AB; [ 1 . 11 . 
and join GB. 

Then, because AF is 
equal to BF, [Const. 

and FG is common to the 
two triangles AFG, BFG; 
the two sides AF, FG are 
equal to the two Bides 
BF, FG j each to each; 
and the angle AFG is 
equal to the angle BFG ; [I. Definition 10 . 

therefore the base AG is equal to the base BG; [I. 4 . 

and therefore the circle described from the centre G, at the 
distance GA, will pass through the point B. 

Let this circle be described; and let it be AHB. 

The segment AHB shall contain ah angle equal to the 
given rectilineal angle C. 

Because from the point A, the extremity of the diameter 
AE, AD is drawn at right angles to AE, [ Construction. 

therefore AD touches the circle. [III. ie. Corollary. 

And because AB is drawn from the point of contact s, 
the angle DAB is equal to the angle in the alternate 
segment AHB. . pu 32# 

But the angle DAB is equal to the angle <7. [Comtr. 

Therefore the angle in the segment AHB is equal to the 
MSteC. [Axiom 1. 

VV nerefore, on the given straight line AB, the segment 
AHB of a circle has been described, containing an angle 
equal to the given angle C. q.e.f. 
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PROPOSITION 34. PROBLEM. 

From a given circle to cut off a segment containing an 
angle equal to a given rectilineal angle. 

Let ABC be the given circle^ and 2) the given recti¬ 
lineal angle: it is required to cut off from the circle ABG 
a segment containing an angle equal to the angle D. 

Draw the straight 
line EF touching the 
circle ABC at the 

I point 25; [III. 17. 

and at the point B, in the 
straight line BF, make 
the angle FBC equal 
to the angle D. [I. 23. 

Thesegment BA (7shall 
contain an angle equal 
to the angle 2). 

Bemuse the straight line EF touches the circle ABC, 
and BCis drawn from the point of contact B , [Constr. 

therefore the angle FBC is equal to the angle in the , 
alternate segment BAG of the circle. [III. 32 . 

But the angle FBC is equal to the angle 2). [Construction. 

Therefore the angle in the segment BAC is equal to the 
“tfe 2>. H [Axiom 1. 

d ^\ ere ^? rB ’ f rom th 6 given circle ABC\ the segment 
AS AO has been cut off } containing an angle equal to the 
given angle D. q.e.p. 


PROPOSITION 35. THEOREM, "f* 

If two straight lines cut one another within a circle, 
the rectangle contained by the segments of one of them 
snail be equal to the rectangle contained by the segments 
cf the other. 



& 
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Let the two straight lines AC, BD cut one another at 
the point 2?, within the circle A BCD : the rectangle con¬ 
tained by AE, EC shall be equal to 
the rectangle contained by BE, ED. 

If ACsmd BD both pass through /\ 

the centre, so that E is the centre, ( \ 

it is evident, since BA, EB, EC, \ /\ 

ED are all equal, that the rect- \/ 

angle AE, EC is equal to the rect- ^ 

angle BE, ED. 

®, ut one ^ them BD, pass through the centre, and 
cut the other A C, which does not pass through the centre, 
at right angles, at the point E. 

Then, if BD be bisected at F, F D 

is the centre of the circle ABCD\ S 1 \ 

join AF. / \ 

Then,) because the straight ( \ 

hue BD which passes through ( F ) 

thq^centre, cuts the straight line } 

AC, which does not pass through e~ yC 

the centre, at right angles at the 
pornt E, [Hypothesis. B 

AE is equal to EC. [III. 3 . 

And because the straight line BD is divided into two 
equal parts at the point and into two unequal parts at 
the point E, the rectangle BE, ED, together with the 
square on EF, is equal to the square on FB, [II. 5 . 

that is, to the square on AF. 

But the square on AFis equal to the squares onAE,EF.[IA7. 

Therefore the rectangle BE, ED, together with the square 
on EF, is equal to the square^ on AE, EF. [Axiom 1 . 
Take away the common square on EF\ 

then the remaining rectangle BE, ED, is equal to the 

remaining square on AE, 

that is, to the rectangle AE, EG. 

le * BD j>. which passes through the centre, cut 
the other A C, which does not pass through the centre 
at the point E, but not at right angles. = Then, if b3 
be bisected at A 1 , F is the centre of the circle ABCD: 
join AF, and from F draw FG perpendicular to AC. [1.12. 
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I t PROPOSITION 30. THEOREM. 


If from any point without a circle two straight line* 
be drawn, one <f which cute the circle, and the other 
touches it; the rectangle contained by the whole line which 
cuts the circle, and the part (fit without the circle, shall 
be equal to the square on the line which touches it. 

Let D be any point without the circle ABC, and let' 
DCA, DB be two straight lines drawn from it, of which 
DC A cuts the circle and DB touches it: the rectangle 
AD, DC shall be equal to the square on DB. 

First, let DCA pass through 
the centre E, and join EB. 

Then EBD is a right angle. [III. 18. 

And because the straight line AC 
is bisected at E, and produced to 
2), the rectangle AD, DC together 
with the square on EG is equal to 
the square on ED. [II. 6. 

But EG is equal to EB ; . 
therefore the rectangle AD, DC 
together with the square on EB is 
equal to the square on ED. 

But the square on ED is equal to the 
squares .on EB, BD, because EBD is a right angle. [I. 47. 

^ e ** e J[ 0 )' e the rectangle AD, DC, together with the square 
on EB is equal to the squares on EB, BD. 

(Take away the common square on EB; 

then the remaining rectangle AD, DC is equal to the 
square on DB. V \. [Axiom 3. 

, Next let DCA not pass through the centre of the circle 
ABC ; take the centre E; [III. 1. 

from E draw EE perpendicular to AC; [1.12. 

and join EB, EC, ED. 

Then, because the straight line -E^which passes through 
centre, cuts the straight line AC, which does not pass 
through the centre, at right angles, it also bisects it; [III. 3. 
therefore AEis equal to EC. 
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ht line* 
9 other 
which 
f e, shall 

and let 
: which 
ctangle 



[1.47. 
square 

to the 
aHorn 3. 

> circle 
III. 1. 

[ 1 . 12 . 




togetner with the squares on B 

CF, FE, is equal to the squares V| , 

on JDF, FE. [Axiom 2. / 

But the squares on CF, FE are // 

equal to the square on CE, be- 

cause CFE is a right angle; [1.47. ^/CJ \ \ 

and the squares on DF, FE are / rcvA y 

equal to the square on M j - J 

Therefore the rectangle AD, DC, \f J 

together with the square on CE, A \ / 

is equal to the square on DE. 

But CE is equal to BE; 

therefore the rectangle AD, DC, together with the square 
on BE, is equal to the square on DE. ' ■ " - 

But the square on DE is equal to the squares on DB, 
BE, because EBD is a right angle. [I. 47. 

Therefore the rectangle AD, DC, together with the square 
on BE, is equal to the squares on DB, BE. 

Take away the common square on BE; 

then the remaining rectangle AD, DC is equal to the 
square on DB. „ . [Axiom 8. 

Wherefore, if from any point &c. q.e.d. 

Corollary. If from any point 
without a circle, there be drawn A 

two straight lines cutting it, as /j\ 

AB, AC, the rectangles contained / \ 

by the whole lines and the parts /e/—\ r 

of them without the circles are nA/ \N. 

equal to one another; namely, the / / \ \ 

rectangle BA, AE is equal to the / /• \ A 

rectangle CA, AF\ for each of I / \ J 

them is eaual to., the snnare on the ’ \ / . \ J 

straight line AD, which touches V 
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PROPOSITION 87. THEOREM. \ 

If from, any point without a circle there he drawn two 
straight lines, one qf which cute the circle, and the other 
meets it, and if the rectangle contained by the whole line 
which cute the circle, and the part qfit without the circle, 
be equal to the equare on the line which meets the circle, 
the line which meets the circle shall touch it. 

Let any point D be taken without the circle ABC t 
and from it let two straight lines DCA, DB he drawn, 
of which DCA cuts the circle, and DB meets it; and let 
the rectangle AD, DC he equal to the square on DB: 
DB shall touch the circle. 

Draw the straight line DE, 
touching the circle ABC; [III. 17. 
find /’the centre, [HI. l. 

and join FB,FD,FE. 

Then* the angle FED is a 
right angle. [III. 18. 

And because DE touches the 
circle ABC, and DCA cuts it. 
the rectangle AD, DC is equal 
to the square on DE. [III. 36. 

But the rectangle AD, DC is 
equal to the square on DB. [Hyp. 

Therefore the square on DEie equal to the square onD BftAx. I. 

therefore the straight line DE is equal to the straight line 
DB. 

And EF is equal to BF; [I. Definition 15. 

therefore the two sides DE, EF axe equal to the two sides 
DB, BF each to each; 

and the base DFis common to4he two triangles DEF, DBF ; 
therefore the angle DEF is equal to the angle DBF. [L 8. 
But DEF is a right angle; - [Comtruction. 

. therefore also DBF is a right angle. 

•A- n d 2?^ if produced, is a diameter; and the straight line 
wmch is drawn at right angles to a diameter from the 

ATT.mnTnifv il* a a!ma1a . rw-wr /i /*> st 

vi ia WHViivS Wv UiiLiv J ^ili« VWV**tf7y» 

therefore DB touches the circle ABC. 

Wherefore, if from a point &c. q.e.d. 










turn two 
ke other 
iole line 
\e circle, 
e circle. 


9 ABC, 
drawn, 
and let 
>n DB; 
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DEFINITIONS, 


1. A beoti lineal figure is said 
to be inscribed in another rectilineal 
figure, when all the angles of the in- 
bribed figure are on the sides of the 
figure in which it is inscribed, each on 
each. 

2. In like manner, a figure is said 
to bo described about another figure, 
when all the sides of the circumscribed 
figur e pass through the angular points 
of the figure about which it is de¬ 
scribed, each through each. 

3. A rectilineal figure is said to 
be inscribed in a circle, when all the 
angles of the inscribed figure are on 
the circumference of the circle. 

4. A rectilineal figure is said to be 
described about a circle, when each 
side of the circumscribed figure touches 
the circumference of the circle. 

. P- . In Kke manner, a circle is said 
to be inscribed in a rectilineal figure, 
when the circumference of the circle 
touches each side of the figure. • 


DBF; 

[L 8. 
ruction* 







PROPOSITION 1. PROBLEM. 


In a given circle, to place a straight line, equal to a 
given straight line, which is not greater than the diameter 
of the circle. 

Let ABO be the given circle, and D the given straight 
line, not greater than the diameter of the circle: it is 
required to place in the circle ABC, a straight line equal 
to D. 

Draw BO. a diameter of * , ^_^ 

the circle ABO. s' ~/T\ ' 

Then, if BO is equal to JO, f // \ \ 

the thing required is done; for [ • c If -p-- Jb 

in the circle ABO, a straight V V / / 

line is placed equal to D. \. \r/ y 

But, if it is not, BC is greater D —- 

than D. [. Hypothesis. 

Make CE equal to D, [I. 3 . 

and from the centre G, at the distance CE, describe the 
circle AEF, and join CA. 

Then, because C is the centre of the circle AEF, 
OA is equal to CE ; [I. Definition 15 . 

but CE is equal to 2>; [Construction. 

therefore CA is equal to D. [Axiom 1 . 

Wherefore, in the circle ABC, a straight line OA is 
placed equal to the given straight line D, which is not 
greater than the diameter of the circle. q.e.f. 
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6 . ( A circle is said to be described 
about a rectilineal figure, when the cir¬ 
cumference of the circle passes through 
all the angular points of the figure about 
which it is described. 

7. A straight line is said to be 
placed in a circle, when the extremities 
of it are in the circumference of the 
circle. 
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PROPOSITION 2. PROBLEM. * 

a < ” wri} ‘ ° trian « U miantuhr to 

.. Le { A ?G be the given circle, and DBF the given 
.dangle: it is required to inscribe in the circle ABC A 
triangle equiangular to the triangle DEF. 

Draw the straight 

line GAH touching q 

the circle at the point 
A; [III. 17. 

at the point A, in the n / y^Vv'lf 
straight line AIT, mako y\ ( / \ \ 


ual to a 
iiameter 


Hiraignc line AH, mako /\ 

the anglei£d Cequal to / \ 

the angle DEF) [1.23. £ - \ 


and, at the point A, in \ y 

the straight line AG, -^ 

make the angle GAB 
equal to the angle DFE\ 

and join BC. ABC shall be the triangle required. 

Because GAH touches the circle ABC and An u 
drawn from the point of contact ^ 

therefore .he angle HAC is equal to the angle A±sC in the 
alternate segment of the circle. * fill. 32 ! 

But the angle HAC is equal to the angle DEF. \c'<mtr. 
Therefore the angle ABC is equal to the angle DEF. [Ax. l* 

MgU.°5)*i“ m0 reaS0 “ “K'o A0B * equal" to the 

*^ e I, 6 ™™"* aegte BAC .is equal to the re- 
mamu* angle EDF. . [I. 32, !L™naLu 

anoUBB^3 > JlH‘” S ' le e f uian 9^or to the tri- 

angle JJHI, and it is inscribed in the circle Ann « - » 


straight 
le: it is 
tie equal 


i AEF, 
lition 15. 
rimiction. 
Axiom 1. 
? CA i* 


PROPOSITIONS. PROBLEM. 

a ffiwn circle, to describe a triangle 
to a given triangle. 
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let ABC be the given circle, and DEF the given tri¬ 
angle : it is required to describe a triangle about the circle 
ABC, equiangular to the triangle DEF. 

Produce EF both T 

ways to the points /\ n 

G, H) take K the \ 

centre of the circle / \ / \ 

-45(7; _ [III. 1. _/ \ 

from K draw any 1/ >P g k-f—3 

radius KB; \ 

at the point K, in A )\ 

the straight line KB, I \ J \ 

make the angle BKA L - —^ 1 -X 

equal to tae angle M N . 

DEG, and the angle BKCe qual to the angle DFH; [I. 23. 
and through the 
LAM, M, 


touching the circle ABC. [III. 17. 
LMN shall be the triangle required. 

Because LM, MN, NL touch the circle ABC at the 
points A y By Gy [< Construction • 

to which from the centre are drr vn KA, KB, KC, 
therefore theangles atthepo:nts^(,5,(7arerightangles.[III.18. 
And because the four angles of the quadrilateral figure 
AMBK are together equal to four right angles, 
for it can be divided into two triangles, 
and that two of them KAM, KBM are right angles, 

therefore the other two AKB, AMB are together equal 
to two right angles. [Axiom 3. 

But the angles DEG, DEF are together equal to two 
right angles. [ I# 13 

Therefore the angles AKB, AMB are equal to the angles 
DEG, DEF\ 

of which the angle AKB is equal to the angle DEG ; [Constr. 
therefore the remaining angle AMB is equal to the re¬ 
maining angle DEF. \Axiom 3 . 
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Y h £ r £ { £ rQ the triangle ZMN is equiangular to the tri¬ 
angle DBF, and it is described about the circle ABC. q.e.p, 

PROPOSITION 4. PROBLEM. \ 

To inscribe a circle in a given triangle. 

Let ABC be the given triangle: it is required to inscribe 
a circle in the triangle ABC. 

Bisect the angles ABC. ACB, 
by the straight lines BD, CD, A 

meeting one another at the point A 

D > [I. 9. 

and from D draw DE, DF, DG per¬ 
pendiculars to A B, BC, CA. [1.12. 

Then, because the angle EBD 
is equal to the angle FBD, for 
the angle ABC is bisected by 
BD, ■■ [Construction. 

and that the ri"ht angle BED is B 

equal to the right angle BFD; [Axiom 11. 

therefore the two triangles EBD, FBD have two angles 
o^ h ^° ne ^ qU D I r, t0 of the other, each to e^h; 

Wbch i s W site one of the equal 

angles in each, is common to both; 

therefore their other sides are equal; [I. 26 . 

therefore DE is equal to DF. 

For the same reason DC is equal to DF. 

Therefore DE is equal to DG. [Axiom 1. 

Therefore the threo straight lines DE, DF, DG are equai 
to one another, and the circle described from the centre D. 
at the distance of any one of them, will pass through the 
extremities of the other two; b 

f?j* ** 7 iU wi ch 41 ?o straight lines AB, BC, CA, because 

are ri « hfc angles, and the 
straight lme which is drawn from the extremity of a dia- 
meter, at right angles to it, touches the circle. [III. 16. Cor 1 . 
Therefore the straight lines AB, BC, CA do each of them 

to«cu tne circle, and therefore the circle is inscribed in the 
triangle ABC. 

Wherefore a circle has been inscribed in the given 
triangle. q.e.p. " 







I 



110 EUCLID'S ELEMENTS. 

PROPOSITION S. PROBLEA 

To describe a circle about a given I 

Let ABC be the given triangle: it is r 
scribe a circle about ABC. 
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V 
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falls without the triangle,, the angle opposite to the side 
beyond which it is, being in a segment less than a semi¬ 
circle, is greater than a right angle. [III. 31. 

Therefore, conversely, if the given triangle be acute- 
angled, the centre of the circle falls within it; if it be a 
right-angled triangle, the centre is in the side opposite to 
the right angle; and if it be an obtuse-angled triangle, the 
centre falls without the triangle, beyond the side opposite 
to the obtuse angle. / J 

:? ' * • 

PROPOSITION 6. PROBLEM. 

• '•* ' 

To inscribe a square in a given circle. 

Let ABCI) be the given circle: it is required to in¬ 
scribe a square in ABCD. 

Draw two diameters A C, BD 
of the circle ABCD } at right an¬ 
gles to one another; [III. 1,111. 
and join AB, BG, CD. DA. /Y V\ 

The figure ABCD shall be the ' (/ X\ 

square required, fj / -E___M D 

Because BE is equal to DE. V\ /) 

for E is the centre; \\. / / 

and that EA is common, and at r —^ 

right angles to BD\ 

therefore the base BA is equal to the base DA. [1 4 

^Ba'wDA™ reaS ° n BG> DG arG each of them e< l« a i 

Therefore the quadrilateral figure ABCD is equilateral. 

It is also rectangular. 

, JtofiSfat line BD being a diameter of the eircle 

ABCD, BAD is a semicircle; [<W,Sfa“ 

therefore the angle BAD is a right angle. [Ill SI 

i«a“g e h r„" n 0f “" gIes ABC ’ BCD > 0DA 

thfiTfififirfi f.llA miOilinln^Awnl J T»/YT\ • . 

. ~ w -sure jl&ou is rectangular, 

a square.^ ^ ^ 8hGWn t0 b ® e< l uiIateral J therefore it is 

• a *Quare has been inscribed in the given 

wwiCwv* Qi£«Fi , ^ 
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PROPOSITION 7. PROBLEM. 

To describe a square about a given circle. 

Let ABOD be the given circle: it is required to 
describe a square about it 

Draw two diameters AC, BD 
of the circle ABCD, at right an- . / \ k 

gles to one another; [III. 1,1. 11 . f \ 

and through the points A, B, C, D, B-E-3 D 

<baw EG, GH, HK, KF touching \ j 

the circle. [III. 17. V y 

The figure GHKF shall be the 

square required. u 

Because EG touches the circle ABCD, and EA is drawn 
from th^ centre E to the point of contact A, [Construction. 
therefore the angles at A are right angles. [Ill, is. 

For the same reason the angles at the points B. C. D are 
nght angles. 

And because the angle AEB is a right angle, [ Construction. 
and also the angle EBG is a right angle, 
therefore GH is parallel to AC. [I. 28. 

For the same reason A C is parallel to FK. 

sllew,, ‘ hat *•* ° f *• 

Therefore the figures GK, GC, CF, FB, BK are parallelo¬ 
grams; 

and therefore GF is equal to UK, and GH to FK. [1.34. 

And because AC is equal to BD, 
and that A C is equal to cadi of the two GH, FK, 
and that BD is equal to each of the two GF, HK, 
therefore GH, FK are each of them equal to GF, or HK; 
therefore the quadrilateral figure FGHK is equilateral 
It is also rectangular. 

For since AEBG is a parallelogram, and AEB a right angle, 
therefore AGB is also a right angle. [ 1 , 84 . 

In the same manner it may be shewn that the angles at 
H, K, F are right angles; * TV 


I 
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therefore the quadrilateral figure FGHK is rectangular. 

And it has been shewn to be equilateral; therefore it 
is a square. 

Wherefore a square has been described about the given 
circle. q.e.f. 

PROPOSITION 8. PROBLEM. 

To inscribe a circle in a given square. 

Let A BCD be the given square: it is required to in¬ 
scribe a circle in ABCD. 

Bisect each of the sides AB, 

AD at the points F, E ; [ 1 .10. 

through E draw EH parallel to 
AB or DC, and through F draw 
FK parallel to AD or BC. [1.31. 

Then each of the figures AK, 

KB, AH, HD, AG, GO. BG, GD 
is a right-angled parallelogram; 

and their opposite sides are equal 
And because AD is equal to AB, 
and that AE is half of AD, and AF half of AB, [Constr. 

therefore AE is equal to AF. [Axiom 7. 

Therefore the sides opposite to these are equal, namely. 
FG equal to GE. • [ L 34 ’ 

In the same manner it may be shewn that the straight 
lines GH, GK are each of them equal to FG or GE. 
Therefore the four straight lines GE, GF, GH, GK are 
equal to one another, and the circle described from the 
centre G, at the distance of any one of them, will pass 
through the extremities of the other three; 
and it will touch the straight lines AB, BC, CD, DA, 
because the angles at the points E, F, H, K are right 
angles, and the straight line which is drawn from the 
extremity of a diameter, at right angles to it, touches 
the circle. . [III. 16. Corollary. 

Therefore the straight lines AB, BC, CD, DA do each 
of them touch the circle. 

Wherefore a circle has been inscribed in the given 
square. q.e.f. 




EUCLIPS ELEMENTS. 


PROPOSITION 9. PROBLEM. 

. To describe a circle about a given square. 

Let ABCD be the given square: it is reauired to 
describe a circle about ABCD. required to 

Join AC, BD , cutting one an¬ 
other at E. ax—"xp 

Then, because AB is e oal to /|\ /t\ 

AD, “ ( \e/ \ 

and AC is common to the two tri- l /\ I 

angles BAC, DAC; \/ \ / 

the two sides BA, AC are equal to _ ^ 

the two sides DA, AC each to each; 

and the base BC is equal to the base DC; 

therefore the angle BAC is equal to the angle DAC, [I. 8. 

and the angle BAD is bisected by the straight line AC. 

ABC «r^T/JT nner H ma £ b ®. shewn tb at the angles 
lines \BD^.C. DA 8evera,ly blsected b y the straight 

Then, because the angle DAB is equal to the angle ABC, 
and that the angle EAB is half the angle DAB, 
and the angle EBA is half the angle ABC, 
therefore the angle EAB is equal to the angle EBA ; [Ax. 7. 
and therefore the side EA is equal to the side EB. [I. q. 

Mnl^PC £ a n !L man T be 8hewn that the straight 
imes EC, ED are each of them equal to EA or EB. 

Wherefore the four straight lines EA, EB, EC, ED are 

centre^ 0 !!? ff ot 5r$ ““ {. he circle described from the 
centre E, at the distance of any one of them, will mss 

through the extremities of the other three, and wilFbe 
described about the square ABCD. 

sqZ^lV CirCh ^ hem described Mont the given 

PROPOSITION 10. PROBLEM. 

To describe an isosceles triangle, havina each of Mx 
angles at the base double qf the third angle . 9 ■ * \ 
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Take any straight line 
AB, and divide it at the 
point Gy so that the rectan¬ 
gle ABy BC may be equal 
to the square on A C; [II. 11. 

from the centre A, at the 
distance AB, describe the j 
circle BDE, in which place 
the straight line BD equal 
to AC, which is not greater 
than the diameter of the 
circle BDE\ [IV. i. 

and join DA. The triangle 
ABD shall be such as is re- 

ouired; that is, each of the angles ABD, ABB shall be 
double of the third angl e BAD. 

• f PS' > and about the triangle ACB describe the 
circle ACB. [ IV 6 

Then, because the rectangle AB. BC is equal to the 
square on AC, [Construction. 

and that AC is equal to BD, [Contraction. 

the 5?r> re rectangle AB, BC is equal to the square 

OU jiSAJ. 

And, because from the point B, without the circle ACB, 
two straight lines BCA, BD are drawn to the circumference, 
one of which cuts the circle, and the other meets it, 

and that the rectangle AB, BC, contained by the whole of 
the cutting, line, and the part of it without the circle, is 
equal to the square on BD which meets it; 

therefore the straight line BD touches the circle A CD. [II 1.3 7. 

And, because BD touches the circle ACD, and DC is 
drawn from the point of contact D, 

therefore the angle BBC is equal to the angle DAC in the 
alternate segment of the circle. [III. 82. 

To each of these add the angle CD A: 

therefore the whole angle BDA is equal to the two angles 
CD A, DAC. i Axiom 2 . 

the exterior angle BCD is equal to the angles CD A 
DA(J ' [1.82. 
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Therefore the angle BDA is v • 

equal to the angle BCD. [Ax. 1 . 

But the angle BDA is equal 
to the angle DBA, [I. 5 . 

because AD is equal to AB. 

Therefore each of the angles 
BDA, DBA , is equal to the 
angle BCD. [Axiom 6 . 

And, because the angle 
DBG is equal to the angle 
BCD, the side DB is equal 
to the side DC\ [I. 6. 

but DB was made equal to CA; s 

therefore CA is equal .to CD, [Axiom Jf. 

and therefore the angle CAD is equal to the angle CD A. [I. B. 

Therefore the angles CAD, CD A are together double of 
the angle CAD. 

But the angle BCD is equal to the angles CAD, CD A. [1.32. 
Therefore the angle BCD is double of the angle CAD. 

And the angle BCD has been shewn to be equal to each 
of the angles BDA, DBA; 

therefore each of the angles BDA, DBA is double of the 
angle BAD. 

Wherefore an isosceles triangle has been described, 
having each qf the angles at the base double of the third 
angle. q.e.f. 


PROPOSITION 11. PROBLEM. 

* ' * * ■ ' 

. inscribe an equilateral and equiangular pentagon 
m a given circle. ■ 

. ABODE be the given circle: it is required to 
inscribe an equilateral and equiangular pentagon in the 
circle ABODE. 

Describe an isosceles triangle, FGH, having each of 
the angles at G, double of the angle at F ; [XY, io. 

in the circle ABCDE, inscribe the triangle .4 <7Z>, equian¬ 
gular to the triangle FGH, so that the angle CAD may 
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bo equal to the angle at F, and each of the angles A CD, 
ADC equal to the angle at G or H\ f [IV. 2. 

and therefore each of .. 

the angles A CD, ADC is 

double of the angle CAD ; P ///\\\ 

bisect the angles ACD, a // / \ \\_ 

ADC by the straight /\ * B A\ / \ /i\ 

lines CE, DB ; * [1.9. / \ (YXV \X/| 

and join AB, BC, AE, / \ \\ J\y \ / / 

2KZ>. / • \ \\ 

ABODE shall be the g-h rf€:- 

pentagon required. 

For because each of 

the angles ACD, ADC is- double of the angle CAD, 
and that they are bisected by the straight lines CE, DB, 
therefore the five angles ADB, BDC, CAD, DCE, EC A 
are equal to one another. 

But equal angles stand on equal arcs; [IIL 26. 

therefore the five arcs AB, BC, CD, DE,EA are equal to 
one another. 

And equal arcs are subtended byequal straight lines; [III. 2ft 

therefore the five straight lines AB, BC, CD, DE, EA are 
equal to one another; 

and therefore the pentagon ABODE is equilateral. 

It is also equiangular. 

For, the arc AB is equal to the arc DE ; 
to each of these add the arc BCD ; 

therefore the whole arc ABCD is equal to the whole 
arc BCDE. [Axiom 2 . 

And the angle AED stands on the arc ABCD, and the 
angle BAE on the arc BCDE. 

Therefore the angle AED is equal to the angle BAE. [£IL 27. 

For the same reason each of the angles ABC, BCD, 
GDE is equal to the angle AED or BAE ; 

therefore the peutugon ABODE is equiangular. 

And it has been shewn to be equilateral. 

Wherefore an equilateral and equiangular pentagon 
hat been inscribed in the given circle, q.e.f. 


[Axiom Jf. 
jDA . [1.5. 
double of 


described, 
the third 


pentagon 


each of 
[IV. 10. 
equian- 
ID may 
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PROPOSITION 12. PROBLEM. -j- 

*&'^£Jir ilaUral ani Pnloion 

P ven circle: it is required to 
thTd^e^^S^ 6 ” 1 and equiangula5 P ei ^on about 

Let the angles of a pen- /'X 

tagon, inscribed in the circle, Sjg 

by the last proposition, be u " ^ 

at the points A, B, C, D, E 
so that the arcs AB, BG 
GD, BE, EA are equal; 
fto# the points A, 

$fl&A draw OH, HK, 

JCL. LAf, MG, touching the 

CIrcIe * [III. 17. v 

The figure GHELMshtil be the pentagon required. 

Ta*e the centre F, and join FB, FK, FG, FL, FB 

ABGT^pT^ the . 8 t ™Js}' t line EX touches the circle 
* th V 0 ™* ° to wbich EG is drawn from the 

therefore FG is peipendicular to KL, j- m 18 

therefore each of the angles at C is a right angle. 

right wgSr rea80Q th ° mslQS at the P° inta B > *> are 

nn ^“ d . becau ®e the angle FC£ - ia a right , the 8 

on FK is equal to the squares on FG, GK. 8 [I 47 

f* B?uare « fk «•^ 

2%° T BK° nm,rea °“ FC ’ CS “ 6 e «”* 1 *° tie square. 

' i [Axiom 1. 

of which the square on FG is equal to the square on FB; 
therefore the remaining smmro on mr ; a ^,.„i x_ JL 
remaiDtag square on BJ?, ... 

and therefore the straight fine CK is equal to the straight 
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And because FB is equal to FG, 
and FK is common to the two triangles BFK, CFK \ 

the two sides BF, FK are equal to the two sides. CF, FK, 
each to each; 

and the base BK was shewn equal to the base GK ; 
therefore the angle BFK is equal to the angle CFK, [I. 8. 
and the angle BKF to the angle CKF. [I. 4. 

Therefore the angle BFG is double of the angle CFK, 
and the angle BK.CS& double of the angle CKF. 

For the same reason the angle CFD is double of the 
angle GFL, and the angle GLD is double of the angle CLF. 

And because the arc BO is equal to the arc CD, 
the angle BFG is equal to the angle CFD ; [HI. 27 . 

and the angle BFC is double of the angle CFK, and the 
angle CFD is double of the angle CFL ; 

therefore the angle CFK is equal to the angle CFL. [Ax. 7. 
And the right anglo FCK is equal to the right angle FCL. 

Therefore in the two triangles FCK, FCL, there are two 
angles of the one equal to two angles of the other, each to 
each; • 


and the side FC, which is adjacent to the equal angles in 
each, is common to both; 

therefore their other sides are equal, each to each, and the 
third angle of the one equal to the third angle of the other; 
therefore the straight line CK is equal to the straight line 
CL, and the angle FKC to the angle FLC. . [I. 26. 

And because CK is equal to CL, LK is double of CK. 

In the same manner it may be shewn that HK is 
double of BK. 

And because BK is equal to CK, as was shewn, 
and that HK is double of BK, and LK double of CK, 
therefore HK is equal to LK. [Axiom 6. 

8ame . manner it may be shewn that OIL 
itjn, mti are eacii of them equal to HK or LK • 

therefore the pentagon GHKLM is equilateral * 

It is also equiangular. 



a 
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For, since the angle FKG is equal to the angle FLO, 
and that the angle HKL is doublo G 

of the angle FKC, and the angle X'X 

KLM double of the angle FLO, 
as was shewn, MC'V \ 

therefore the angle HKL is equal \f T \/ 
to the angle KLM. [Axiom, 6. 

In the same manner it may be / \ yD 

shewn that each of the angles vs/ \4 
KHG, HGM ; GML is equal to 
the angle HKL or KLM \ • ° 

therefore the pentagon GHKLM is equiangular. 

And it has been shewn to be equilateral. 

~ Wherefore an equilateral and equiangular pentagon 
ha$ been deecribed about the given circle . q.e.f. 


PROPOSITION 13. PROBLEM. 

To intcribe a circle in a given equilateral and equi¬ 
angular pentagon. ’ 

Let ABODE be the given equilateral and equiangular 
pentagon: it is required to inscribe a circle in the pen- 
tagon ABODE. 

Bisect the angles BCD, 

Gt)E by the straight lines 

OF, DF; [1.9. A 

and from the point F, at 

which they meet, draw the yy\ /V 

straight lines FB, FA, FE . t 

Then, because BG is equal \| sfCT / 
to DC, [Hypothesis. ' jjr / 

and CF is common to the two Vv/ \/f 

triangles BCF, DCF; G^K^r* 

the two sides BC, OF are 
equal to the two sides DC. CF .’ 
each to each; 

and the angle BCF is equal to the angle DCF ; [Conttr. 
therefore the base BF is equal to the base DF, and the 
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PROPOSITION 14. PROBLEM. 

To describe a circle about a given equilateral and equi¬ 
angular pentagon. 

Let ABODE be the given equilateral and equiangular 
pentagon: it is required to describe a circle about it. 

Bisect the angles BCD, CDE ^ 

by the straight lines CF, DF ; [1.9. 
and from the point F, at which 
they meet, draw the straight lines r (/ xw 

FB, FA, FE. J 

Then it may be shewn, as in l\ /\ / / • 

the preceding proposition, that \\ / \ // 

the angles CBA, BAE, AED are M/ \lS 

bisected by the straight lines BF. C '^---^D 

AF, EF. 

And, because the angle BCD is equal to the angle CDE, 
and that the angle FCD is half of the.angle BCD , 
and the angle FDC is half of the angle CDE , 
therefore the angle FCD is equal to the angle FDC; [Ax. 7. 
therefore the side FC is equal to the side FD. [I. 6. 

In the same manner it may be shewn that FB, FA. FE 
are each of them equal to FC or FD ; 

therefore the five straight lines FA, FB, FC, FD, FE are 
equal to one another, and the circle described from the 
centre F, at the distance of any one of them, will pass 
through the extremities of the other four, and will be de¬ 
scribed about the equilateral and equiangular pentagon 
ABODE. 

Wherefore a circle has been described about the given 
equilateral and equiangular pentagon, q.e.f. 

PROPOSITION 15. PROBLEM. 

, Fo inscribe an equilateral and equiangular hexagon 

in a given circle. 

Let ABCDEF be the given cuv j: it is required to in¬ 
scribe an equilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF\ [III. l. 
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ftnd draw the diameter AGD; 
from the centre D, at the dis- 
te.nce DG, describe the circle 
F,GCH\ 

join EG, CG, and produce them 
w thepoints F; and join^i?, 

BC, CD, DE, EF, FA. 

The hexagon ABGDEF shall 
be equilateral and equiangular. 

For, because G is the centre 
of the circle ABCDEF\ GE is 
equal to GD; 

and because D is the centre 
of the circle EGCH, DE is 
equal to DG ; 

therefore GE is equal to DE, 

and the triangle EGD is equilateral; 

therefore the three angles EGD, GDE, DEG are equal to 
one another. [I. 5. olljy. 

tw“o‘righ‘angles; SleS ° f ‘ tri “ gIe m *° Sether e 4!? 1 - to 



[Axiom 1. 


[I. 32. 


angles^® ^ ^ mD “ th ® third part of two ri & ht 


nrr i?5.fS!- 0 i uan il er A t ma ? *> e 8hown >that the angle 
DGO is the third part of two right angles. 

strati Mi b n« C ^»fi h0 Um GC makes the 

eqX tSo rifhttgleT 0 ” 1 “ g GC ' mB T h l" 

right angles® remaining an S le GGB ia the third part of two 
another^ th ° anSleS BGD * BGC > CGB are e< l ual to one 


BGaTaGFFGE ° ° qual the ver ^ ca * opposite angles 
' LI- 15- 

Therefore the six angles EGD, DGC, CGB , EGA AGF 
FGE are equal to one another. * ’ * 


9—2 
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But equal angles stand on equal arcs; [III. 26 . 

therefore the six arcs AB, BC, CD, DE , EF, FA are 
equal to one another. * 

And equal arcs are subtended by equal straight lines; [III. 29 . 

therefore the six straight lines are equal to one another, 
and the hexagon is equilateral. 

It is also equiangular. V 

For, the arc AF is equal to A 

the arc ED ; 

to each of these add the 
arc ABCD ; 

therefore the whole arc 
FABCD is equal to the 
whole arc ABODE ; 

and thq angle FED stands 
on the arc FABCD , 

and the angle AFE stands 
on the arc ABCDE; 

therefore the angle FED is 

equal to the angle AFE. [III. 27. 

In the same manner it may be shewn that the other 
angles of the hexagon ABCDEF are each of them equal 
to the angle AFE or FED ; 
therefore the hexagon is equiangular. 

And it has been shewn to be equilateral: and it is inscribed 
in the circle ABCDEF. 

Wherefore an equilateral and equiangular hexagon 
has been inscribed in the given circle, q.e.f. 

Corollary. From this*, it is manifest that the side of 
the hexagon is equal to the straight line from the centre, 
that is, to the semidiameter of the circle. 

Also, if through the points A, B, C, D, E, F, there be 
drawn straight lines touching the circle, an equilateral and 
equiangular hexagon will bo described about the circle, 
as may be shewn from what was said of the pentagon; and 
a circle may be inscribed in a given equilateral and equi¬ 
angular hexagon, and circumscribed about it, by a method 
like that used for the pentagon, 
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PROPOSITION 16. PROBLEM. 

To inscribe an equilateral and equiangular quindecagon 
in a given circle. 

Let ABGD be the given circle: it is required to in¬ 
scribe an equilateral and equiangular quindecagon in the 
circle ABCD. 





Let AG be the side of an 
equilateral triangle inscribed 
in the circle ; [IY. 2. 

and let AB be the side of an 
equilateral and equiangular 
pentagon inscribed in the 
circle. [IY. 11 . 


circle. [IV. 11. 

Then, of such equal parts 
as the whole circumference 

ABGDF contains fifteen, the arc ABC, which is the third 
part of the whole, contains five, and the arc AB, which is 
the fifth part of the whole, contains three; 

therefore their difference, the arc BG, contains two of the 
same parts. 

Bisect the arc BG at E ; [III. 30. 

therefore each of the arcs BE, EG is the fifteenth part of 
the whole circumference ABGDF. 

Therefore if the straight lines BE, EC be drawn, and 
straight lines equal to them be placed round in the wholo 
circle, [IV. l. 

an equilateral and equiangular quindecagon will be in¬ 
scribed in it. q.e.f. 

And, in the same manner as was done for the pentagon, 
if through the points of division made by inscribing the 
quindecagon, straight lines be drawn touching the circle, 
an equilateral and equiangular quindecagon will be de¬ 
scribed about it; and also, as for the pentagon, a circle 
may bo inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 
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When four magnitudes are proportionals it is usually 
expressed by saying, the first is to the second as the third 
is to the fourth. 

7 . When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiple of the first is greater 
than the multiple of the second, out the multiple of the 
third is not greater than the multiple of the fourth, then 
the first is said to have to the second a greater ratio than 
the third has to the fourth; and the third is said to have 
to the fourth a less ratio than the first has to the second. 

8 . Analogy, or proportion, is the similitude of ratios. 

9 . Proportion consists in three terms at least. 

10 . When three magnitudes are proportionals, the first 
Is said to have to the third the duplicate ratio of that 
which it has to the second. 

[The second magnitude is said to be a mean propor¬ 
tional between the first and the third.] ' 

11 . When four magnitud es are continued proportionals, 
the first is said to have to the fourth, the triplicate ratio of 
that which it has to the second, and so on, quadruplicate, 
&c. increasing the denomination still by unity, in any num¬ 
ber of proportionals. 

Definition qf compound ratio. When there are any 
number of magnitudes of the same kind, the first is said to 
have to the last of them, the ratio which is compounded of 
the ratio which the first has to the second, and of the ratio 
which the second has to the third, and of the ratio which 
the third has to the fourth, and so on unto the last mag¬ 
nitude. 

For example, it A, B, C, D be four magnitudes of the 
same kind, the first A is said to have to the last D, the 
ratio compounded of the ratio of A to B, and of the ratio 
of B to 0 , and of the ratio of C to D ; or, the ratio of A to 
D is said to be compounded of tho ratios of A to B, B to 
O, and C to D. 

And if ^ has to B the same ratio that E has to Fj 
and B to G the same ratio that (I has to Jti ; and C to D 
the same ratio that K has to L ; then, by this definition, 
A is said to have to D the ratio compounded of ratios which 
are the same with the ratios of E to F t G to H, and K to L. 
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hJjffl?! * ame ^ J u g is *? be ^dewtood when it is more 
briefly expressed by saying, A has to D the rat o urn- 
pounded of the ratios of E to F, G to H, and JTtoZ. 

In like manner, the same things being supposed. if Jlf 
has to i\7 the same ratio that A has to Z> • then for the 
sake of shortness, M is said to have to N the ratio rnm 
‘ pounded of the ratio, otjl to J?,G ioJSfJmdSr tol 

, }^' P ro P°rtionals, the antecedent terms are said to 

M..TothT“ °“ a “° theri M 11180 tho “"Auento to 

Geometers make use of the following technical words 
raSl?r n wa f® of , changing either the order or the 
pro^5onak. P1r ^ portlonalSj 80 that they continue still to be 

. Eermutando, or alternando, by permutation or 
alternately; when there are four proportionals and it i« 

sStir 1 r h u tnt is to the awcm 51“ 

14. Invertendo, by inversion: when there are four 

proportionals, and it is inferred, that tho second is to the 
first as the fourth is to the third, V. B. 8 

15. Componendo, by composition : when there are f«,„. 
proportionate, and it is' inferred, that the.first SthS 

W ? L? e / eC0 ? d ’. * 3 *° ^ho second, as the third together 
with the fourth, is to the fourth. V. i 8 gGfcher 

16. Dividendo, by division; when there are four 
portionals, and it is inferred, that the excess of the first 
.bore the second, is to the Vcond L the „f ,n * 
third above the fourth, is to the fourth. V. 17 

17. Convertendo , by conversion; when there are four 
proportionals, and it is inferred, that the first is to its 

M ^ “ lW “ •• its etci above 3 

18. Exmquali distantia , or ex aequo , from eaualitv ef 
dBtanee i when there i. any'number of maun” uT““L°f 

many others, such that thoyaro pronor- 
tionals when taken two and two of each ranir orwi • 
inferred, that the first is to lit 5 

magnitudes, as the first is to the last of the others. 


A , wivig 

has to D the ratio com- 
9 to IT, and JTtoZ. 
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Of this there are the two following kinds, which arise 
from the different order in which the magnitudes are taken, 
two and two. 

19. Ex osquali. This term is used simply by itself, 
when the first magnitude is to the second of the first rank, 
as the first is to the second of the other rank; and the 
second is to the third of the first rank, as the second is to 
the third of the other; and so on in order; and the inference 
is that mentioned in the preceding definition. V. 22. 

20. Ex osquali in proportioneperturbatd ten inordinate , 
from equality in perturbate or disorderly proportion. This 
term is used when the first magnitude is to the second of 
the first rank, as the last but one is to the last of the second 
rank; and the second is to the third of the first rank, as the 
last but two is to the last but one of the second rank; and 
the third is to the fourth of the first rank, as the last but 
three is to the last but two of the second rank; and so on 
in a cross order; and the inference is that mentioned in the 
eighteenth definition. V. 23. 


AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 

. 2. Those magnitudes, of which the same or equal mag¬ 
nitudes are equimultiples, are equal to one another. 

3. A multiple of a greater magnitude is greater than 
the same multiple of a less. 

4. That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that other 
magnitude. 
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PROPOSITION 1. THEOREM. 

Xf any number of magnitudes be equimultiples cf as 
many, each of each; whatever multiple any one of them, is 
of its part, the same multiple shall all the first magni¬ 
tudes be of all the other. 

■ 

Let any number of magnitudes AB, CD be equimul¬ 
tiples of as tyauy others E, F, each of each: whatever 
multiple AB is of E, the same multiple shall AB and CD 
together, be of 2 ?and ^together. 

For, because AB is the same multiple of E, that CD is 
of F, as many magnitudes as there are in 
AB equal to E, bo many are there in CD A 
equal to F. 

Divide AB into the magnitudes AG, GB, r 
each equal to E\ and CD into the magni- ” E 
tudes Oh, HD, each equal to F. 

Therefore the number of the magnitudes ® 

CH, HD, will be equal to the number of r 
the magnitudes AG, GB. ^ 

And, because AG is equal to E, and 
CH equal to F, therefore AG and CH H 
together are equal to E and F together; 
and because GB is equal to E, and HD 
equal to F, therefore GB and HD together ^ 
are equal to E and F together. [Axiom 2 . 

Therefore as many magnitudes as there are in AB equal to 
E, so many are there in AB and CD together equal to E 
and F together. 

Therefore whatever multiple AB is of E, the same multiple 
is AB and CD together, of i?and F together. 

Wherefore, if any number of magnitudes &c. q.e.d. 

PROPOSITION 2. THEOREM. 

^Xf the first be the same multiple of the second that the 
third is of the fourth, ana the fifth the same multiple of 
the second that the sixth is of the fourth ; the first toge¬ 
ther with the fifth shall be the same multiple (f the second, 
Jthat the third together with the sixth is <f the fourth. 

'm * — -f* 
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Let AB the first be the same multiple of C the second, 
that DE the third is of F the fourth, and let BO the fifth 
be the same multiple of C the second, that EH the sixth 
is of F the fourth: AG, the first together with the fifth, 
shall be the same multiple of C the second, that DH, the 
third together with the sixth, is of F the fourth. 

For, because AB is the same multiple of C that DE 
is of F, as many magnitudes as 
there are in AB equal to G, so 
many are there in DE equal to F. Di 


For the same reason, as many A 
magnitudes as there are in BG 
equal to G, so many are there in 
EH equal to F. B 



Therefore as many magnitudes 
as there are in the whole AG 
equal to C, so many are there in c 
the whole DH equal to F. u 



Therefore AG is the same multi¬ 
ple of G that DH is of F. 

Wherefore, if the first be the 
same multiple &c. q.e.d. 

Corollary. From this it is 
plain, that if any number of mag¬ 
nitudes AB, BG , GH be multi¬ 
ples of another G ; and as many 
DE, EK, KL bo the saino mul¬ 
tiples of F, each of each; then 
the whole of the first, namely, 
AH, i3 the same multiple of C, 
that the whole of the last, namelv, 
DL, is oiF. 



A, 


B 


C 


E 

K 


H C L F 


PROPOSITION 3. THEOREM. 

If the first be the same multiple of the second that the 
third is of the fourth, and if of the first and the third 
there be taken equimultiples, these shall be equimultiples, 
the one qf the second, and the other of the fourth. 
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riJrm? *5? h ? Sf e xv ft T multi P le of B the second, 
that C the third is of D the fourth; and of A and C let 

the equimultiples EF and GH be taken: EF shall be 
the same multiple of B that GH is of D. 

For, because EF is the same multiple of A that GH is 
01 O, {Hypothesis. 

as many magnitudes as ^ 

there are in EF equal H * 

to A, so many aro there 
in GH equal to C. 

Divide EF into the 
magnitudes EH, KF, K , 

each equal to A; and 
GH into the magni¬ 
tudes GL, LH, each 
equal to C. 

Therefore the number of v i n 1 1 _ 

the magnitudes EH, KF, G C 3 

will be equal to the number of the magnitudes GL, LH. 

And because A is the same multiple of B that C is 
0 j ’ # [Hypothesis. 

and that EH is equal to A, and GL is equal to C ; [Constr. 
therefore EH is the same multiple of B that GL is of D. 

t F- or the same reason KF is the same multiple of B tha t 
LH is of D, 

Therefore because EH the first is the same multiple 
of B the second, that GL the third is of D the fourth, 

and that the fifth is the same multiple of 2? the second, 
that LH the sixth is of D the fourth; 

E F first together with the fifth, is the same mnltiple 
. ? |? c< ? n< t> that GH the third together with the 

sixth, is of D the fourth. [V. 2 . 

In the same manner, if there-be more parts in EF equal 
to A and m GH equal to C, it may be shewn that EF is 
the same multiple of B that GH is of D. [V. 2, Cor. 

Wherefore, if the first &c. q.e.d. 

PROPOSITION 4. THEOREM. 

.JfJi 0 first have the same ratio to the second that the 
third has to the fourth, and if there be taken any equi- 
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the second, 
and C let 
F shall be 

ihat GH is 




<5 i> 

L, LH. 
that C is 
Hypothesis, 
y; [ Constr. 
is of D. 
of B that 

> multiple 
urth, 

lie second, 

i multiple 
with the 
[V. 2. 

BF equal 
tat BF is 
V. 2, Cor. 


that the 
my equi¬ 



multiples whatever of the first and the third , and also 
any equimultiples whatever of the second and the fourth^ 
then the multiple cf the first shall have the same ratio to 
the multiple cf the second , that the multiple cf the third 
has to the multiple cf the fourth. 


Let A the first have to B the second, the same ratio 
that C the third has to D the fourth; and of A and C' let 
there be taken any equimultiples whatever E and F and 
of B and D any equimultiples whatever G and H : E shall 
have the same ratio to G that F has to H. 

Take of E and F any equi¬ 
multiples whatever K and X, 
and of G and H any equimul¬ 
tiples whatever M and N. 

Then, because E is the same j _ 

multiple of A that F is of C, l 


and of E and F have been taken 
equimultiples K and X; 


therefore K is the same mul¬ 
tiple of A that L is of C. [V. 3. £ 


For the same reason, M is the 
same multiple of B that N is of D. 


E A B G H 
V C D H N 


And because A is to B as C t 
is to 2), [- Hypothesis. | 

and of A and C have been taken 
certain equimultiples K and X, 
and of B and D have been taken 
certain equimultiples M and N) 
therefore if XT be greater than 
M, X is greater than N\ and if 

equal, equal; and if less, less. [V. Definition S. 

But K and X are any equimultiples whatever of E and F, 
and M and 2V are any equimultiples whatever of G and H; 
therefore E is to G as F is to If. [V. Definition 5. 


"Wherefore, if the first &c. q.e.d. 

Corollary. Also if the first have the same ratio to 
the second that the third has to the fourth, then any equi¬ 
multiples whatever of the first and third shall have the 
same ratio to the second and fourth; and the first and, 
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fourth 10 anJ 6 <iaimulti P ' e8 ’*»‘- 
t!' at < b Ul tS ird h “"to°Otto 8 f<mrthf m if d mdC/’fet 

.tlTbe^^“L e t2"a ultiplc8 wh “‘ e ™ * “<> * * 

JF*** E . * nd F any equimultiples whatever K and L 
and of B and D any equimultiples whatever G and H. * 

malBpujf TI^Lu7’a ^ * “ tho 

Aod.because .d is to B as Oi. to D, lE m a,A. 

sasw 

SS f '£? ir a " y whatever ef I I 

and © and #are any equimultiples whatever of B and D • 

therefore Ey&toBn&FistoD. IV. IXifinitlm 5. 

Ia the same way the other case may be demonstrated. 

PROPOSITION 5. THEOREM. 

If one magnitude be the same multiple of another that 
a magnitude taken from the first is of a maaniStaiSt 

muUip!e 

mSB*?’ vvx&sz 

snail be the same multiple of the remainder FT) 
that the whole AB is of the whole CD. * D ' 

Take AG ^the same multiple of FD, that AE is nf rw. 
Wore AE is the same P moltiple of ^ that Md 

fV, 1, 

But AE is the same mulfcinle ef f.f a t> * 

iSGD™ m ‘ 3 the same hmltiple of CD that AB is 
therefore EG is equal to AB. . 


[V. Axiom 1. 
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From each of these take the common 
magnitude AE ; then the remainder AG a 
is equal to the remainder EB. 

Then, because A E is the same multiple 
of CF that AG is of FD, [Construction. ^ 

and that AG is equal to EB ; 
therefore AE is the same multiple of CF 
that EB is of FD. 

But AE is the same multiple of CF that _. V 

AB is of CD ; [Hypothesis. ** 

therefore EB is the same multiple of p • 

FD that AB is of CD. 

Wherefore, if one magnitude ko. q.e.d. B I) 


PROPOSITION 6. THEOREM. 

If two magnitudes be equimultiples of two others, and 
if equimultiples qf these be taken from the first two , the 
remainders shall be either equal to these others, or equi¬ 
multiples qf them. 

Let the two magnitudes AB, CD be equimultiples of 
the two E, F; and let AG, CH, taken from the first two, 
be equimultiples of the same E, F: the remainders GB, 
HD shall be either equal to E,F, or equimultiples of them. 

First, let GB be equal to E : HD shall be equal to F. 
Make CK equal to F. 

Then, because AG is, the same mul- A K 

tiple of E that CH is of F, [Hyp. 
and that GB is equal to E, and C 

CK is equal to F; 

therefore AB is the same multi- n 

pie of E that KH is of F. h . 

But AB is the same multiple I 

of E that CD is of F ; [Hypothesis. D F 

therefore KH is the same multiple of F that CD is of F ; 
therefore KH is equal to CD. [V. Axiom 1. 

From each of these take the common magnitude CH; 
then the remainder CK is equal to the remainder HD. 

But CK is equal to F; [ Construction . 

therefore HD is equal to F. 

11 


9 
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Next let GB be a multiple of E: HD shall bd the 
same multiple of F. 

Make CK the same multiple 
of F that GB is of E. 

Then, because AG is the same A 

multiple of E that CH is of 
E, [. Hypothesis. 

and GB is the same multiple 
of E that CK is of F \ [Constr. G 

therefore AB is the same mul¬ 
tiple of E that KH is of F. [V.2. 

But AB is the same multi- x» 

pie of E that CD is of F; [Hyp. 15 

therefore KH is the same multiple of F that CD is of F\ 
therefore KH is equal to CD. [V. Axiom 1. 

From each of these take the common magnitude CH\ 
then the remainder CK is equal to the remainder HD. 

And because CK is the same multiple of F that GB is 
E, [Construction. 

and that CK is equal to HD ; . 

therefore HD is the same multiple of F that GB is of E 
Wherefore, if two magnitudes &c. q.e.d. 


PROPOSITION A. THEOREM. 

If the first of four magnitudes have the same ratio to 
the second that the third has to the fourth, then, if the first 
he greater than the second,'the third shall also he greater 
than the fourth, and if equal equal, and if less less. 

Take any equimultiples of each of them, as the doubles 
of each. 

Then if the double of the first be greater than the double 
of the second, the double of the third is greater than the 
double of the fourth! [V. Definition 5. 

But if the first be greater than the second, the double of 
the first is greater than the double of the second; 
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therefore the double of the third is greater than the double 
of the fourth, 

and therefore the third is greater than the fourth. 

In the same manner, if the first be equal to the second, 
or less than it, the third may be shewn to be equal to the 
fourth, or less than it. 

Wherefore, if the first &c. Q.e.d. 


PROPOSITION B. THEOREM. 

If four magnitudes be proportionals, they shall also be 
proportionals when taken inversely. 

Let A be to B as G is to D : then also, inversely, B 
shall be to A as D is to G. 

Take of B and D any equimul¬ 
tiples whatever E and F; 
and of A and C any equimultiples 
whatever G and II. 

First, let E be greater than G, then 
G is less than E. 

Then, because A is to B as C is 
to D ; [ Hypothesis. GAB 

and of A and G the first and third, IT C D F 

G and II are equimultiples; 
and of B and D the second and 
fourth, E and F are equimultiples; 
and that G is less than E ; 
therefore II is less than F ; [Y. Dcf.5. 
that is, F is greater than H. 

Therefore, if E be greater than G, F is greater than H. 

In the same manner, if E be equal to G, F may be 
shewn to be equal to H \ and if less,-less. 

But E and F are any equimultiples whatever of B 
and Z), and G and II are any equimultiples whatever of A 
G ; [Construction. 

therefore B is to A as D is to G. [V. Dfmition 5 . 

Wherefore, if four magnitudes &c. q.e.d. 
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PROPOSITION C. THEOREM. x 

If the fret be the same multiple of the second, or the 
same part of it, that the third is of the fourth, the first 
shall be to t the second as the third is to the fourth. 

First, let A be the same multiple of B that C is of D: 
A shall be to B as C is to D. 

Take of A and C any equimultiples 
whatever E and F; and of B and D any 
equimultiples whatever G and II. 

Then, because A is the same multiple , 

of B that C is of D ; [ Hypothesis . 1 

and that E is the same multiple of A that J 

F is of C; [Construction. A B C . D 

therefore E is the same multiple of B E G F H 

that 2* is of D; ' [V. 3. 

that is,27and,Fare equimultiplesof 2?andZ>. 

Butl 6 r and H. are equimultiples of B 
and D ;♦ [Construction. 

therefore if E be a greater multiple of 
B than G is of B, F is a greater multi- i 

pie of D than H is of D ; 
that is, if E be greater than G, F is 
greater than H. 

In the same manner, if E be equal to 
G, F may be shewn to be equal to H\ and 
if less, less. 

But E and F are any equimultiples 

whatever of A and C, and G and H are any equimultiples 
whatever of B and D ; [ Construction. 

therefore -4 is to B as C is to D. [V. Definition 5. 

Next, let A bo the same part of B that C is of D; 
A shall be to B as <7is to D. 

For, since A is the same part of B 
that C is of D, 

therefore B is the same multiple of A 
that D is of C\ 

therefore, by the preceding case, B is to 

as 2) is to O'; ABCB 

therefore, inversely, A is to B as G is to D. [Y. B. 

Wherefore, if the first &c. q.e.d. 


I 
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PROPOSITION 2). THEOREM. 

If the first be to the second as the third is to the fourth , 
and if the first be a multiple, or a part , of the second, the 
third shall be the same multiple, or the same part, of the 
fourth. 


Let A be to 2? as G is to D. 

And first, let .4 be a multiple of B: 
C shall be the same multiple of 2). 

Take E equal to A; and what¬ 
ever multiple A or E is of B, make 
F the same multiple of £>. 

Then, because A is to B as C* 
is to 2), [. Hypothesis. 

and of B the second and 2) the 
fourth have been taken equimultiples 
E and F ; [Construction. 

therefore A is to E as G is to 
F‘ [V. 4, Corollary. 

But A is equal to E; [ Construction, ; 
therefore G is equal to F. [y. a. 

And F is the same multiple of 
2) that A is of B ; [Construction. 


A B C D 

F F 


therefore C is the same multiple of 2) that A is of B. 

Next, let A be a part of B : G shall be the same part of 2) 
For, because AiatoBasCatoD; [BypChoii. 

therefore, inversely, B is to A as 2> is t o G. [Y. B. 

But A is a part of B ; [Hypothesis. 

that is, B is a multiple of A; 

therefore, by the preceding case, 2) is the same multiple of G\ 
that is, G is the same part of 2? that A is of B. 

Wherefore, if the first &c. q.e.d. 


PROPOSITTOisr r 'nrrmvv w 

--: * «*% j * 4t # 

Equal magnitudes have the same ratio to the same 
» T nagnitudei ^ ^ * am0 rat *° t0 e ^ uc ^ 
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Let A and B be equal magnitudes, and C any other 
magnitude: each of the magnitudes A and B shall have 
the same ratio to C ; and C shall have the same ratio to 
each of the magnitudes A and B. 


Take of A and B any equimultiples 
•whatever D and E j and oi C any mul¬ 
tiple whatever F. 

Then, becauso D is the same mul¬ 
tiple of A that E is of B , [Construction. 
and that A is equal to B ; [ Hypothesis. 
therefore D is equal to E. [Y. Axiom 1. 
Therefore if D be greater than F, E is 
greater than F ; and if equal, equal: 
and if loss, less. 

But D and E are any equimultiples 
whatever of A and B, and F is any 
multiple whatever of C ; [Construction. 
therefore A is to C as B is to C. [ Y. Def. 5. 

Also C shall have the same ratio to A 


D A 
E B 


0 F 


that it has to B. 


For the same construction being made, it may be shewn 
as before, that D is equal to E. 

Therefore if F be greater than D, F is greater than E ; 
and if equal, equal; and if less, less. 

But F is any multiple whatever of C, and D and E are 
any equimultiples whatever of A and B; [Construction. 

therefore C is to A as C is to B. [V. Definition 5. 

Wherefore, equal magnitudes &c. q.e.d. 


PROPOSITION 8. THEOREM. 

Of unequal magnitudes , the greater has a greater 
ratio to the same than the less has; and the same mag¬ 
nitude has a greater ratio to the less than it has to the 
greater. 

Let AB and BO be unequal magnitudes, of which AB 
is the greater; and let D be any other magnitude what¬ 
ever : AB shall have a greater ratio to D than BC has 
to D ; and D shall have a greater ratio to BC than it 
has to AB. 
















BOOK V. 8 . 


149 


any other 
shall have 
e ratio to 


I 

i 

i 

o 


lias to B. 
be shewn, 

than E; 

ind E are 

nstruction. 

efinition 5. 


greater 
me mag- 
as to the 


r hich AB 
de what- 
i BC has 
7 than it 



If the magnitude which is not the greater of the two 
AC, CB, be not less than D, take EF, FG the doubles oi 
AC, CB (Figure 1). 

But if that which is not the E Fig. r. 

greater of the two AC, CB, bo 

less than D (Figures 2 and 3), 

this magnitude can bo multiplied, p q 

so as to become greater than D, 

whether it be AC or CB. 


Let it be multiplied until it be- ** " 

comes greater than D, and let the 

other be multiplied as often. L K H D 

Let EFbo the multiple thus taken 

of A G, and FG the same multiple j 

of CB; 


therefore EF and FG are each 
of them greater than D. 


And in all the cases, take H 
the double of D, AT its triple, 
and so on, until the multiple 
of D taken is the first which 
is greater than FG. Let E bo 
that multiple of D, namely, 
the first which is greater 
than FG; and let K be tho 
multiple of D which is next 
less than L. 

Then, because L is the first 
multiple of D which is greater 
than FG, [ Construction. 

the next preceding multiple 
A"is not greater than FG ; 

that is, FG is not less than K. 


Fig. 2 . 



Fig- 3* 
13 


cf 


r 


A 


G 

L 


B 

X 


H D 


ir 

X X D 


And because EF is the same I [ 

multiple of AC that FG is | 

of CB, [i Construction . 

therefore EG is the same multiple of AB that FG is 
oiCB; [V. 1. 


that is, EG and FG are equimultiples of AB and CB. 
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And it was shewn that FG is not less than K 
and EF is greater than D; [Construction. 

therefore the whole EG is greater than AT and X together 


- —- -— — vvgvvavj 

But ^and D together are equal to X; [ Construction, 

therefore EG is greater than L. 

But FG is not greater than L. 1 

And and FG were shewn to be equi¬ 
multiples of AB and BC; 4 

and X is a multiple of D. [Construction. 

Therefore has to X a greater ratio * A 
than BG has to D. [V. Definition 7. 

. AJ? 0 ’ R f^all ^ av © to BC a greater - 

ratio than it has to AB. & 

For, the,same construction being made, ** 1 

““ay be shewn, that X is greater than ^ K ? 

FG but not greater than EG. 

And X is a multiple of X, [Construction. 

and and FG were shewn to be equi¬ 
multiples of AB and CB. 4 

Therefore X has to BC a greater ratio than it has 

to, IT- Definition 7. 

Wherefore, qf unequal magnitudes &c. q.e.d. 


X D 


PEOPOSITION 9. THEOREM. 

Magnitudes which have the same ratio to the snma 
f magnitude , are equal to one another; and those to which 

ataT magnUuie hm the mm 4 rki °’ t'l 

bo oq'Sl’tilV °“ d ° iiaV ° tl,e rame rati0 toC-.A shall 

fllo f £ * s n °t equal to B, one of them must be greater 
than the other; let A be the greater. greater 

Then, by what was shewn in Proportion 8, there aro 
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some equimultiples of A and B, and 
some multiple of C, such that the 
multiple of A is greater than the 
multiple of O, but the mult’ole of 
B is not greater than the multiple 
of C. 

Let such multiples be taken; and 
let 2> and E be the equimultiples 
of A and B, and F the multiple 
of 0-, so that D is greater than 
F, but 27is not greater than F. 

Then, because A is to G as B is 
to C; and of A and B are taken 
equimultiples D and E, and of G 
is taken a multiple F; 

and that D is greater than F ; 
therefore E is also greater than F. 

But E is not greater than F; 
which is impossible. 

Therefore A and B are not unequal; that is, they are 
equal 

Next, let C have the same ratio to A and B: A shall 
be equal to B. 

For, if A is not equal to B, one of them must be greater 
than the other; let A be the greater. 

Then, by what was shewn in Proposition 8, there is 
some multiple F of C, and some equimultiples E and 2> of 
B and A. such that F is greater than 27, but not greater 
than 2), 

And, because C is to B as C is to A, [Hypothesis. 

and that F the multiple of the first is greater than E the 
multiple of the second, [Construction. 

therefore F the multiple of the third is greater than D 
the multiple of the fourth. [Y. Definition 5. 

But F is not greater than D ; [Construction. 

which is impossible. 

Therefore A and B are not unequal; that is, they are 
equal. 

Wherefore, magnitudes which &c. q.e.d. 


4 

"I 






[Construction. 
[Y. Definition 5. 
[Construction. 
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PROPOSITION 10. THEOREM. 

That magnitude which has a greater ratio than another 
has to the same magnitude is the greater qf the two ; and 
that magnitude to which the same has a greater ratio than 
it has to another magnitude is the less of the tvco. 

First, let A have to C a greater 
ratio than B has to C; A shall be 
greater than B. 

For, because A has a greater ratio 
to C than B has to C, there are some 
equimultiples of A and B, and some 
multiple of C, such that the multiple 
of A is greater than the multiple of (7, 
but the multiple of B is not greater 
than the! multiple of C. [Y. Def. 7. 

Let such multiples be taken; and 
let D and E be the equimultiples of 
A and B, and F the multiple of C ; 
so that D is greater than F, but E 
is not greater than F; 

therefore D is greater than E 

And because D and E are equimultiples of A and B. and 
that D is greater than E, 

therefore A is greater than B. [V. Axiom 4. 

Next, let C have to B a greater ratio than it has to A : 
B shall be less than A. 

For there is some multiple F of C, and some equi¬ 
multiples E and D of B and A, such that F is greater 
than E, but not greater than D ; [V. Definition 7. 

therefore E is less than D. 

And because E and D are equimultiples of B and A, and 
that E is less than D. ’ 

therefore B is less than A. [Y. Axiom 4. 

Wh PVofrtPfl ’t'hnl /W> /Tf /H V> -t ■* * j% XtA a mm m*. 
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PROPOSITION 11. THEOREM. 

Ratios that are the same to the same ratio, are the same 
to one another. 

Let A be to B as C is to 2>, and let C be to D as E is 
to F : A shall be to B as E is to F. 

G—- H 

A- C 

B- D 

L- M 

Take of A, C, E any equimultiples whatever G, H, K\ 
and of B, D, F any, equimultiples whatever L, M, N. * 

Then, because A is to B as C is to D, . [Hypothesis. 
and that G and H are equimultiples of A and C, and L 
and M are equimultiples of B and D ; [Construction. 

therefore if G be greater than L , H is greater than M\ 
and if equal, equal; and if less, less. [V. Definition 5. ■ 



Again, because G is to D as E is to F, [Hypothesis. 
and that H and K are equimultiples of C and E, and ilf 
and N are equimultiples of D and F ; [Construction. 

therefore if H be greater than M, K is greater than N; 
and if equal, equal; and if less, less. [V. Definition 5. 

But it has been shewn that if G be greater than L, H 
is greater than M ; and if equal, equal; and if less, less, 
d A, and <9 Therefore if G be greater than L, K is greater than N ; 
and if equal, equal; and if less, less. 

Axiom 4. j And G and K are any equimultiples whatever of A and E, 
otjd Tj and N are any equimultiples whatever of B and F. 

Therefore A is to B as E is to F. [V. Definition 5. 

Wherefore, ratios that are the same &c. Q e.d. 


Axiom, 4. 
tas to A: 
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PROPOSITION 12. THEOREM. 

If anynumber of magnitudes be proportionals, as one 
qf the ante xd*nt* is to its consequent, so shall all the ante¬ 
cedents be to all the consequents. 

Let any number of magnitudes A, B, G, D, F, F be 
proportionals ; namely, as A is to B, so let G be to D, and 

b > 80 *■" * « ' <• * 


KnhSV^b 0, E any ^multiples whatever G, H, JT; 
and of B, £>, F any equimultiples whatever L, M, N. 

■mZw ^ C Lr^ -d is to 2? as <7 is to 2) and as E is to F, 
and that <7, U, K are equimultiples of A, G, E, and L, M, N 
equimultiples of B, 2>, F; ’ \constrZC 

therefore if G be greater than Z, H is greater than M, 
and K is greater than JV; and if equal, equal; and if lew 

mf 8 * o . ^ [V. Definition 5. 

Therefore, if G be greater than L, then G, IT, 1 T together 
are greater than Z, M, N together; and if equal, equal; 
and if less, less. 

But G, and G, H, K together, are any equimultiples 
whatever of A, and A, G, E together; [f.l 

and Z, and Z, M, N together are any equimultiples what¬ 
ever of B, and B, D, F together. 

Therefore as A is to B, so are A, G, E together to 

*> 2 ,- F ^ ether - [V. Definition 5. 

Wherefore, if any number &c. q.e.d. 

PROPOSITION 13. THEOREM. 

the *ame ratio to the second which the 
third has to the fourth, but the third to the fourth a greater 
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ratio than the fifth to the sixth, the first shall have to the 
second a greater ratio than the fifth has to the sixth. 

Let'll the first have the same ratio to B the second 
that C the third has to £> the fourth, but C the third a 
greater ratio to D the fourth than E the fifth to F the 
sixth: A the first shall have to B the second a greater 
ratio than E the fifth has to F the sixth. 


M-G- H- 

A- C- E- 



For, because G has a greater ratio to D than E has to F, 
there are some equimultiples of G and E, and some equi¬ 
multiples of D ana F, such that the multiple of G is greater 
than the multiple of D , but the multiple of E is not greater 
than the multiple of F. [Y. Definition 7. 

Let such multiples be taken, and let G and H be the equi¬ 
multiples of G and E, and AT and L the equimultiples of 
DandF-, 

so that G is greater than K, but AT is not greater than L. 
And whatever multiple G is of G, take M the same mul¬ 
tiple of A ; and whatever multiple K is of D, take N the 
same multiple of B. 

Then, because A is to B as G is to D, [Hypothesis. 

and M and G are equimultiples of A and C, and N and 
K are equimultiples of B and D ; [Construction. 

therefore if M be greater than N, G is greater than K ; 
and if equal, equal; and if less, less. [V. Definition 5. 

But G is greater than K ; [Construction. 

therefore M is greater than N. 

But H is not greater than L; [Construction. 

and M and K arc equimultiples of A and E, and Iv and L 
are equimultiples of B and F ; [Construction. 

therefore A has a greater ratio to B than E has to F. 
Wherefore, if the first &c. q.e.d. 
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Corollary, And if the first have a Greater ratio to 
the second than the third has to the fourth, but the third 
the same ratio to the fourth that tha fifth has to the sixth 
it may be shewn, m the same manner, that the first has a 
greater ratio to the second tlian the fi/th has to the sixth. 


PROPOSITION 14. THEOREM. 

th l sa J ne V atio t0 the second that the 

lit fi, the then the fi rst greater than 

the third the second shall be greater than the fourth • and 
if equal, equal; and if less, less. vjwrm, ana 

,, f*etA the first have the same ratio to B the second 
ft‘ hird If to D the fourth: if A grSoTtta 
\qbS ^ be greater than D > if equal, equal f and if less, 


A B C D A B C D 


A J3 C D 


Pirst, iet ^bo greater than C: B shall bo greater than I). 

For, because ^ , sgr eator than c; ' WypoJri,. 

and B is any other magnitude ; 

therefore A has to B a greater ratio than tfhas to B [V 8 
But A is to B as C is to D. r ° \ f . 

Therefore C has to 2> a greater ratio than C has to B{vTz. 

greater ^ti^fs The le^ 63 ' t0 Which the same ha ? the 

Therefore ^ is less than B; that is, B is greater than d' 

o^onaiy, let Abe equal to C: B shall be equal to D. 

For, A ib to B as C, that is A, is to D. - r Hypothesis 
Therefore B is equal to D. {Hypothesis. 
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Thirdly, let A be less than G : B shall be less than D. 
For, C is greater than A. / • 

And because C is to 2> as .4 is to 2?; [Hypothesis. 

and G is greater \ ' n A ; 

therefore, by e fir:- case, D is greater than B ; 

that is, B is 1 >ss t v, tn D. 

Wherefore, if tk<i first &c. q.e.d. 

PROPOSITION 15. THEOREM. 

Magnitudes have the same ratio to one another that 
their equimultiples have. 

Let AB be the same multiple of <7 that BE is of A’: 
C shall be to F as AB is to BE. 

' For, because AB is the same multiple of G that BE is 
of F, [Hypothesis. 

therefore as many magnitudes as 
there are in AB equal to G, so 
many are there in BE equal to F. 

Divide AB into the magnitudes 
AG, GH, HB, each equal to G\ 
and BE into the magnitudes 
BK, KL, LE, each equal to F. 

Therefore the number of the mag¬ 
nitudes A G, GH, HB will be equal 
to the number of the magnitudes 
BK, KL, LE. 

And because AG, GH, HB are all equal j [Construction. 
and that BK, KL, LE are also all equal; 
therefore AG is to BK as GH is to KL, and as HB is 
to LE. F- 7. 

But as one of the antecedents is to its consequent, so are 
all the antecedents to all the consequents. [V• 12. 

Therefore as A G is to BK so is AB to BE. 

But AG is equal to G, and BK is equal to F. 

Therefore as G is to F so is AB to BE. 

Wherefore, magnitudes &c. q.e.d. 
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, " PROPOSITION 16. THEOREM. \ 

ttMAhHii n f4V’itudes of the same kind he proportionals, 
ttuiy shall also he proportionals when taken alternately. 

Let A, B, C, D be four magnitudes of the same bind 
which are proportionals; namely, as A is to B so let G be 

• "? u ls ,°, J® Proportionals when taken alter¬ 
nately, that is, A shall be to das B is to D 


Tajce of A and B any equimultiples whatever E and F, 
and of C and D any equimultiples whatever G and H. 

Then, because E is the same multiple of A that F is of 
"» j™ magnitudes have the same ratio to one another 
that their equimultiples have; . [y. 15. 

therefore A is to B as E is to F. 

But A is to B as C is to D. [Hypothesis. 

Therefore C is to D as E is to F. [y. 11# 

Again, because G and H are equimultiples of C and D. 
therefore C is to D as G is to H. jy. 15 . 

But it was shewn that C is to D as E is to F. 

Therefore E is to F as G is to H. [y. n. 

But when four magnitudes are proportionals, if the 
first be greater than the third, the second is greater than 
the fourth; and if equal, equal; and if less, less. [y. 14. 

Therefore if E be greater than. G, F is greater than H : 
and if equal, equal; and if less, less. 

But E ^and F are any equimultiples whatever of A and 
A a «d G and H are any equimultiples whatever of C 
and D. [Construction. 

Therefore A is to C as B is to D. [y. Definition 5. 

Wherefore, if four magnitudes &c, q.e,d. 
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PROPOSITION 17. THEOREM. 

V magnitudes, taken jointly, he proportionals, they 
shall also he proportionals when taken separately; that 
is, if two magnitudes taken together have to one qf them 
the same ratio which two others have to one of these, the 
remaining one of the first two shall have to the other the 
same ratio which the remaining one of the last tioo has to 
the other qf these. 

. . EE, CD, DF be the magnitudes which, taken 

.jointly, are proportionals; that is, let AB be to BE as CD 
is to DF : they shall also be proportionals when taken 
separately; that is, AE shall be to EB as CF is to FD. 

Take of AE, EB, CF, FD any 
equimultiples whatever GH, HK, X 
LM, MN; 

and, again, of EB, FD take any ■ * 

equimultiples whatever KX, NP. 

Then, because GH is the same K 

multiple of AE that HK is oiEB; N 

therefore GH is the same multiple u 
of AE that GK is of AB. [V. 1. H ' B „ 

But GH is the same multiple of | ® ' 

AE that LM is of CF, [Constr. F . 

therefore GK is the same multiple 

of AB that LM is of CF. I 

Again, because LM is the same G A C Ij 

multiple of CF that MN is of FD, [Construction. 

therefore LM is the same multiple of CF that LN is 
01 CD. ^ 

BatLM was shewn to be the same multiple of CF that 
u-K is of AB. 

Therefore GK is the same multiple of AB that LN is 
of CD j 

that is, GK and LN are equimultiples of AB sad CD. 


[Construction. 
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Again, because HK is the same multiple of EB that 
MN is of FD, and that KX is the same multiple of EB 


that NP is of FD, 

therefore HX is the same multiple 
of EB that MP is of FD ; [Y. 2. 

that is, HX and MP are equimulti¬ 
ples of EB and FD. 

And because AB is to BE as CD 
is to DF, [Hypothesis. 

and that GK and LN are equimul¬ 
tiples of AB and CD, and MX and 
MP are equimultiples of EB and 
FD, 

therefore if GKbe greater than-HX, 
LN is greater than MP ; and if equal, 
equal; and if less, less. [V. Lef. 5. 

But if CM be greater than KX, 
then, by adding the common mag¬ 
nitude HK to both, GK is greater 
than HX; 


[Construction. 


therefore also LN is greater than MP ; 

and, by taking away the common magnitude MN from 
both, LM is greater than NP. 

Thus if GH be greater than KX, LM is greater than NP. 

In like manner it may bo shewn that, if GH be equal 
to KX, LM is equal to NP; and if less, less. 

But GH and LM are any equimultiples whatever of 
AE and CF, and KX and NP are any equimultiples 
whatever of EB and FD\ [Construction, j 

therefore AE is to EB as CF is to FD. [Y. Definition 5. 
Wherefore, if four magnitudes &c. q.e.d. 


- 

PROPOSITION 18. THEOREM. 

If magnitudes, taken separately, be proportionals, they 
shall also be proportionals when taken jointly; that is, if I 
the first be to the second as the third to the fourth, the 
first and second together shall be to the second as the third 
and fourth together to the fourth. 
















< 1 , 
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Next, let KO be greater than KH\ . 

therefore, as has been shewn, NP is greater than NM. 

And because the whole OH is the same multiple of the 
whole AD that HK is of BE, [ Construction. 

therefore the remainder OK is the same multiple of the 
remainder AE that GH is of AB ; [V. 5. 

' v 

which is the same that LM is of CD. [Construction. 


In liko manner, because the whole LM is the same 
multiple of the whole CD that MN is of DP, [Construction. 

therefore the remainder LN is the same multiple of the 
remainder CP that LM is of CD. [V. 5. 


But it was shewn that LM is the same multiple of CD that 
GK is of AE. 

Therefore GK is the same multiple of AE that LN is 
of CP i 

that is, GK and LN are equimultiples of AE and CP. 

And because KO and NP are equimultiples of BE and 

DF) [Construction. 

therefore, if from KO and NP there be taken KH and 
NM, which are also equimultiples of BE and DP, [Constr. 

the remainders HO and MP aire either equal to BE and 
DF, or are equimultiples of them. [V. 6. 


Suppose that HO and MP 
are equal to BE and DF. 
Then, because AE is to EB 
as CP is to FD, [Hypothesis. 
and that GK and LN are 
equimultiples of AE and CP) 
therefore GK is to EB as LN 
is to PD. [V. 4, Cor. 

But HO is equal to BE, and 
MP is equal to DF) [Hyp. 
therefore GK is to HO as LN 

x_ -MJrr» 
iS vU 
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Therefore if OK be greater than HO, LN is greater than 
MP\ and if equal, equal; and if less, less. [V. A. 


Again, suppose that HO and MP are equimultiples 
of EB and FD. 

Then, because AE is to EB 
as CF is to FD; [Hypothesis. C 
and that GK and LN are 
equimultiples of A E and CF, u 
and HO and MP are equi¬ 
multiples of EB and FD; 

therefore if GK be greater K 

than HO, LN is greater than 
MP j and if equal, equal; and 
if less, less; [V. Definition 5. 

which was likewise shewn on 
the preceding supposition. G 

But if GH be greater than KO, then by taking the com¬ 
mon magnitude KH from both, GK is greater than H0\ 

therefore also LN is greater than MP ; 

and, by adding the common magnitude NM to both, LM 
is greater than NP. 

Thus if GH be greater than KO, LM is greater than NP. 

In like manner it may be shewn, that if GH be equal 
to KO, LM is equal to NP; and if less, less. 

And in the case in which KO is not greater than KH 
it has been shewn that GH is always greater than KO 
and also LM greater than NP. 1 

But GK and LM are any equimultiples whatever of AB 
and CD, an * KO and NP are any equimultiples whatever 
of BE and DF, [Construction. 

therefore AB is to BE as CD is to DF. [V. Definition 5. 

Wherefore, if magnitudes &c. q.e.d. 
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PROPOSITION 19. THEOREM 

If a whole magnitude be to a whole as a magnitude 
taken from the first is to a magnitude taken from the 
other, the remainder shall be to the remainder as the 
whole is to the whole. 

Let the whole AB be to the whole CD as AE, a mag- 
“taken from AB, is to CF, a magnitude taken from 
: the remainder EB shall be to the remainder FD as 
the whole AB is to the whole CD. 

For , because AB is to CD as AE is to 

[Hypothesis. A 

therefore, alternately, AB is to AE as 

CD is to CF. [V. 16. E C 

And. if magnitudes taken jointly be pro¬ 
portionals, they are also proportionals P 

when taken separately; [V. 17. 

therefore EB is to AE as FD is*to CF\ 

therefore, alternately, EB is to FD as 1 n 

AE is to CF. [v. 16# u 

But AE is to CF as AB is to CD ; [Hjp. 
therefore EB is to FD aszl-Bisto CD. [V. 11 . 

Wherefore, if a whole &c. q.e.d. 

Corollary. If the whole be to the whole as a ma<*- 
mtude taken from the first is to a magnitude taken from 
the other, the remainder shall be to the remainder as the 

fS 11 ^ 6 l ken fr ° m *5® first is to tho magnitude taken 
from the other. The demonstration is contained in the 
preceding, * 

PROPOSITION E.. THEOREM. 

If four magnitudes be proportionals, they shall also be 
proportionals by conversion; that is, the first shall be to 
its excess above the second as the third is to its excess above 
the fourth. 

A Jl efc ^ be as CD is to DF: AB shall be to 


fjn in /yj* 
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For, because AB is to BE as CD is 
to DF ; „ [Hypothesis. 

therefore, by division, AE is to EB as 
CF is to FD-, [V. 17. 

and, by inversion, EB is to AE as FD 
is to CF. [V. B. 

Therefore, by composition, AB is to AE 
as CD is to CF. [Y. 18. 

Wherefore, if four magnitudes &c. q.e.d. 
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PROPOSITION 20. THEOREM. 

If there he three magnitudes , and other three , which 
have the same ratio , taken two and two, then , if the first 
he greater than the third , the fourth shall he greater than 
the sixth; and if equal, equal; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other 
three, which have the same ratio taken two and two; that 
is, let A be to B as D is to E, and let B be to C as E is 
to F : if A be greater than C, D shall be greater than F\ 
and if equal, equal; and if less, less. 

First, let A be greater than <7: D 
shall be greater than F. 

For, because A is greater than C, and B 
is any other magnitude, I 

therefore A has to B a greater ratio than 
C has to B. [V. 8. 

But A is to B as D is to E\ [Hypothesis. 
therefore D has to E a greater ratio than 
C has to B. [V. 13. 

And because B is to C as E is to F, [Hyp. A B' 0 

therefore, by inversion, C is to B as F u n e r 
to E. [V. B. T 

And it was shewn that D has to E a 
greater ratio than C has to B ; 1 

therefore D has to E a greater ratio than 
F has to E\ [V. 13. Got. 

therefore D is greater than F. [V. 10. 
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II 

Secondly, let A be equal to C: D shall 
be equal to F. 

For, because A is equal to C, and B is any 
other magnitude, 

therefore A is to B as C is to B. [Y. 7. 
Hut A is to li as D is to E, [Hypothetic. 
and £7is to 2? as -Pis to E, [Hyp. Y. B. 
therefore D is to E as F is to E ; [V. 11. 

and therefore D is equal to F. [V. 9. 

Lastlv, lot A be less than C : D shall 
be less than F. 

For C is greater than A; 

and, as was shown in the first case, C is to 
jffas^isto^; 

and, in tile same manner, B is to A as E is 
to D) 

therefore, by the first case, F is greater 
than D ; 

that is, D is less than F. 

Wherefore, if there "be three &c. q.e.l. 


B C 


PROPOSITION 21. THEOREM. 

If there be three magnitudes, and other three, which 
have the same ratio, taken two and two, but in a cross 
order, then if the first be greater than the third, the 
fourth shall be greater than the sixth; and if equal 
equal; and if less, less. J nwu * 

Let A, B, C be three magnitudes, and D, E, F other 
three, which have the same ratio, taken two and two, but 
m a cross order; that is, let A be to B as E is to F and 

hn t0 ^ 18 J 10 ^ be greater than C, D 

less 1 b ° greater than F ’ and e< l ual ) equal; and if less, 

than let A b<3 greater than G ' D “ball be greater 
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For, because A is greater than (7, 
and B is any other magnitude, 
therefore A has to B & greater ratio 
than C has to B. [V. a 

But A is to B as E is to F; [Hypothesis. 
therefore E has to F a greater ratio 
than C has to B. [V. 13. 

And because B is to C as 2> is 
to E, [ Hypothesis. 

therefore, by inversion, C is to B as 
E is to D. [Y.B. 

And it was shewn that E has to F a 
greater ratio than C has to B; 
therefore E has to A 7 a greater ratio 
than E has to 2>; [V. 13, Cor. 

therefore F is less than D ; [V. 10. 

that is, 2) is greater than F. 

Secondly, let A be equal to C : D 
shall be equal to F. 

For, because A is equal to C, and B 
is any other magnitude, 
therefore A is to B as C is to B. [Y. 7. 
But A is to B as E is to F ; [Hyp. 
and Gisto B as E is to D', [Hyp. V. B. 
therefore E is to F as E is to 2?; [V. 11. 
and therefore 2) is equal to F. [V. 9. 


A 

P 



A 

D 


B t 
E F 


Lastly, let A be less than G : D 
shall be less than F. 

For G is greater than A ; 

and, as was shewn in the first case, 

C is to B as E is to D; 

and, in the same manner, 2? is to A as 
F is to E ; 

therefore, by the first case, Pis greater 
than JO ; 

that is, 2> is less than F. 

Wherefore, if there be three &c. q.k.ix. 


ABC 
D E F 




i 
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PROPOSITION 22. THEOREM. 

ff there be any number of magnitudes, and as many 
others, which have the same ratio, taken two and two in 
order, the first shall have to the last qf the first mag¬ 
nitudes the same ratio which the first of the others has 
to the last. 


KM H L N 


[This proposition is usually cited by the words ex (egtuali.] 

First, let there be three magnitudes A, B, C, and other 
three D, E, F, which have the same ratio, taken two and 
two m order; that is, let A be to B as D is to E, and let B 
be to C as E is to F: A shall be to £7 as D is to F. 

Take of A and D any equi¬ 
multiples whatever G and H ; 

and of B and E any Oquimul- 1 | 

tiples whatever K and L; 

and of G and F any equimul- ABC D E F 
tiples whatever M and N. 

Then, because A is to B as D G M H L N 
is to E\ [Hypothesis. 

and that G and II are equi¬ 
multiples of A and D, 

and K and L equimultiples of 
B and E ; [Construction. 

therefore G is to K as H is to 
L - [V. 4. 

For the same reason, AT is to 3/as L is to N. 

And because there are three magnitudes G, K, M, and 

other three H,L,N, which have the same ratio taken two 
and two, 

li \ G be , S^er than M, B is greater than N-, 
*Jid if equal, equal; and if less, less. [V. 20. 

£ an <J & are any e q uim ultiples whatever of A and D, 
and M and N are any equimultiples whatever of G and F. 

lherefore A is to G as D is to F. [V. Definition 5. 

Next, let there be fou- magnitudes, A, B, C, D, and 
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other four E, F y G, H y which have the a b 0 D 
name ratio taken two and two in order; ' ‘ ’ 

namely, let A be to B as E is to i^and E. E. G. H. 

B to (j as F is to O, and C to D as . li - 

Q is to H : A shall be to 2) as E is to H. 

For, because A, B, C are three magnitudes, and E, F, O 
other three, which have the samo ratio, taken two and two 
in order, [. Hypothesis. 

therefore, by the first case, ylistoC'asJ?isto(?. 

But C is to D as G is to H\ [Hypothesis, 

therefore also, by the first case, A is to D as E is to H. 
And so on, whatever be the number of magnitudes. 
Wherefore, if there be any number &c. q.e.d. 

PROPOSITION 23. THEOREM. 

If there be any number of magnitudes , and as many 
others , which have the same ratio , taken two and two in 
a cross order , the first shall have to the last of the first 
magnitudes the same ratio which the first of the others 
has to the last. 

First, let there be three magnitudes, A, B, C, and other 
three D, E, F, which have the same ratio', taken two and 
two in a-cross order; namely, let A be to B as E is to F, 
and B to C as D is to E : A shall be to C as D is to F, 

Take of A, B, D any 
equimultiples whatever G, 

H y K ; and of G, E, F any 
equimultiples whatever L, 

M,N. 

Then because G and if are 
equimultiples of A and B, 
and that magnitudes have 
the same ratio which their 
equimultiples have; [V. 15. 

therefore A is to B as G is 
to H. 

And, for tho sarno reason, 

E is to F as M is to N. 



A. B. 0. D. | 
E. F. G. H. 
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But Aisto2?asl?isto 
F. [Hypothesis. 

Therefor© G is to //as M 
»to N. [Y. li. 

And because 3 is to C 11 

88 D is to E t [Hypothesis. ABC ® 

and that H and K are <3 H K M IT 

equimultiples of B and D, 

and L and M are equimul¬ 
tiples of C and E\ [Constr. 
therefore H is to L as AT 
isto M. , M . £Y. 4. 

And it has been shewn 
that G is to H as M is 
to N. 

Sin ^ ai £ l h r ee magnitudes G, H, L, and 
other three AT, M, N, which have the same ratio, taken two 
ana two m a cross order; " ... ,i 

therefore if G be greater than L, AT is greater thaniV; and 
if equal, equal; and if less, less. fV. 21 . 

But (x and K are any equimultiples whatever of A and D, 
and L and N are any equimultiples whatever of G and F; 
therefore A is to C as D is to F. [Y. Definition 5. 

Next, let there be four magnitudes 

A, B, C, D, and other four E, F, G, H, i---. 

which have the same ratio, taken two A. B. C. D. 

and two in a cross order; namely, let t; w a w 

A be to B as G is to H, and ^ to G _____ 
as F is to G, and G to D as E is to F • 

A shall be to 2? as A? is to 

For, because A, 3,G are three magnitudes, and F, G, H 
other three, which have the samq ratio, taken two and two 
m a cross order; [Hypothesis. 

therefore, by the first case, A is to G as F is to H. 

But £7 is to Z> as 2? is to A 7 ; [Hypothesis. 

therefore also, by the first case, A isto D as Eia to JT. 

And so on, whatever be the number of magnitudes. 

■MT|_ _ O _ •.*.» 

uvtviQiv, v mere be any number &c. q.bu>. 
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PROPOSITION 24. THEOREM. 

If the first have to the second the same ratio which the 
third has to the fourth, and thefflh have to the second 
the same ratio which the sixth has to the fourth, then the 
first and fifth together shall have to the second the same 
ratio which the third and sixth together have to the fourth. 

Let AB the first have to C the second the same ratio 
which DE the third has to F the fourth; and let BG the 
fifth have to G the second the same ratio which EH the 
sixth has to F the fourth: AG, the first and fifth together, 
shall have to C the second the same ratio which BH, the 
third and sixth together, has to F the fourth. 

For, because BG is to C as EH - 

is to F, [ Hypothesis. < 

therefore, by inversion, C is to BG 
as F is to EH. [V. B. 

And because AB is to G as BE is 
to F, [Hypothesis. B 

and (7 is to BG as J^is lo EH; 

therefore, ex sequali, AB is to BG 
as BE is to EH. [V. 22. 

And, because these magnitudes are 
proportionals, they are also propor- A C D F 

tionals when taken jointly; [V. 18 . ~ * 

therefore AG is to BG as DH is to EH. 

But BG is to (7 as EH is to F; [Hyp hesis. 

therefore, ex sequali, AG is to G as BH is to F. [V. 22. 

Wherefore, if the first &c. q.e.d. 

Corollary l. If the same hypothesis be made as in 
the proposition, the excess of the first and fifth shall be to 
the second as the excess of the third and sixth is to the 
fourth. The demonstration of this is the same as that of 
the proposition, if division be used instead of composition. 

Corollary 2. The proposition holds true of two ranks 
of magnitudes, whatever be their number, of which each of 
the first rank has to the second magnitude the same ratio 
that the corresponding one of the second rank has to the 
fourth magnitude; as is manifest. 
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PROPOSITION 25. THEOREM. 

If four magnitudes of the same kind he proportionals 
the greatest and least of them together shall be greater 
than the other two together. y 

L , et the fow magnitudes AB, CD, E, F be nronor 
namely, let AB be to CD as E is to F; midget 
AM bo the greatest of them, and consequently F the 

[y. j y. 14. 

t^the^ ^ *° gefc ^ er k® greater than CD and E 

Take AG equal to E, and n 

CH equal to F. B 

Then, because AB is to CD as G 
EiBtoF [Hypothesis. P 

and that AG is equal to E, and H ' 

CH equal to F; [ Construction. „ 

therefore AB is to CD as AG 

is to CH. [V. 7) v. ll. ( 

And because the whole AB is to A C E F 

the whole CD as AG is to CH; 

t h 1 ? n ? ai ?u der ?■? fa the remainder HD as 
the whole AB is to the whole CD. ry jg 

But AB is greater than CD, IBypotLu. 

therefore BG is greater than DH ry A 

And because AG is equal to E and CH equal to F, [Comtr. 

together 6 A& a “ d F to2 ° ther are ®^ ual to CH and E 

And if to the unequal magnitudes BG, DH, of which 
BG is the greater, there be added equal magnitudes! 

AB^nh^P* CH and E to DH, then 

^45 and F together are greater than CD and E together. 

Wherefore, if four magnitudes &c. q.e.d. 
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DEFINITIONS. 


1. Similar rectilineal 
figures are tho,se which 
have their several angles 
equal, each to each, and 
the sides about the equal 
angles proportionals. 

2. Reciprocal figures, namely, triangles and parallelo¬ 
grams, are such as have their sides about two of their 
angles proportionals in such a manner, that a side of the 
first figure is to a side of the other, as the remaining side 
of this other is to the remaining side of the first. 

3. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as 
the greater segment is to the less. 


4. The altitude of any figure is 
tjie straight line drawn from its ver¬ 
tex perpendicular to the base. 
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PROPOSITION 1. THEOREM. 

Tr iangles and parallelograms qf the same altitude are 
to one another as their bases. 

fugles ABC, ACD, and the parallelograms 
i ““©altitude, namely, the perpendicular 

drawn from the point A to BD : as the base Bi 71s to the 
base CZ), so shall the triangle ABC be to the triangle ACD. 
and the parallelogram EC to the parallelogram CF. 

Produce BD both ' 

"W B A P 

take any number of /~^T—7 

straight finest, GH, MMXX/ 

each equal to BC, and Sy // \ V\ 

/yy \/v\ 

equal to CD ; [I. 3. I)—' j?—T, 

andjoin AG, AH, AK, 

AL. M 

Then, because CB, BG, GII are all equal, \flonstruction, 
the triangles ABC, AGB, AUG are all equal. [I. 38 , 

Therefore whatever multiple the base HC is of the base 

BC, the same multiple is the triangle AHG of the tri¬ 
angle ABC. 

For the same reason, whatever multiple the Nise CL is of 
the base CD, the same multiple is the trLogle ACL of 
the triangle ACD. 

r ' 

* f . tbe EG be e< Pi&l to the base CL, the triangle 
AHG is equal to the tnengle ACL ; and if the base HC 
he grrater than the base CD, the triangle AHC is greater 
than the triangle ACL; and if less, less. [I. 38. 

Therefore, since there are four magnitudes, namely, the 
two bases BC, CD, and the two triangles ABC, ACD : 

base and the triangle ABC, the first and 
the third, any equimultiples whatever have been taken 
namehr, the base HC and the triangle AHC; and of the 
base CD and the triangle ACD , the second and the fourth, 

bse " 1 Wten ' *"**■ *• 
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and since it has been shewn that if the base HG be greater 
than the base CL, the triangle AHC is greater than the 
triangle ACL ; and if equal, equal; and if less, less j 

therefore as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD. [V. Definition 5. 

And, because the parallelogram CE is double of the 
triangle ABC, and the paraliologram CF is double of the 
triangle ACD ; P* 41 * 

and that magnitudes hate the same ratio which their equi¬ 
multiples have; 

therefore the parallelogram EC is to the parallelogram CF 
as the triangle ABC is to the triangle ACD, 

But it has been shewn that the triangle ABC is to the 
triangle ACD as the base BC is to the case CD ; 
therefore the parallelogram EC is to the parallelogram CF 
as the base BC is to the base CD. [V. 11. 

Wherefore, triangles &c. q.e.d. 

Corollary. From this it is plain that triangles and 
parallelograms which have equal altitudes, are to one an¬ 
other as their bases. 

For, let the figures be placed so as to have their bases 
in the samo straight line, and to be on the same side of it; 
and having drawn perpendiculars from the vertices of the 
triangles to the bases, the straight line which joins the ver¬ 
tices is parallel to that in which their bases are; [I. 33. 

because the perpendiculars are both equal and parallel to 
one another. P* ^8. 

Then, if the same construction be made as in the pro¬ 
position, the demonstration will be the same. 

PROPOSITION 2. THEOREM. 

If a straight line be drawn parallel to one of the sides 
of a triangle, it shall cut the other sides, or those sides 
prodticed, proportionally; and if the sides, or the eiaes 
produced be cut proportionally, the straight line which 
joins the points of section, shall be parallel to the rb~ 

inart ma/Jd fi'P i.tlA v 

ctwv *y -- v~~ 
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* * Let DE be drawn parallel to BC, one of the side* of 
the triangle ABO: BD shall be to DA as CE is to EA. 


Join BE, CD. 

Then the triangle BDE is equal to the triangle CDE, 

because they are on the same base DE and between the 
same parallels DE, BC. [I, 37 . 

And ADE is another triangle; 

and equal magnitudes have the same ratio to the same 
magnitude; [y 7 . 

therefore the triangle BDE is to the triangle ADE as the 
triangle CDE is to the triangle ADE. x 

But the triangle BDE is to the triangle ADE as BD 
is to DA ; 

because the triangles have the same altitude, namely, the 
perpendicular drawn from E to AB, and therefore they are 
to ono another as their bases. [yi # 

For the same reason the triangle CDE is to the triangle 
ADE as CE is to EA. ® 

Therefore BD is to DA as QE is to EA. [y. n. 

Next, lot BD be to DA as CE is to EA, and join DE' 
DE shall be parallel to BC. 

For, the same construction being made, 

because BD'ya, to DA as CE is to EA, {Hypothem. 

and as BD is to DA, so is the triangle BDE to the 
triangle ADE, _ ^yj. 1 . 

as CE * to 80 is the triangle CDE to the triangle 
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therefoie the triangle BDE is to the triangle ADE as the 
triangle ODE is to the triangle ADE\ [V. 11. 

that is, the triangles BDE and CDE have the same ratio 
to the triangle ADE . 

Therefore the trianglo BDE is equal to the triangle 
CDE. [Y. 9. 

And these triangles are on the same base DE and on the 
same side of it; 

but equal triangles on the same base, and on the same side 
of it, are between the same parallels; [I. 39. 

therefore DE is parallel to BO. 

Wherefore, if a straight line tic. q.e.d. 


PROPOSITION 3. THEOREM . T 

If the vertical angle of a triangle he bisected by a straight 
line which also cuts the base, the segments of the base shall 
have the same ratio which the other sides of the triahgle 
have to one another; and if the segments of the base have 
the same ratio which the other sides of the triangle have to 
one another, the straight line drawn from the vertex to the 
point of section shall bisect the vertical angle. 

Let ABC be a triangle, and let the angle BAG be 
bisected by the straight line AD, which meets the base at 
D: BD shall be to DC as BA is to AO. 

Through C draw GE 
parallel to DA, [I. 31. 

and let BA produced , s^f 

meet GE at E. Ey' / 

Then, because the / 

straight line A C meets \ j 

the parallels AD, EG, s' / \ / 

the angle AGE is equal / V 

to the alternate angle B DC 

GAD\ [1.29. 

but the angle CAD is, by hypothesis, equal to the angle 
BAD ; 

therefore the angle BAD is equal to the ancle AGE. [Ax, l_ 

12 


ft 
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Again, because the straight line BAE meets the parallels 
AD, EC, the exterior angle BAD is equal to the interior 
and opposite angle AEG \ [1.29. 

but the angle BAD has 
been shewn equal to the - 

angle ACE\ B 

therefore the angle A CE /J 

is equal to the angle * / h 

AEG ; [Axiom 1. / 

and therefore AC is / \ / 

equal to AE. [1. 6. / \ / 

And, because AD is ^' _ [_ _V 

parallel to EC, [Conatr. B D 0 

one of the sides of the 
triangle BCE, 

therefore BD is to DC as BA is to AE ; [VI. % 

but AE is equal to AC; 

therefore BD is to DC as BA is to AC. [V. 7 . 

o 

Next, let BD be to DC as BA is to AC, and join AD; 
the angle BAG shall be bisected by the straight line AD, 
For, let the same construction be made. 

Then BD is to DC as BA is to AC) [Hypothesis, 

and BD is to DC as BA is to AE, [VI. 2 . 

because ACD is parallel to EC ; [Construction. 

therefore BA is to AC as BA is to AE ; [V. 11 . 

therefore AC is equal to AE ; [V. 9 . 

and therefore the angle AEC is equal to the angle ACE. [ 1 . 5 . 
But the angle A EC is equal to the exterior angle BA D ; [1.29. 
andtlie angle A CE is equal ttf the alternate angle CAD ; [1.29. 
therefore the angle BAD is equal to the angle CAD\ [Ax. 1. 
that is, the angle BAC is bisected by the straight line AD. 
Wherefore, if the vertical angle &c. q.e.d. 
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PROPOSITION A. THEOREM. 

' 1 / 

If the exterior angle of a triangle, made by producing 

one qf its sides, be bisected by a straight line which also 
cuts the base produced, the segments between the dividing 
straight line and the extremities of the base shall have the 
same ratio which the other sides of the triangle have to 
one another; and if the segments qf the base produced 
have the same ratio which the other sides qf the triangle 
have to one another, the straight line drawn from the 
vertex to the point of section shall bisect the exterior angle 
of the triangle. 

• Let ABC be a triangle, and let one of its sides BA be 

P roduced to E ; and let the exterior angle CAE be 
isccted by the strain 


P roduced to E ; and let the exterior angle CAE be 
isccted by the straight line AD which meets the base 
produced at D: BD shall be to DC as BA is to AC. 
Through C draw CF 

parallel to AD, [I. 31. E 

meeting AB at F. a/ 

Then, because the ^/\ 

straight line AC meets / \ 

the parallels AD, FC, the / \ 

angle ACF is equal to the _ \/_ _\ 

alternate angle(MZ>;[I.29. BG D 

but the angle CAD is, by hypothesis, equal to the angle 
DAE; 

therefore the angle DAE is equal to the angle ACF. [Ax. 1. 

Again, because the straight line FAE meets the parallels 
AM, FC, the exterior angle DAE is equal to the interior 
and opposite angle AFC; [1.29. 

but the angle DAE has been shewn equal to the angle ACF; 
therefore the angle ACF is equal to the angle AFC; [Ax. 3. 


and therefore AC is equal to AF. 

And, because AD is paralled to FC, 
one of the sides of the triangle BCF; 
therefore BD is to DC as BA is to AF; 
but AF is equal to AC; 
therefore BD is to DC as BA is to AC. 


[I. 6 . 

[Construction. 

rvi. 2. 


[V. 7. 
12—2 n 


180 EUCLID S ELEMENTS. 

M " ' " ' 

Next, lot BD bo to BO 
as BA is to AC; and join 
AD: the exterior angle 
CAE shall be bisected l>y 
the straight line AD. 

For, let the same con¬ 
struction bo made. 

Then BD is to DC as BA 
is to AC ; [Hypothesis. 
and BD is to DC as BA is to AF; [YL 2 . 

therefore BA is to AC as BA is to AF ; v S. [V. 11, 
therefore AC is equal to AF, [V. 9 , 

and therefore the angle A CF is equal to the anglo AFC- [ 1 . 5 . 
But the angle -4■FC' is equal to the exterior angle DAE ; lx. 29. 
andth^ angle A CF\s> equal to tho alternate angle CAD ; [1.29. 
therefore the angle CAD vs equal to the angle DAE; [Ax. i, 
that is, the angle CAE is bisected by the straight line AD, 

Wherefore, if the exterior angle &c. q.e.d. 



proposition 4. Theorem. 

The tides about the equal angles of triangles which are 
equiangular to one another are proportionals; and those 
which are opposite to the equal angles are homologous sides, 
that is, are the antecedents or the consequents of the ratios. 

Let the triangle ABChe equiangular to the triangle DCE, 
haring the angle A BC equal to the angle DCE, and the angle 
ACB equal to the angle DEC, and consequently the angle 
BA C equal to the angle CDE: the sides about the equal angles 
of the triangles A BC, DCE, 
shall be proportionals; and 
those shall be the homolo¬ 
gous sides, which are oppo¬ 
site to the equal angles. 

Let the triangle DCE 
be placed so that its side CE 
may be contiguous to BC, 
and in tho same straight 

line with It, [1.22. 



'•'V 
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Then tho angle BCA is equal to the angle CED; [Hyp. 
add to each the angle ABC; 

therefore the two angles ABC, BCA are equal to the two 
angles ABC, CED ; [Axiom, 2 . 

but the angles ABC, BCA are together less than two 
right angles; [L 17. 

therefore the angles ABC, CED are together less than 
two right angles; 

therefore BA and ED, if produced, will meet, [Axiom 12 . 
'Let them be produced and meet at the point F. 

Then, because the angle ABC is equal to the angle 
DCE, [Hypothesis. 

BF is parallel to CD; P- 2*.. 

and because tho angle A CB Is equal to the angle DEC, {.Hyp, 
AC is parallel to FE. p. 28. 

Therefore FACD is a parallelogram; 
and therefore AF\a equal to CD, and A Pis equal to FD. [1.84. 

And, because AC is parallel to FE, one of the sides of 
the triangle FBE, 

therefore BA is to AF as BC is to CE ; 
but AF is equal to CD ; 
therefore BA is to CD as BC is to CE) 
and, alternately, AB is to BC as DC is to CE. 

Again, because CD is parallel to BF, * 
therefore BC is to CE as FD is to DE ; 
but FD is equal to AC; 
therefore BC is to CE as AC is to DE; 
and, alternately, BC is to CA as CE is to ED. 

Then, because it has been shewn that AB is to BC as DC 
is to CE ", and that BC is to CA as. CE is to ED; 
therefore, ex sequali, BA is to AC as CD is to DE. [V. 22 . 
Wherefore, the sides &c. q.e.d. 

PROPOSITION 5. THEOREM. 

If the sides of two triangles, about each of their angles, 
be proportionals, the triangles shall be equiangular to one 
another,and shall have thoseanglesequalwhichareopposite 
to the homologous sides. 


[VI, 2. 

[V.7. 
[V. 16. 

[VI. 2. 

[V. 7. 
[V. 16. 



f ?L 
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1 

• 5' 

Let the triangles ABO, DEF hare their sides propor- 
tional, so that AB is to BO as BE is to EF; and BO to 
CA ad EF is to FD; and, consequently, ex aequali, BA 
to AC as ED is to DF : the triari le. iBG shall be equian¬ 
gular to the triangle DEF, and they shall have those angles 
\\ equal which are opposite to the homologous sides, namely, 
the angle ABC equal to the angle DEF ’ and the angle 
BOA equal to the angle EFD, ana the angle BA 0 equal to 
the angle EDF., 

At the point E, in the 
straight line EF, make the 
angle FEG equal to the angle 
ABO; and at the point F, in 
the strr. >M line EF, make the 
angle / Sr equal to the angle 
BOA [1.23. 

* therefore the remaining angle 
EOF is equal to the remain¬ 
ing angle BAG. 

Therefore the triangle ABC is equiangular to the triangle > 
OEF; 

and therefore they have their sides opposite to the equal 
angles proportionals; [YL 4. 

therefore AB is to BO as GE is to EF. 

But AB is to BC as DE is to EF; [ Hypothesis. 

therefore DE is t8 EF as GE is to EF ; [V. 11. 

therefore DE is equal to GE. - [V. 9. 

For the same reason, DF is equal to GF. 

Then, because in the two triangles DEF, GEF, 
DE is equal to GE, and EF is common; 

the two sides DE, EF are equal to the two sides GE, EF.\ 
each to each; 

and the base DF is .equal to the base GF; 
therefore the angle DEF is equal to the angle GEF, [I, 8. 

and the other angles to the other angles, each to each, to 
which the equal sides are opposite. [I. 4. 

therefore the angle DFE is equal to the angle GFE, and 
the angle EDF ip equal to the angle EGF. K \ 
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i propor- 
d BG U 
aali, BA 
e equian- 
se angles 
, namely, 
he angle 
’ equal to 



i triangle 

;he equal 
[VI. 4. 

Typothesii. 

[V. 11. 
[V. 9. 

?, GEE i 
GE, EE, 

EE. [I. 8. 

d each, to 
[1. 4. 

}FE } and 

" * v J 1.4*. V . 



And, because the angle DEF is equal to the angle GEF, 
and the angle GEE is equal to the angle ABC, [Comtr. 

therefore the angle ABC is equal to the angle DEF. [Ax. 1.*. 

For the same reason, the angle ACB is equal to the angle 
BEE, and the angle at A is equal to the angle at D. 

Therefore the triangle ABC is equiangular to the triangle 
DEF. 

Wherefore, if the sides &c. Q.e.d. * 


PROPOSITION 6. THEOREM. 

If two triangles have one angle of the one equal to one 
angle <f the other, and the sides about the equal angles 
proportionals, the triangles shall be equiangular to one 
another, and shall have those angles equal which are op¬ 
posite to the homologous sides. 

Let the triangles ABC, BEE have the angle BAC in 
the one, equal to the angle EBE in the other, and the 
sides about those angles proportionals, namely, BA to AC 
as EB is to BF\ the triangle ABC shall be equiangular to 
the triangle DEE\ and shall have the angle ABC equal to 
the angle BEE, and the angle ACB equal to the angle DEE. 

At the point B, in the 
straight line BE, make the 
angle EDG equal to either • 
of the angles BAC, EDF ; 
and at the point F, in the 
straight line BE, make 
the angle BEG equal to 
the angle ACB; [I. 23. 

therefore the remaining angle at G is equal to the remain* 
ing angle at B. . 

Therefore the triangle ABC is equiangular to the trianglo 
DGF; 


A 




<-> i» . n j i. a re _/v n f_ i. tv T7t 

iu6t 6IOiO 15 DO M. C/ Uo LTi/ 15 iU JL/jl. • 

But BA is to AC os ED is to DE ; 
therefore ED is to DE as GD is to DF ; 
therefore ED is equal to GD. 


[Hypothesis. 
[V. 11. 
[V. 9. 
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_ And DF is common to the two triangles EDF, GDF ; 
therefore the two sides ED, DF are equal to the two sides 
GD, DF, each to each; 


and the angle EDF is equal 
to the angle GDF", [Constr. A 

therefore the base EF is • /\ 

equal to the base GF, and / \ 

the triangle EDF to the / \ 

triangle GDF, ahd the re- \ 

maimng angles to the re- / \ 

maining angles, each to each, B 0 

to which the equal sides are 
opposite; [T.4. 

therefore the angle DFG is equal to the angle DFE, and 
the angle at G is equal to the angle at E. 

But the angle DFG is equal to the angle ACB; [Conttr. 
therefore the angle ACB is equal to the angle DFE. [Ax. 1. 
And the angle BAG is equal to the angle EDF-, [Hypothesis. 

therefore the remaining angle at B is equal to the remain¬ 
ing angle at E. . , 




Therefore the triangle ABC is equiangular to the triangle 
DEF. >< w 

Wherefore, if two triangle* &c. q.e.u. 


PROPOSITION 7. THEOREM . 

If two triangles have one angle of the one equal to one 
angle of the other , and the sides about two other angles 
proportionals; then , if each of the remaining angles be 
either li»s, or not less, than a right angle, or if one of 
them he a right angle, the triangles shall he equiangular 
to one another, and shall have , those angles equal about 
which the sides are proportionals. 

Let the triangles ABC, DEF have one angle of the 
one equal to one angle of the other, namely, the angle 

RAC! An na! fn fit a otmvIa arts? fit a oiflna r.hnnf +i*rsv 

— * — — —''j ; —"• —~ j vssv rrrxr 

other mgies ABC, DEF, proportionals, so that AB is to 
BC as DE is to EF\ and, first, let each of the remaining 
angles at C and F be less than a right angle: the triangle 
ABC shall be equiangular to the triangle DEF, and shall 
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hare the angle ABC equal to the angle DEF, and the. 
angle at C equal to the angle at F. 

For, if the angles ABC, 

J)EF be not equal, one of 
them must be greater than 
the other. 

Let ABC be the greater, 
and at the point B, in the 
straight line AB, make the 
angle ABG equal to the angle DEF. [1.23. 

Then, because the angle at A is equal to the angle at D, [Hyp. 
and the angle ABG is equal to the angle DEF, [Comtr. 
therefore the remaining angle AGB is equal to the re¬ 
maining angle DFE\ 

therefore the triangle ABG is equiangular to the triangle • 
DEF. ■ . , < ~ - -•< *■' 

Therefore AB is to BG as DE is to EF. [VI. 4. 

But AB is to BC as DE is to EF\ [Hypothesis. 

therefore AB is to BC as AB is to BG ; [V. 11. 

therefore BC is equal to BG ; IT- 9 - 

and therefore the angle BCG is equal to the angle BGC. [1.5. 

But the angle BCG is less than a right angle; [Hyp. 
therefore the angle BGC is less than a right angle; 
and therefore the adjacent angle AGB must be greater 
than a right angle. IX 13 * 

But the angle AGB was shewn to be equal to the angle 
at F\ 

therefore the angle at F is greater than a right angle. 

But the angle at F is less than a right angle; [Hypothesis. 
which is absurd. 

Therefore the angles ABC and DEF are not unequal j 
that is, they are equal. 

And the angle at A is equal to the angle at 2>; [Hypothesis. 
therefore the remaining angle at C is equal to the remain¬ 
ing angle at F ; 

therefore the triangle ABC is equiangular to the triangle 
DEF, 





t 



uugie jbwv. [j 5 

But the angle BCG is not less than a right angle; [Hyp, 
therefore the angle JBGC is not less than a right angle; * 

that is, two angles of the triangle BCG are together not 
less than two nght angles; which is impossible. [f. 17 . 

Therefore the triangle ABC may be shewn to be equil 
angular to the triangle DBF, as in the first case. ^ 

Lastly, let one of the angles at C and Jp be a right 
angle, namely, the angle at C : the triangle ABC shall be 
equiangular to the triangle DEF. 

For, if the triangle ABC 
be not equiangular to the 
triangle DEF, at the point “ Jt 

B } in the straight line AB, s'\ 


make the angle ABG equal 
to the aVig^e DEF. [1.23. 

Then it may be shewn, as ® C >1 

in the first case, that BC s' 

is equal to BG ; ^ —S' 

therefore the angle BCG is / ® F 

equaltotheangle [ 1 . 5 . ‘ 

But the angle BCG is a 

right angle: [Hypothesis. B j£ ^^-0 

therefore the angle BGC 
is a right angle; 

thatis, two angles of the triangle BCG are together equal 
w> two right angles; which is impossible. r [I. 17 . 

Therefore the triangle ABC is equiangular to the triangle 
DEF* \ * 

Wherefore, if two triangles &c. q.e.d. 
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PROPOSITION 8. THEOREM, "t 

In a right-angled triangle, if a perpendicular be drawn 
from the right angle to the base, the triangles on each side 
of it are similar to the whole triangle., and to one another. 

Let ABC be a right-angled triangle, having the right 
angle BAC; and from the point A, let AD be drawn per¬ 
pendicular to the base BO: the triangles DBA, DAO 
shall be similar to the whole triangle ABO, and to one 
another. , . 

For, the angle BAG is equal 
to the angle BDA, each of them 
being a right angle, [Axiom 11. 

mid the angle at B is common to 
the two triangles ABO, DBA ; 
therefore the remaining angle 
ACB is equal to the remaining 
angle DAB. 

Therefore the triangle ABO is equiangular to the triangle 
DBA, and the sides about their equal angles are propor¬ 
tionals; [VI. 4. 

therefore the triangles are similar. [VI. Definition 1. 

In the same manner it may be shewn that the triangle 
DAG is similar to the triangle ABO. 

And the triangles DBA , DAG being both similar to the 
triangle ABC, are similar to each other. 

Wherefore, in a right-angled triangle &c. q.e.d. 

Corollary. From this it is manifest, that the perpen¬ 
dicular drawn from the right angle of a right-angled 
triangle to the base, is a mean proportional between the 
segments of the base, and also that each of the sides is a 
mean proportional between the base and the segment of 


[VI. 4. 
[VI. 4. 

v V- 

[VI. 4. 


the base adjacent to that side. 
For, in the triangles DBA, DAG, 
BD is to DA as DA is to DG\ 

_ J •— il. . ± _!_ 1 A Tin T\Ti A 

iUlU ill vliw vi iiiiigtvo ulkJLe Wy i/xz/i y 

BC is to BA as BA is to BD; 
and in the triangles ABC, DAG, 
BG is to CA as GA is to CD. 
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PROPOSITION 10. PROBLEM. 

To divide a given straight line similarly to a given 
divided straight line., that is, into parts which shall have 
the same ratios to one another, that the parts of the given 
divided straight line have. 

Let AB be the straight line given to be divided, and 
AG the given divided straight line: it is required to divide 
AB similarly to AG. 

Let AG be divided at the points *4 

D, E; and let AB, AG be placed / 

so as to contain any angle, and join v f \d 
BC ; through the point D, draw DF *]~ WVg 

parallel to BC, and through the point 

E draw EG parallel to BC. [I. 31. [ _ / X. 

AB shall be divided at the points B K C 

F, G, similarly to AG. 
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* A 

Through D draw DHK parallel to AB. [I. 31. 

Then each of the figures FH, HB is a parallelogram; 
therefore DH\& equal to FG, and HK is equal to GB. [1.34. 
Then, because HE is parallel to KC, [Construction. 

one of the sides of the triangle DKG, 
therefore KH is to HD as CE is to ED. [VI. 2. 

But KH is equal to BG, and HD is equal to GF\ 
therefore BG is to GF as CE is to ED. [V. 7. 

A gfl.in ; because FD is parallel to GE, [Construction, 
one of the sides of the triangle AGE, 
therefore GF is to FA as ED is to DA. [VI. 2 . 

And it has been shewn that BG is to GF as CE is to ED. 
Therefore BG is to GF as CE is to ED, and GF is to FA 
as ED is to DA. n - 

"Wherefore the given straight line AB is divided simi¬ 
larly to the given divided straight line AC. Q.B.F. 

PROPOSITION 11. PROBLEM. 

To find a third proportional to two given straight lines. 
Let AB, AC be the two given straight lines: it is re¬ 


quired to find a third proportional to AB 

Let AB, AC bo placed so 
as to contain any angle; produce 
AB, AC,to the points D, E; and 
make BD equal to AG ; [I. 3. 

join BC, and through D dra vdt)E 
parallel to BC. [I. 31. 

CE shall be a third proportional 
to AB, AC. 

For, because BC is parallel to DE, 
one of the sides of the triangle ADE, 
therefore AB is to BD as AC is to CE ; 
but BD is equal to AC ; 
therefore AB is to AC as AC is to CE. 


[Construction. 

[VI. 2, 
[Construction. 

[V.7. 


"Wherefore to the two given straight lines AB, AC, a 
third proportional CE is found. q.b.f, 


4 
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EUCLIHS ELEMENTS. 


PROPOSITION 12. PROBLEM. 
lin£. find af0Urth P^portional to three given straight 

* “ 

n T a ke two straight lines, ’ v 

coSjwning any an- D & 

eleEDFi ari& in these make A "—~~ 

EG equal to A y GE equal to / \ -8- 

B, mdEH equal to C; [1.8. / \ f 

GH,aad through E draw r / \ 

LF parallel to GH. [I. 3 i. G /— - 

FfF shall be a fourth propor- / \ 

tional to A, E, G. P & - -f 

For, because GH is parallel to EF, r<W«^ • 

one of the sides of the triangle EEF, W**™*»> 

therefore DG is to GE as EH1& to IIF. rvr o 

eqUal *° A ' 0E is e 1 u “ f ‘o A »»d DHil 
therefore A ia to Bui On to HP. 

Wherefore to the three given straight linen A Ti n * 

fourth proportional HF i, found S. ’ ' C ’ ® 

PROPOSITION 13. PROBLEM. 
lSt. finda mean P r °P° rtion ^tween ttco given straight 

Place AB, BG in a straight 

line, and on AG describe the __j> 

semicircle AEG; from the 

point B draw BE at right / \\ 

angles to AG. [I. n. / /' * \ V 

BE shall be a mean propor- --- _ Nj 

tional between AB ana BG. ^ ® 0 
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• * 

Join AD, DC. 

Then, the angle ADC, being in a semicircle, is a right 
angle; [III. 81. 

and because in the right-angled triangle ADC, DB is 
drawn from the right angle perpendicular to the base, 

therefore DB is a mean proportional between AB, BC, 
the segments of the base. [VI. 8, Corollary. 

Wherefore, between the two given straight lines AB, 
BC, a mean proportional DB is found. q.kf. 


PROPOSITION 14. THEOREM. 

. . * 4 

Equal parallelograms which have one angle qf the one 
equal to one angle, of the other, have their sides about the 
equal angles reciprocally proportional; and parallelo¬ 
grams which have one angle of the one equal to one angle 
of the other, and their sides about the equal angles reci¬ 
procally proportional, are equal to one another. 


Let AB, BC be equal parallelograms, which have the 
angle FBD equal to the angle EBG: the sides of the 
parallelograms about the equal angles shall be reciprocally 
proportional, that is, DB shall be to BE as OB is to BE. 

Let the parallelograms be 
placed, so that the sides DB, 

BE may be in the same 
straight line; 

therefore also FB, BO are in 
one straight line. [1.14. 

Complete the parallelogram 
FE. 

Then, because the parallelogram AB is equal to the 
parallelogram BC, - {Hypothesis. 

and that FE is another parallelogram, 
therefore AB is to FE as BC is to FE. [V. 7. 

But AB is to FE as the base DB is to the "base BE, [V1.1. 
and BC is to FE as the base GB lz to the base BF; [VI. 1. 
therefore DB is to BE 7B is to BF. 1 [V» 11. 
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Next, let the angle FBD be equal to the angle EBG, 
and let the sides about the equal angles be reciprocally 
proportional, namely, DB 

to BE as GB is to BFi 4 -¥-v 

the parallelogram AB shall \ \ \ 

be equal to the parallelo- k-4-\E 

gram BO. - y \ 

For, let, the same con- " \ \ 

struction be made. ' V- 

Then, because DB is to BE *• 

as QB is to BF, [Hypothesis. 

and that DB is to BE as the parallelogram AB is to the 
parallelogram FE, [yi, j, 

and that GB is to BF as the parallelogram BC is to the 
parallelogram FE ; [YI. 1. 

therefore the parallelogram A B is to the parallelogram FE 


as the parallelogram BC is to the parallelogram FE ; [Y. 11. 
therefore the parallelogram AB is equal to the parallelo* 
gram BC. . * * < [V. 9, 

Wherefore, equal parallelograms &c. q.e.d. 


PROPOSITION 15. THEOREM. 

si 

Equal triangles which have one angle qf the one equal 
to one angle qf the other , have their sides about the equal 
angles reciprocally proportional; and triangles which 
have one angle of the one equal to one angle of the other , 
and their sides about the equal angles reciprocally pro - 
portional , are equal to one another. . 

Let ABC, ADE be* equal „ 

triangles, which have the angle fr - 


BAG equal to the angle DAIS'. 
the sides of the triangles about 
the equal angles shall be reci¬ 
procally proportional; that is, CA 
shall be to AD as EA is to AB. 

Let the triangles be placed so 
that the sides CA, AD may be 
in the same straight line, 
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therefore also BA, AB are in one straight line; [1.14. 
join 13D. 

is equal to tho trian- 
[Hypotkeiu. 

and that ABB is another triangle, 
therefore the triangle ABC is to the triangle ABD as tho 
trianglo ABE is to the triangle ABB. [V. 7. 

But the triangle ABC is to the triangle ABB as the base 
CA is to the base AB, [VI. 1, 

and the triangle ABE is to the trianglo ABB as the baso 
EA is to the baso AB; • [VI. 1. 

therefore CA is to AB as EA is to AB. [V. 11. 

Next, let the anglo BAG bo equal to the angle BAE, 
and let the sides about the equal angles be reciprocally, 
proportional, namely, to AB as EA is to AB\ the 
triangle ABC shall bo equal to the triangle ABE. 

For, let the same construction be made. 

Then, because CA is to AB as EA is to AB, [ffypcthme, 
and that CA is to AB as the trianglo ABC is to the 
triangle ABB, [VI. 1. 

and that EA is to AB as the triangle ABE is to the 
triangle ABB, [VI. 1. 

therefore the triangle ABC is to the triangle ABB as the 
triangle ABE is to the triangle ABB ;. [V. 11. 

therefore the triangle A Z?(7is equal to the triangle ABE. [V. 9, 
Wherefore, equal triangles &c. 


Then, because the triangle ABC 
gle ABE, 


t • ' 

PROPOSITION 10, THEOREM. 

If four straight lines proportionals, the rectangle 
contained by the extremes is equal to the rectangle con¬ 
tained by the means; and if the rectangle contained by 
the extremes be equal to the rectangle contained by the 
meant) the four straight lines are proportionals. 
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Lot tho four straight lines AB, CD, E, F, bo propor¬ 
tionals, namely, let AB be to CD as E is to F: tho rect¬ 
angle contained by AB and /' shall be equal to the rect¬ 
angle contained by pD and E. 


From tho points A, 

C, draw AG.CH at right 
angles to AB, CD ; [ 1 . 11. 
make AG equal to F, and 
CH equal to E ; [I. 3. 

and complete the paral¬ 
lelograms BG, DH. [1.31. 

Then, because AB is 
to CD as E\a toF, [Hyp. 
and that E is equal to 
CH, and F is equal to 
AG, [Conttruction, 

therefore AB is to CD as CH is to AG ; [V. 7. 



that is, the sides of the parallelograms BG, DH about tho 
equal angles are reciprocally proportional; 
therefore the parallelogram BG is equal to the parallelo¬ 
gram DH. [VI. 14. 


But the parallelogram BG is contained by the straight 
lines AB and F, because AG is equal t o F ; [Construction. 

and the parallelogram DH is contained by the straight 
lines CD and E, because CH is equal to E; 
therefore the rectangle contained by AB and F is equal 
to the rectangle contained by CD and E. 


Next, let the rectangle contained by A3 and F be 
equal to the rectangle contained by CD and 11 these four 
straight lines shall be proportional, m.B shall be 

to CD as E is to F. 


For, let the same construction be made. v 

Then, because the rectangle contained by AB and F is equal 
to the rectangle contained by CD and E, [Hypothesis. 
and that' the rectangle BG is contained by AB and F, 
because A & is equal to F, ", [Construction. 

and that the rectangle DH is contained by CD and E, 
because CH is equal tp E, . ' [Construction, 
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therefore tho parallelogram BG is equal to the paral¬ 
lelogram Dll. [Axiom 1.; 

And thoso parallelograms are equiangular to one anothor; 
therefore the sides about the equal angles are reciprocally 
proportional; [VI. 14. 

therefore AB is to CD as CH is to AG. 

But CH is equal to E, and AG is equal to F; [Const?* 

therefore AB is to CD as E is to F. [V. 7. 

\Vhereforo, if four straight lines &c. q.e.d. 


PROPOSITION 17. theorem:. 


If three straight lines he proportionals, the rectangle 
contained by the extremes is equal to the square on the 
mean; and if the rectangle contained by the extremes be 
equal to the square on the mean , the three straight lines 
are proportionals. , . * 

Let ,the three straight lines A. B, C be proportionals, 
namely, let A bo to B as B is to C\ tho rectangle contained 
by A and C shall be equal to the squaro on B. 

Take i) equal to B. 

Then, because A is 
B as B is to C, [Hyp. 
and that B is equal to D, 
therefore A is to B as D 
is to C. [V. 7. 

But if four straight lines 
be proportionals, the rect¬ 
angle contained by the 
extremes is equal to the 
rectangle contained by 
the means; [VI. 16. 
therefore the rectangle contained by A and C is equal to 
the rectangle contained by B and D. 

But the rectangle contained by B and D is the square on B, 
because B is equal to D\ [Construction. 


A- 

B 



therefore the rectangle contained by A and C is equal to 
the square on B, . M 

13—2 


r' 
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Next, let tho rectangle contained by A and C be 1 equal 
to the square on B\ A shall be to B as B is to C. 

For, let the same construction be made. 

Then, because the rectan¬ 
gle contained by A and C 
is equal to the square on 
By [Hypothtsis. 

and that the square on B 
is equal to the rectangle 
contained by B and D, 
because B is oqual to 
Dy [ Construction. 

therefore the rectangle 
contained by A and C is 
equal to the rectangle contained by B and D. 

But if the rectangle contained by the extremes be equal 
to tho’rectangle contained by the means, the four straight 
lines are proportionals; [VT. 

therefore A is to B as D is to C. 

But B is equal to D ; [Construction.. 

Therefore A is to B as B is to C. [y. 7 , 

Wherefore, if three straight titles &c. q,e.d. 

PROPOSITION 18. PROBLEM. 

' On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 

Let AB be the given straight line, and CDEF the 
given rectilineal figure of four sides: it is required to de¬ 
scribe on the given straight lino AB, a rectilineal figure, 
similar and similarly situated to CDEF. 

Join DF\ at tho 
point A, in the straight 
line AB, make the 
angle BAG equal to 
the angle DCF] and at 
the point B, in the 
straight line A B, make 
the anglo ABG equal 
totheangleC'i>i , j[r.23. 


H 



B- 


0 -- 
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therefore the remaining angle AGB is equal to the remain¬ 
ing angle CF£>, 

and the triangle AGB is equiangular to the triangle CFD. 

Again, at the point B, in the straight line BG, make the 
angle GBH equal to the angle FDE; and at the point G, 
in the straight line BG, make the angle BGH equal to 
the angle DFE ; [I. 23. 

therefore the remaining angle BUG is equal to the re¬ 
maining angle DEF, 

and the triangle BUG is equiangular to the triangle DEF. 

Then, because the angle AGB is equal to the angle CFD, 
and the angle BGH equal to the angle DFE ; [Construction. 
therefore the whole angle AGH is equal to the whole 
angle GFE. [Axiom, 2. 

For the same reason the angle ABH is equal to the 
angle CDE. 

And the angle BA G is equal to the angle DCF, and the 
angle BHG is equal to the angle DEF. 

Therefore the rectilineal figure ABHG is equiangular to 
the rectilineal figure CDEF. 

Also these figures have their sides about the equal 
angles proportionals. 

For, because the triangle BA G is equiangular to the triangle 
DCF, therefore BA is to AG as DC is to CF. [VI. 4. 
And, for the same reason, AG is to GB as CF is to FD, 
and BG is. to GH as DF is to FE; 
therefore, ex sequali, AG is to GH as CF is to FE. [V. 22. 

In the same manner it may be shewn that AB is to BH 
as CD is to DE. 

And GH is to IIB as FE is to ED. [VI. 4. 

Therefore, the rectilineal figures ABHG and CDEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals; 

therefore they are similar to one another. [VI. Definition I. 

Next, let it be required to describe on the given straight 
line AB, a rectilineal figure, similar, and similarly situated, 
to the rectilineal figure CDKEFoi five sides. 
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Join DE, and on the given straight line AB describe, 
as in the former case, the rectilineal figure ABHG , similar, 
and similarly situated to the rectilineal figure CDEF of 
four sides. At the point 
B, in the straight line 
BH, make the angle 
HBL equal to the an¬ 
gle EDK\ and at the 
point II, in the straight 
line BH, make the an¬ 
gle BHL equal to the 
angle DEK\ [I. 23. 

therefore the re maining angle at L is equal to the remain¬ 
ing angle at K, 



Then, because the figures ABHG , CDEF are similar, 
the angle ABH is equal to the angle CDE\ [VI. Def. 1 . 
and the angle HBL is equal to the angle EDK ; [Constr. 
therefore the whole angle ABL is equal to the whole 
angle CDK. * [Axiom 2. 

For the same reason the whole angle GHL is equal to the 
whole angle FEK. 

Therefore the five-sided figures ABLHG and CDKEF are 
equiangular to one another. 

And, because the figures ABHG and CDEF are similar, 
therefore AB is to BH as CD is to DE\ [VI. Definition 1 . 
but BH is to BL as DE is to DK ; [VI. 4. 

therefore, ex sequali, AB is to BL as CD is to DK. [V. 22. 
For the same reason, GH is to HL as FE is to EK. 

And BL is to LH as DK is to KE. [VI. 4. 

Therefore, the five-sided figures ABLHG and CDKEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals; 

therefore they are similar to one another. [VI. Definition 1 . 

In the same manner a rectilineal figure of six sides 
may be described on a given straight line, similar and 
similarly situated to a given rectilineal figure of six sides; 
and so on. q.e.f. 
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PROPOSITION 19. THEOREM. 

Similar triangles are to one another in the duplicate 
ratio of their homologous sides. 

Let ABC and DEF be similar triangles, having the 
angle B equal to the angle E, and let AB be to BG as DE 
is to EF, so that the 
side BG is homolo¬ 
gous to the side EF: 
the triangle ABG 
shall be to the tri¬ 
angle DEF in the 
duplicate ratio of BG 
to EF. 

Take BG a third proportional to BG and EF, so that 
BG may be to EF as EF is to BG ; [VI. 11. 

and join AG. 

Then, because AB is to BG as DE is to EF, [Hypothesis. 
therefore, alternately, AB is to DE as BG is to EF\ [V. 16. 
but BG is to EF as EF is to BG ; [ Construction. 

therefore AB is to DE as EF is to BG ; [V. 11. 

that is, the sides of the triangles ABG and DEF \ about 
their equal angles, are reciprocally proportional; 
but triangles which have their sides about two equal angles 
reciprocally proportional are equal to one another, [VI. 15. 
therefore the triangle ABG is equal to the triangle DEF. 

And, because BG is to EF as EFis to BG, 
therefore BG has to BG the duplicate ratio of that which 
BG has to EF. [V. Definition 10. 

But the triangle ABG is to the triangle ABG as BG is 
to BG ; [VI. 1. 

therefore the triangle ABG has to the triangle ABG the 
duplicate ratio of that which BG has to EF. 

But the triangleA.OG' was shewn equal to the triangle DEF ; 
therefore the triangle ABG has to the triangle DEF the 
duplicate ratio of that which BG has to EF. [V. 7. 

Wherefore, similar triangles &c. q.e.d. 

Corollary. From this it is manifest, that if three 
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straight lines be proportionals, as the first is to the third, 
so is any triangle described on the first to a similar and 
similarly described triangle on the second. 


PROPOSITION 20. THEOREM. 

Similar polygons may be divided into the same number 
Of similar triangles , having the same ratio to one another 
that the polygons have; and the polygons are to one 
another xn the duplicate ratio of their homologous sides. 

Let ABODE, FGHKL be similar polygons, and let 
AB be the side homologous to tlio side FG : the polygons 
ABODE FGHKL may be divided into the samo number 
of similar triangles, of which each shall have to each the 
same ratio which the polygons have; and the polygon 
ABODE shall be to the polygon FGHKL in the duplicate 
ratio of AB to FG. 

Join BE, EG, GL, LII. 

Then, because the polygon ABODE is similar to the poly¬ 
gon FGHKL, [Hypothesis. 

the angle BAE is equal to the angle GFL, and BA is 
to AE as GF is to FL. [VI. Definition 1. 

And, because the triangles ABE and FGL have one angle 
of the one equal to one angle of the other, and the sides 



about these equal angles proportionals, 

therefore the triangle ABE is equiangular to the triangle 
EGL, ■ [VI. 6. 

and therefore these triangles are similar; [VI. 4. 

therefore the angle ABE is equal to the angle FGL. 
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But, because the polygons are similar, [Hypothesis. 

therefore the whole angle ABC is equal to the whole angle 
FGH\ [VI. Definition 1. 

• therefore the remaining angle EBG is equal to the remain- 
ing angle LGH. [Axiom, 3. 

And, because the triangles ABE and FGL are similar, 
therefore EB is to BA as LG is to GF; 
and also, because the polygons are similar, [Hypothesis. 
therefore AB is to BC as FG is to GH ; [VI. Definition 1. 
therefore, ex sequali, EB is to BC as LG is to GIL; [V. 22. 

that is, the sides about the equal angles EBC and LGH 
are proportionals; 

therefore the triangle EBC is equiangular to the triangle 
LGH; [VI. 6. 

and therefore these triangles are similar. ' [VI. 4. 

For the same reason the triangle ECD is similar to the 
triangle LHK 

Therefore the similar polygons ABCDE, FGHKL may be 
divided into the same number of similar triangles. 

Also these triangles shall have, each to each, the same 
ratio which the polygons have, the antecedents being ABE, 
EBC', ECD, and the consequents FGL, LGH, LHK; and 
the polygon ABCDE shall be to the polygon FGHKL in 
the duplicate ratio of AB to FG. 

For, because the triangle ABE is similar to the tri¬ 
angle FGL, 

therefore ABE is to FGL in the duplicate ratio of EB 
to LG. [VI. 19. 

For the same reason the triangle EBC is to the triangle 
LGH in the duplicate ratio of EB to LG. 

Therefore the triangle ABE is to the trianglo FGL as the 
triangle EBC is to the trianglo LGH. TV. 11. 

Again, because the triangle EBC is similar to the tri¬ 
angle L GH, • 

therefore EBC is to LGH in the duplicate ratio of EC 
to LIE . IV1. 19. 
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For the same reason the triangle ECD ia to the triangle 
LHK in the duplicate ratio of EC to LH. 

Therefore the triangle EBC is to the triangle LGH as the 
triangle EGD is to the triangle LHK. [V. 11. 

But it has been shewn that the triangle EBC is to the tri¬ 
angle LGH as the triangle ABE is to the triangle FGL. 

Therefore as the triangle ABE is to the triangle FGL, so 
is the triangle EBC to the triangle LGH, and the triangle 
ECD to the triangle LHK; - ■■ [V. 11. 

and therefore as one of the antecedents is to its consequent 
so are all the antecedents to all the consequents; [V. 12. 

that is, as the triangle ABE is to the triangle FGL so. is 
the polygon ABODE to the polygon FGHKL. 

But the triangle ABE is to the triangle FGL in the 
duplicate ratio of the side AB to the homologous side 
FG\ [VI. 19. 

therefore the polygon ABODE is to the polygon FGHKL 
in the duplicate ratio of the side AB to tne homologous 
side FG. 

Wherefore, similar polygons &c. q.e.d. 

^ # 

\ H 

Corollary 1. In like manner it may be shewn that 
similar four-sided figures, or figures of any number of sides, 
are to one another in the duplicate ratio of their homo¬ 
logous sides; and it has already been shewn for triangles; 
therefore universally, similar rectilineal figures are to one 
another in the duplicate ratio of their homologous sides. 

Corollary 2. If to AB and FG, two of the homologous 
sides, a third proportional M be taken, [YI. ll. 



then AB has to M the duplicate ratio of that which AB 
has to FG. [Y. Definition 10. 
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But any rectilineal figure described on AB is to the similar 
and similarly described rectilineal figure on FG in the 
duplicate ratio of AB to FG , [Corollary 1. 

Therefore as AB is to ilf, so is the figure on AB to the 
figure on FG; [V. 11. 

and this was shewn before for triangles. [VI. 19, Corollary. 

Wherefore, universally, if three straight lines be propor¬ 
tionals, as the first is to the third, so is any rectilineal 
figure described on the first to a similar and similarly 
described rectilineal figure on the second. 


PROPOSITION 21. THEOREM. 

Rectilineal figures which are similar to the same recti¬ 
lineal figure, are also similar to each other. 

Let each of the rectilineal figures A and B be similar 
to the rectilineal figure C: the figure A shall be similar 
to the figure B. 

For, because A is 
similar to G, [Hyp. 

A is equiangular to 
( 7 , aud A and G have 
their sides about the 
equal angles propor¬ 
tionals. [VI. Def. 1. 

Again, because B is 
similar to G, [Hyp. 

B is equiangular to G, and B and G have their sides about 
the equal angles proportionals. [VI. Definition 1. 

Therefore the figures A and B are each of them equian¬ 
gular to G, and have the sides about the equal angles of 
each of them and of G proportionals. 

Therefore A is equiangular to B, [Axiom, 1 . 

nnrl A cimA Z? Knwn Ibnii* oirlna nViAnf fnA AA11QI onnrlaa twa_ 

ujlzvs. auu j-ff iiciT V vuvii C1U.VC uyvitw vitv pir 

portionals; . [V. 11. 

therefore the figure A is similar to the figure B. [VI. De/. 1. 
Wherefore, rectilineal figures &c. q.e.d. 




EUCLID'S ELEMENTS. 


204 


PROPOSITION 22. THEOREM. 

If four straight lines he proportionals, the similar rec¬ 
tilineal figures similarly described on them shall also be 
proportionals; and if the similar rectilineal figures simi¬ 
larly described on four straight lines be proportionals , 
those straight lines shall be proportionals. 

Let the four straight lines AB, CD, EF, GH be pro¬ 
portionals, namely, AB to CD as EF is to GH) and on AB , 
CD let the similar rectilineal figures FAB, LCD be simi¬ 
larly described ; and on EF, GII let the similar rectilineal 
figures MF, NH be similarly described: the figure KAB 
shall be to the figure LCD as the figure MF is to the 
■figure NH. 



To AB and CD take a third proportional X, and to EF 
and GH a third proportional O. [VI. 11. 

Then, because AB is to CD as EF is to GH, [Hypothesis. 
and AB is to CD as CD is to X; [Construction. 

and EF is to GH as GH is to 0~; [ Construction. 

therefore CD is to X as GH is to 0. [Y. 11. 

And AB is to CD as EF is to GH) 
therefore, ex cequali, AB is to X as EF is to 0. [V. 22. 

Rut as AB is to X, so is the rectilineal figure KAB to 
the rectilineal figure LCD ; [VI. 20, Corollary 2. 

and as EF is to O, so is the rectilineal figure MF to the 
rectilineal figure NH ; [VI. 20, Corollary 2. 
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therefore the figure KAB is to the figure LCD as the 
figure MF is to the figure NH. [V. 11* 

Next, let the figure KAB be to the similar figure LCD. 
as the figure MF is to the similar figure NH : AB shall 
be to CD as EF is to GH. 

Make as AB is to CD so EF to PR : [VI. 12. 

and on PR describe tho rectilineal figure SR, similar and 
similarly situated to either of the figures MF, NIL [VI. 18. 
Then, because AB is to CD as EF is to PR, 
and that on AB, CD are described the similar and simi¬ 
larly situated rectilineal figures KAB, LCD, 
and on EF, PR the similar and similarly situated recti¬ 
lineal figures MF, SR ; 

therefore, by the former part of this proposition, KAB is 
to LCD as MF is to SR. 

But, by hypothesis, KAB is to LCD as MF is to NH ; 
therefore MF is to SR as MF is to NH j [V. 11. 

therefore SR is equal to NH. [V. 9. 

But the figures SR and NH are similar and similarly 
situated, [Construction. 

therefore PR is equal to GH. 

And because AB is to CD as EF is to PR, 
and that PR is equal to GH\ 

therefore AB is to CD as EF is to GH. ' [V. 7. 

Wherefore, if four straight lines &c. q.e.d. 


PROPOSITION 23i THEOREM. 

Parallelograms which are equiangular to one another 
have to one another the ratio which is compounded of 
the ratios of their sides , v 
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Let the parallelogram AC be equiangular to the paral- 
lelogram OF, having the apglo BCD equal to tho anglo 
ECO : the parallelogram AC shall have to the parallelo¬ 
gram CF the ratio which is compounded of the ratios of 
their sides. 


• Let BC and CG bo placed in 
a straight line; 

therefore DC and CE are also in 
a straight line; [ 1 . 14 . 

completo the parallelogram DG ; 
take any straight line K s and 
make K to L as BC is to CG, and 
L to M as 2X7 is to CE; [VI. 12 . 
then the ratios of K to L and 
of X to M are the same with the 
ratios of the sides, namely, of BC 
to CG and of 2X7 to CE. 



But the ratio of K to M is that which is said to be com¬ 
pounded of the ratios of K to L and of L to M ; [V. Def. A. 

therefore K has to M tho ratio which is compounded of 
the ratios of the sides. 


JTow the parallelogram AC is to the parallelogram Off 
as BO is to CG ; ® [VI. 1. 

but BC is to CG as F is to L ; [Construction. 

Off£ arallel ° sram AG is to tha parallelogram 

Again, the parallelogram CH is to the parallelogram CF 
as 2X7 is to CX; ' & [yi i, 

but 2X7 is to CE as L is to M; [Construction] 

C^STisto 6 ^ 610 ^ ' GH h t0 the P arallelo ^ ram 

["V# n« 

Then, since it has been shewn that the parallelogram AC 
is to the parallelogram CH as K is to X, 

and that the parallelogram CH is to the parallelogram CF 
as X is to J!/; 

therefore, ex aequali, the parallelogram AG is to the paral¬ 
lelogram CF as K is to M. . [y. 22 . 

tp M the ratio which is compounded of the 
ratios of the sides; 
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therefore also the parallelogram AG has to tho parallelo¬ 
gram GF tho ratio which is compounded of the ratios of 
the sides. 

Wherefore, parallelogram* &c. q.e.d. 


PROPOSITION 24. THEOREM. 

Parallelograms about the diameter of any parallelo¬ 
gram are similar to the whole parallelogram and to one 
another. 

. Let ABGD be a parallelogram, of which AG is a 
diameter; and let EG and HK be parallelograms about 
the diameter: the parallelograms EG and HK shall be 
similar both to the whole parallelogram and to one another. 

For, because DG and 
GF are parallels, 
tho angle ADC is equal 
to the angle A GF. [I. 29. 

And because BC and EF 
are parallels, 
the angle ABC is equal 
to the angle AEF. [1.29. 

And each of the angles # 

BCD and EFG is equal to the opposite angle BAD, [1.34. 

and therefore they are equal to one another. 

Therefore the parallelograms ABGD and AEFG are equi¬ 
angular to one another. 

And because the angle ABC is equal to the angle 
AEF. and the angle BAG is common to the two triangles 
BAGmd EAF 

therefore these triangles are equiangular to one another; 

and therefore AB is to BC as AE is to EF. [VI. 4. 

And the opposite sides of parallelograms are equal to one 

another; * [I- 34. 

therefore AB is to AD as AE is to AG, 

and DC is to GB as GF is to ^FE, . , 

and CD is to DA as FG is to GA. ; [V. 7.* 
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Therefore the sides of the parallelograms AB(JD and 
AEFG about their equal angles are proportional, 

and the parallelograms are therefore similar to one an¬ 


other 

For the same reason the 
parallelogram A BCD is 
similar to the parallelogram 
FHCK. 

Therefore each of tho pa¬ 
rallelograms EG aud HK 
is similar to BD\ 

therefore thoparallelogrnm 

r/y * x _ xi 11 


[VI. Definition 1. 



EG is similar to tho parallelogram HK. 
Wherefore, parallelograms &c. q.e.d. 


IVI. 21. 


PROPOSITION 25. PROBLEM. 


To describe a rectilineal figure which shall be similar 
to one given rectilineal figure and equal to another given 
rectilineal figure. 


Let ABC be the given rectilineal figure to which the 
figure to be described is to be similar, and D that to which 
it is to be equal: it is required to describe a rectilineal 
figure similar to ABC and equal to D. 



On the straight line BC describe the parallelogram BE 
equal to the figure ABC. 


On the straight line CE describe the parallelogram CM 
equal to Z>, and having the angle FCE equal to the 
angle CBL> [1. 45, Corollary. 














I 


BOOK VI. 25, 26. 209 

therefore BC and CF will be in one straight line, and LE 
and EM will be in one straight lino. 

Between BC and C'A’find a mean proportional GH, [VI. IS. 
and on GH describe the rectilineal figure KGH, similar and 
similarly situated to the rectilineal figure ABC. [VI. 18. 
KGH shall bo the rectilineal figure roquired. 

For, because BC is to GH as GH is to CF \ [ Construction. 
and that if three straight lines be proportionals, as the first 
is to the third so is any figure on the first to a similar and 
similarly described figure on the second, [VI. 20, Cor. 2. 

therefore as BC is to CF so is the figure ABC to the 
figure KGH. 

But as BC is to CF so is the parallelogram BE to the 
parallelogram CM ; [VI. l. 

therefore the figure ABC is to the figure KGH as the pa¬ 
rallelogram BE is to the parallelogram CM. [V. 11. 

And the figure ABC is equal to the parallelogram BE) 

therefore the rectilineal figure KGH is equal to the paral¬ 
lelogram CM. < [V. 14. 

But the parallelogram CM is equal to the figure JO ; [Constr. 
therefore the figure KGH is equal to the figure D, [Axiom 1 . 
and it is similar to the figure ABC. j Construction. 

Wherefore the rectilineal figure KGH has been de¬ 
scribed similar to the figure ABC, and equal to D. q.e.f. 


PEOPOSITION 26. THEOREM. 

If two similar parallelograms have a common angle, 
and be similarly situated , they are about the same diameter. 

Let the parallelograms ABCD, 

AEFG be similar and similarly si¬ 
tuated, and have the common angle 
BAD-. ABCD and AEFG shall 
be about the same diameter. 

For, if not, let, if possible, the 
parallelogram BD have its diame¬ 
ter ARC in a different straight 
line from AF, the diameter of the 


D 



14 
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parallelogram EG ; let GF 
meet AHC at H, and through 
H draw HK para lei to AD or 
EC. [1.81. 

Then the parallelograms 
ABCD and AKIIG are about 
the same diameter, and are 
therefore similar to one an¬ 
other; [VI. 24. 

therefore DA is to AB as GA is to AK. 

But because ABCD and AEFG are similar parallelo¬ 
grams, [Hypothesis. 

therefore DA is to AB as GA is to AE. [VI. Definition 1. 
Therefore GA is to AK as GA is to AE, [V. 11. 

that is, GA has the same ratio to each of the straight lines 
AK and AE, 

and therefore AK is equal to AE, [V. 9. 

the less to the greater; which is impossible. 

Therefore the parallelograms ABCD and AEFG must 
have their diameters in the same s traight line, that is, they 
are about the same diameter. 

Wherefore, if two similar parallelograms &c. q.e.d. 



PROPOSITION 30. PROBLEM. 

To cut a given straight line in extreme and mean ratio. 

m Bet AB be the given straight line: it is required to cut 
it in extreme and mean ratio. 

Divide AB at the point C, so 

that the rectangle contained by - 

AB,BC may be equal to the square ^ C B 
on AC. * [11.11. 

Then, because the rectangle AB, BC is equal to the 
square on AC, [ Construction. 

therefore AB is to AC as AC is to CB. [VI. 17 . 

Wherefore AB is cut in extreme and mean ratio at 
the point C. Q.E.F. [VI. Definition 3. 
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PROPOSITION 31. THEOREM. 

In any right-angled triangle, any rectilineal figure de¬ 
scribed on the side subtending the right angle is equal to 
the similar and similarly described figures on the sides 
containing the right angle. 

Let ABC be a right-angled triangle, having the right 
angle BAC: the rectilineal figure described on BC shall 
be equal to the similar and similarly described figures on 
BA and CA. 

Draw the perpendicular 
AD. [1.12. 

Then, because in the right- 
angled triangle ABC, AD 
is drawn from the right 
angle at A, perpendicular 
to the base BC, the triangles 
ABD, CAD are similar to 
thewholetriangle CBA,and 
to one another. [YI. 8. 

And because the triangle CBA is similar to the triangle 
ABD, 

therefore CB is to BA as BA is to BD. [YI. Def. 1. 
And when three straight lines are proportionals, as the 
first is to the third so is the figure described on the first 
to the similar and similarly described figure on the 
second; [YI. 20, Corollary 2. 

therefore as CB is to BD so is the figure described on CB 
to the similar and similarly described figure on BA ; 

and inversely, as BD is to BC so is the figure described 
on BA to that described on CB. [V. B. 

In the same manner, as CD is to CB so is the figure 
described on CA to the similar figure described on CB. 
Therefore as BD and 'CD together are to CB so are the 
figures described on BA and CA together to the figure 
described on CB. [Y. 24, 

But BD and CD together are equal to CB; 

therefore the figure described on BC is equal to the similar 
and similarly described figures on BA ana CA. [V. A. 

Wherefore, in any right-angled triangle &a q.e.d, 

14—2 
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PEOPOSITION 32. THEOREM. 

If two triangles , which have two sides of the one pro¬ 
portional to two sides of the other, be joined at one angle 
so as to have their homologous sides parallel to one another, 
the remaining sides shall be in a straight line. 

Let ABC and DCE be two triangles, which have the 
two sides BA, AC proportional to the two sides CD, DE, 
namely, BA to AC as CD is to DE; and let AB be 
parallel to DC and AC parallel to DE : BC and CE shall 
be in one straight line. 

For, because AB is parallel A 
to DC, [Hypothesis. t\. 

and AC meets them, \ \ D 

the alternate angles BAG, \ N. • K 
ACD are equal; [I. 29 . \ \ x. 

for the same reason the angles '_ xl X 

A CD, CDE are equal ; ® 0 E 

therefore the angle BAC is equal to the angle CDE. [Ax. 1. 
And because the triangles ABC, DCE have the angle at 
A equal to the angle at and the sides about these angles 
proportionals, namely, BA to AC as CD is to DE, [Hyp, 

therefore the triangle ABC is equiangular to the triangle 
f' CE } [VI. 6. 

therefore the angle ABC is equal to the angle DCE. 

And the angle BAC was shewn equal to the angle ACD; 
therefore tho whole angle ACE is equal to the two angles 
ABC and BAC. - [Aximn 2. 

Add the angle ACB to each of these equals; 

then the angles ACE and ACB are together equal to tho 
angles ABC, BAC, ACB. 

But the angles ABC, BAC, ACB are together equal to 
two right angles; [I. 32 , 

therefore the angles ACE and ACB are together equal to 
two right angles. 

And since at the point C, in the straight line AC, tho 
two straight lines BO, CE which are on the opposite sides 
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of it, make the adjacent angles ACE\ ACB together equal 
to two right angles, 

therefore BC and CE are in one straight line. [1.14. 
Wherefore, if two triangles &c. q.e.d. 


PROPOSITION 33. THEOREM. 

In equal circles, angles, whether at the centres or at the 
circumferences, have the same ratio which the arcs on 
which they stand have to one another; so also have the 
sectors. 

Let ABC and DEF be equal circles, and let BOC and 
EHF be angles at their centres, and BAG and EDF 
angles at their circumferences: as the arc BC is to the arc 
EF so shall the angle BGC be to the angle EHF. and the 
angle BAG to the angle EDF; and so also shall the sector 
BGC be to the sector EHF. 



Take any number of arcs CK. KL, each equal to BC, 
and also any number of arcs FM, MN each equal to EF\ 
and join GK, GL, HM, HN. 

Then, because the arcs BC, CK, KL, are all equal, [Constr, 
the angles BGC, CGK, KGL are also all equal; [III. 27. 
and therefore whatever multiple the arc BL is of the arc 
BC, the same multiple is the angle BGL of the angle 
BGC. 

For the same reason, whatever multiple the arc EN is of 
the arc EF, the same multiple is the angle EHN of the 
angle EHF, 
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And if the arc BL be equal to the arc EN, the angle BGL 
is equal to the angle EHN; [III. 27 . 

and if the arc BL be greater than the arc EN, the angle 
BGL is greater than the angle EHN; and if less, less. 

Therefore since there are four magnitudes, the two 
arcs BC, EF, and the two angles BGC, EHF ; 



and that of the arc BC and of the angle BGC have been 
taken any equimultiples whatever, namely, the arc BL and 
the angle BGL; 

and of the arc EF and of the angle EHF have been taken 
any equimultiples whatever, namely, the arc EN and the 
angle EHN; 

and since it has been shewn that if the arc BL be greater 
than the arc EN, the angle BGL is greater than the angle 
EHN ; and if equal, equal; and if less, less; 

therefore as the arc BC is to the arc EF, so is the angle 
BGC to the angle EHF. [V. Definition 5. 

But as the angle BGC is to the angle EHF, so is the 
angle BAG to the angle EDF, [V. 15. 

for each is double of each; [III. 20. 

therefore, as the arc BC is to the arc EF so is the angle 
BGC to the angle EHF, and the angle BAG to the angle 
EDF. 


Q a fha nun 

iw VIIV tu V 


T>C 


BGC be to the sector EHF. 
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Join BC, CK, and in the arcs BC, CK take any points 
X, 0, and join BX, XC, CO, OK. 
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Then, because in the triangles BGG, GGK, the two 
sides BG, GO are equal to the two sides GG, GK, each to 
each; 

and that they contain equal angles; [III. 27. 

therefore the base BG is equal to the baso GK, and the 
triangle BGG is equal to the triangle GGK. [I. i. 
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And because the arc BG is equal to the arc GK, [Comtr. 
the remaining part when BG is taken from the circum*- 
ference is equal to the remaining part when GK is taken 
from the circumference; 

therefore the angle BXG is equal to the angle COK. [III. 27. 
Therefore the segment BXG is similar to the segment 
GOK ; [III. Definition 11. 

and they are on equal straight lines BG, GK. 

But similar segments of circles on equal straight lines are 
equal to one another; [III. 24. 

therefore the segment BXG is equal to the segment COK. 

And the triangle BGG was shewn to be equal to the 
triangle CGK ; 

therefore the whole, tho sector BGG, is equal to the whole, 
the sector CGK. [Axiom 2. 

For the same reason tho sector KGL is equal to each of 
the sectors BGG, CGK. 

In the same manner the sectors EHF, FHM', MHN may 

dll A tIT»k -i»/V lx m m jrs 1 X a a a u i.1 . 

V-V c-wTTU M/ uo CvjUiii <|U UiiU UUUUIUf* 

Therefore whatever multiple tho arc BL is of the arc 
BG, the same multiple is the Bector BGL of tho sector 

n /~v /v * 
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a ??i/ or *a m © reason whatever multiple the arc EN is 
of the oxoEF.', the same multiple is the sector EHN of the 
sector EHF. 


And if the arc BL be equal to the arc EN the sector 
BGL is equal to the sector EHN; 

Md if the arc BL be greater than the arc EN, the sector 
BGL is greater than the sector EHN ; and if less, less. 

B *H c f, ^ ere m-Q four magnitudes, the two 
arcs BC, EF, and the two sectors BGC, EIIF} 



and that of the arc BC and of the sector BGC have been 
taken any equimultiples whatever, namely, the arc BL and 
the sector BGL; 

and of the arc EF and of the sector EHF have been taken 

any equimultiples whatever, namely, the arc EN and the 
sector KH1\ • 


and since it has been shewn that if the arc BL be greater 
than the arc EN the sector BGL is greater than the 
sector EHN; and if equal, equal ; and if less, less; 

“ tho arc jBC is to the arc EF, so is the sector 
BGC to the sector EHF. . [V. Definitions, 

Wherefore, in cgual circles &c. q.e.d. 
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* BOOK VI. B. 

PROPOSITION B. THEOREM. 

If the vertical angle of a triangle be bisected by a straight 
line which likewise cuts the base, the rectangle contained 
by the sides of the triangle is equal to the rectangle con¬ 
tained by the segments of the base, together with the square 
on the straight line which bisects the angle. 

Let ABC be a triangle, and let the angle BAG be 
bisected by the straight line AD : the rectangle BA, AO 
shall be equal to the rectangle BD, Z>(7, together with the 
square on AD. 

• Describe the circle AGB 
about the triangle, [IV. 5. 
and produce AD to meet the 
circumference at E, 

and join EG. 

Then, because the angle 
BAD is equal to the angle 
EAG, [. Hypothesis . 

and the angle ABD is equal to 
the angle AEG, for they are in 
the same segment of the circle, [III. 21. 

therefore the triangle BAD is equiangular to the triangle 
EAG. 

Therefore BA is to AD as EA is to AC; [VI. 4. 

therefore the rectangle BA, AC is equal to the rectangle 
EA, AD, [VI 16. 

that is, to the rectangle ED, DA, together with the square 
on AD. [II. 3. 

But the rectangle ED, DA is equal to the rectangle 
BD, DC; 1 , [III. 35. 

therefore the rectangle BA, AG is equal to the rectangle 
BD, DC, together with the square on AD. 

Wherefore, if the vertical angle &c. q.e.d. 
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PROPOSITION C. THEOREM. 'V 


If f rom the vertical angle of a triangle a straight line 
he drawn perpendicular to the base, the rectangle contained 
by the sides of the triangle is equal to the rectangle con¬ 
tained by the perpendicular and the diameter qfthe circle 
described about the triangle, 

* 

Let AUG be a triangle, and let AD be the perpen¬ 
dicular from tho angle A to tho base DC: tho rectangle 
DA, AC shall be equal to the rectangle contained by AD 
and the diameter of the circle described about the triangle. 

Describe the circle ACB 
about the triangle; [IV. 5. 

draw the diameter AE, and 
join EC. 

Then, because the right 
angle BDA is equal to the 
angle EGA in a semi¬ 
circle ; [III. 31. 

and the angle ABD is equal 
to the angle AEC, for they 
are in the same segment of 
the circle; [III. 21. 

therefore tho triangle ADD is equiangular to the triangle 
AEG. 

Therefore BA is to AD as EA is to AC) [VI; 4. 

therefore the rectangle DA, AC is -equal to the rectangle 
EA, AD. "VI. 16. 

Wherefore, if from, the vertical angle &c. q.e.d. 



PROPOSITION D, THEOREM 

The rectangle contained by the diagonals of a quadri¬ 
lateral figure inscribed in a circle is equal to both the 
rectangles contained by its opposite sides. 
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Let ABGD be any quadrilateral figure inscribed in 
a circle, and join AG, BD : the rectangle contained by 
AG, BD shall be equal to the two rectangles contained by 
AB, GD and by AD, BG. 

i Make the angle ABE equal to the angle DBG; [I. 23. 
Ad to each of these 
Jpquals the angle EBD, 

*then the angle ABD 
is equal to the angle 
EBG. [Axiom 2. 

And the angle BDA is 
equal to the angle B GE, for 
they are in the same seg¬ 
ment of the circle; [III.21. 
therefore the triangle 
A BD is equiangular to the 
triangle EBG. 

Therefore AD is to DB 
as EG is to CB; 
therefore the rectangle AD, GB is equal to the rectangle 
DB, EC. ITI. 16. 

Again, because the angle ABE is equal to the angle 
D[Consti'uction. 

an d the angle BAE is equal to the angle BDG, for they 
are in the same segment of the circle; [III. 21. 

therefore the triangle ABE is equiangular to the triangle 
DBG. 



[VI. 4. 


Therefore BA is to AE as BD is to DC ; [VI. 4* 

therefore the rectangle BA, DC is equal to the rectangle 
AE, BD. [VI. 16, 

But the rectangle AD, CB has been shewn equal to 
the rectangle DB, EG ; 

therefore the rectangles AD, CB and BA, DC are together 
equal to the rectangles BD, EG and BD, AE j 
that is, to the rectangle BD, AG. [II. 1. 

Wherefore, the rectangle contained &c. 
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\ 

DEFINITIONS. 


1. A solid is that which has length, breadth, and 
thickness. w 

2. That which bounds a solid is a superficies. 

3., A straight line is perpendicular, or at right angles, 
to a plane, when it makes right angles with every straight 
line meeting it in that plane. 

4. A plane is perpendicular to a plane, when the 
straight lines drawn in one of the planes perpendicular to 
the common section of the two planes, are perpendicular 
to the other plane. 

6. The inclination of a straight line to a plane is the 
acute angle contained by that straight line, and another 
drawn from the point at which the first line meets the 
plane to the point at which a perpendicular to the plane 
drawn from any point of the first line above the plane, 
meets the same plane. 

6. The inclination of a plane to a plane is the acute" 
angle contained by two s tonight lines drawn from any the 
same point of their common section at right angles to it, 
one in one plane, and the other in the other plane. 

7. Two planes are said to have the same or a like 
inclination to one another, which two other planes have, 
when the said angles of inclination are equal to one 
another. 

8. Parallel planes are such as do not meet one another 
though produced. 
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9. A solid angle is that which is made by more than 
two piano angles, which are not in the same plane, mooting 
at ono point. 

10. Equal and similar solid figures are such as are 
contained by similar planes equal in number and magni¬ 
tude. {See the Notes] 

11. Similar solid figures are such as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

12. A pyramid is a solid figure contained by planes 
which are constructed between one piano and one point 
above it at which they meet. 

13. A prism is a solid figure contained by plane figures, 
of which two that are opposite are equal, similar, and par¬ 
allel to one another; ana the others are parallelograms. 

14. A sphere is a solid figuro described by the revolu¬ 
tion of a semicircle about its diameter, which remains 
fixed. 

15. The axis of a sphere is the fixed straight line 
about which the semicircle revolves. 

16. The centre of a sphere is the same with that of’the 
semicircle. 

17. The diameter of a sphere is any st’-aight line which 
passes through the centre, and is terminated both ways by 
the superficies of the sphere. 

18. A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which side remains fixed. 

If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone; 
if it be less than the other side, an obtuse-angled cone: 
and if greater, an acute-angled cone. 

19. The axis of a cone is the fixed straight line about 
which the triangle revolves.. 
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20 . The base of a cone is tlio circle described by that 
Bide containing the right angle which revolves. 

21 . A cylinder is a solid figure described by the revo¬ 
lution of a right-angled parallelogram about one of its sides 
which remains fixed. 

22 . The axis of a cylinder is tho fixed straight lino 
about which the parallelogram revolves. 

23. The bases of a cylinder are the circles described 
by the two revolving opposite sides of the parallelogram. 

24. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 

25. A cube is a solid figure contained by six equal 
squares. 

26. A tetrahedron is a solid figure contained by four 
equal and equilateral triangles. 

27. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal pentagons which are equilateral and equi¬ 
angular. 

29. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

A. A parallelepiped is a solid figure contained by six 
quadrilateral figures, of which every opposite two are 
parallel. 


PROPOSITION 1. THEOREM. 

One part of a straight line cannot be in a plane, and 

another- part without it. 

If it be possible, let AS, part of the straight line 
ABC, be in a plane, and the part BC without it. 
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Then sinco the straight 
line AB is in the plane, it can 
be produced in that plane; 
let it bo producod to D ; and 



\_^ 

z\ 

lot any plane pass through the 
straight line/4 Z>,aud bo turned 

\A U 



about until it pass through Uio point G. 

Then, because the points B and C aro in this plane, the 
straight lino BO is m it. [I. Definition 7. 

Therefore there aro two straight lines ABC, ABB in the 
same plane, that have a common segment AB\ 
but this is impossible. [I. ll, Corollary . 

Wherefore, one part of a straight line &c. q.e,d. 
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PROPOSITION 2. THEOREM. 


Tico straight lines which cut one another are in one 
plane; and three straight lines which meet one another 
are in one plane. 


Let the two straight lines AB, CD cut one another at 
Ex AB and CD shall be in one plane; and the three 
straight lines EC, CB, BE which meet one another, shall 
be in one plane. 

Let any plane pass through the 
straight line EB, and let the plane 
be turned about EB, produced if 
necessary, until it pass through the 
point G. 

Then, because the points E 
and C are in this plane, the straight 
line EG is in it; [I. Definition 7. 

for the same reason, the straight 
line BC is in the same plane; 

and, by hypothesis, EB is in it. 

Therefore the three straight lines EC, CB, BE are in one 
plane. 
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are; 

therefore AB and CD are in one plane. 
Wherefore, two straight lines &c. q.e.d. 
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PROPOSITION 3. THEOREM. 

If two planes cut one another their common section 
is a straight line. 

Let two planes AB, BC cut one another, and let BD 
he their common section: BD shall be a straight line. 

If it be not ; from B to D, draw 
in the plane AB the straight line 
BED. and in the plane BC the 
Straight line BFD. [Postulate 1. 

Then the two straight lines BED, 

BFD have the same extremities, 
and therefore include a space be¬ 
tween them; 

but this is impossible. [Axiom 10. 

Therefore BD, the common section of the planes AB and 
BC cannot but be a straight line. 

Wherefore, if two planes &c. q.e.d. 



PROPOSITION 4. THEOREM. 


If a straight line stand at right angles to each of two 
straight lines at the point of their intersection, it shall 
also be at right angles to the plane which passes through 
them, that is, to the plane in which they are. 


Let the straight line EF stand at right angles to each 
of the straight lines AB, CD, at E, 
the point of their intersection: EF 
shall also be at right angles to the 
plane passing through AB, CD. 

Take the straight lines AE, EB, 

CE, ED, all equal to one another; 
join AD, CB; through E draw in 
the plane in which are AB, CD, 
any straight line cutting AJD at G, 
and CB at H -, and from any point 
F in EF draw FA, FG, FD, FC, 

FH, FB . 
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Then, because the two sides AE, ED are equal to the 
two sides BE, EC, each to each, [Construction. 

and that they contain equal angles A ED, BEC; [1.15. 

therefore the base AD is equal to the base BC, and the 
angle DAE is equal to the angle EEC. [I. 4 . 

And the angle AEG is equal to the angle BEH ; [1. 15. 

therefore the triangles AEG, BEE have two angles of the 
one equal to two angles of the other, each to each; 

and the sides EA, EB adjacent to the equal angles are 
equal to one another; [Construction. 

therefore EG is equal to EH, and AG is equal to 
BH ' [I. 26 . 

And because EA is equal to EB, [Construction. 

and EF is common and at right angles to them, [Hypothesis. 
therefore the base AF is equal to the base BF. [1.4. 
For the same reason CF is equal to DF. 

And since it has been shewn that the two sides DA, 
AF are equal to the two sides CB, BF, each to each, 
and that the base DF is equal to the base GF\ 
therefore the angle DAE is equal to the angle CBF. [I. 8. 

Again, since it has been shewn that the two sides FA, 
AG are equal to the two sides FB, BH, each to each, 
and that the angle FAG is equal to the angle FBH ; 
therefore the base E'G is equal to the base FH. [I. 4, 

Lastly, since it has been shewn that GE is equal to HE. 
and EF is common to the two triangles FEG, FEH-, 

and the base FG has been shewn equal to the base FH) 
therefore the angle FEG is equal to the angle FEH [I. 8. 
Therefore each of these angles is a right angle. [I. Dejin. 10. 

In like manner it may be shewn that EF makes right 
angles with every straight line which meets it in the plane 
passing through AB, CD. 

Therefore EF is at right angles to the plane in which are 
AB, CD. [XI. Definition 3. 

W hercfore, if a straight line &c. q.e.d. 
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PROPOSITION 6. THEOREM. 

If three straight lines meet all at one point, and a 
straiaht line stand at right angles to each of them at that 
point, the three straight lines shall be m one and the same 

plane. \ 

Let the straight line AB stand at right angles to each 
of the straight fines BO, BD, BE, at B the point where 
they meet °BC, BD, BE shall be in one and the same 

plane. 

For, if not. let, if possible, A 

BD and BE be in one plane, 

and BC without it; letaplane C 

pass through AB and BC\ / 

the common section of this / 

plane with the plane in which AS 

hr a BD and BE is a straight ^ 

line ; [XL 3. “ D 

let this straight line be BF. 

Then the three straight lines ,. , 

AB, BC, BF are all in one plane, namely, the plane which 

passes through AB and BC. ‘ 

And because AB stands at right angles to each of the 
straight lines BD, BE, [Hypothesis 

therefore it is at right angles to the plane passing through 

them ; . ^ • * 

therefore it makes right angles with eveiT stmight hne 
meeting it in that plane. C XL Definition 6. 

But BF meets it, and is in that plane; 
therefore the angle ABF is a right angle. 

But the angle ABC is, by hypothesis, a right angle j 
therefore the angle ABC is equal to the angle ABF ; [Ax. IT. 
and they are in one plane; which is impossible. [Axrnn 9. 
Therefore the straight line BC is not without the plane in 

v • i _ d n X? J5? 

wlnca iiro 

therefore the three straight lines BC, BD, BE are in one 
and the same plane. 

W hevefore, if three straight lines &c. Q.n J). 
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PROPOSITION 0. THEOREM. 

If two straight lines be at right angles to the same plane, 
they shall be parallel to one another. 

Let the straight lines AB, CD be at right angles to the 
same plane: AB shall be parallel to CD. 

Let them meet the plane at the 
points By D ; join BD ; ana in the plane 
draw DE at right angles to BD ; [1.11. 
mako DE equal to AB ; [I. 3. 

and join BE, AE, AD. 

Then, because AB is perpendicular 
to the plane, [Hypothesis. 

it makes right angles with every straight 
line meeting it in that plane. [XI. Def. 3. 

But BD and BE meet AB, and are 
in that plane, 

therefore each of the angles ABD, ABE is a right angle. 
For the same reason each of the angles CDB, CDE is a 
right angle. 




And because AB is equal to ED, [Construction. 

and BD is common to the two triangles ABD, EDB, 
the two sides AB, BD are equal to the two sides ED, DB, 
each to each; 

and the angle ABD is equal to the angle EDB, each of 
them being a right angle; [Axiom, 11 . 

therefore the base AD is equal to the base EB. [1. 4. 

Again, because AB is equal to ED, [Construction. 

and it has been shewn that BE is equal to DA ; 

therefore the two sides AB, BE are equal to the two sides 
ED, DA, each to each; 

and the base AE is common to the two triangles ABE, 
EDA ; 

tlifirnfArA fVin nnrrlA A 7?7£ifl Annol fn fliA qtiotIa RT) A TT ft 

But the angle ABE is a right angle, 

1 therefore the angle EDA is a right angle, 
that is, ED is at right angles to AD, 

15—2 
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But ED is also at right angles . v 

to each of the two BD, CD; • A K 

therefore ED is at right angles to \\ 

each of the three straight lines BD, \ \ 

■AD, CD, at the point at which \ \ 

they meet; t> \ x 

therefore these three straight lines B \ V / D 

are all in the same plane. * [XI. 5. \ \ / ' 

But AB is in the plane in which 'm / 

are BD, DA ; [XI. 2. E 

therefore AB, BD, CD are in one plane. 

And each of the angles ABD, CDB is a right angle ; 
therefore AB is parallel to CD. [X 2S 

Wherefore, iftwb straight lines &c* q.e.d. 


PROPOSITION 7. THEOREM. 

If two straight lines le parallel, the straight line drawn 
from any pointin one to any point in the other, is in the 
same plane with the parallels* 

„ • J 56 P ara Hel straight lines, and take any 

point E in one and any point F in the other: the straight 
lme which joins E and F shall be in the same plane with 
the parallels. v 

Bor, jf not, let it be, if pos¬ 
sible, without the plane, as A v. _B 

EOF-, and in the planed BCD, ~X\ 

in which the parallels are, \y 

draw the straight line EUF H\\ 

from E to F. \] 

Then, since EGF\& also a G B 

straight line, [Hypothesis. 

the two straight lines EOF, EHF include a space between 
them; which is impossible. [Axiom 10# 

Therefore the straight line ininino- rvAintn Tf J 73 • _1 

-----O —;-fn/llJLO JLd iliiU S7 15 

not without the plane m which the parallels AB, CD are • 
therefore it is in that plane. 

Wherefore, if two straight lines &c« q.e.d* 
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PROPOSITION 8. THEOREM. 

If two straight lines be parallel , and one of t/urn be at 
right angles to a plane , o*A<?r a&c be at riaht 

angles to the same plane. y 

. k Gt A ?h G iP b 4 ® *!*? P arallel straight lines; and let one 

qLii t m A fi afc V sl1 } a r sles to a P lane : the other CD 
shall be at right angles to the same plane. 

Let AB, CD meet the plane 
at the points B, D ; join BD ; 

therefore AB, CD, BD are in 
one plane. [XI. 7. 

In the plane to which AB is at 
right angles, draw DE at right 
angles to BD ; [I. li. B 

make DE equal to AB\ JT 3. 
and join BE, AE, AD. 

Then, because AB is at right 
angles to the plane, [ Hypothesis. 

it makes right angles with every straight line meeting it 
m that plane; [XI. Definition 3 . 

therefore each of the angles ABD, ABE is a right angle. 

.And because the straight line BD meets the parallel 
straight lines AB, CD, 

the angles ABD, CDB are together equal to two right 
angies. ^ 29 . 

But the angle ABD is a right angle, [Hypothesis. 

therefore the angle CDB is a right angle; 
that is, CD is at right angles to BD. 

And because AB is equal to ED, [Construction. 

and BD is common to the two triangles ABD, EDB; 

the two sides AB, BD are equal to the two sides ED, DB 
each to each; ’ ’ 

and the &ngle ABD is equal to the angle EDB, each of 
mum ucing a right angle; [Axiom 11. 

therefore the base AD is equal to the base EB. [I. 4. 

Again, because AB is equal to ED, [Construction. 

and BE has been shewn equal to DA, 
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i M \ . 

tho two sides AB, BE are equal to the two sides ED, DA, 

each to each: 

• # 

and the base AE is common to the two 
triangles ABE, EDA ; 

therefore the angle ABE is equal to 
the angle ADE. [I. 8. 

But the angle ABE is a right angle,* 
therefore the angle ADE is a right angle ; 
that is, ED is at right angles to AD. 

But ED is at right angles to BD, [Const. 
therefore ED is at right angles to the 
plane which passes through BD, DA, [XI. 4. 

and therefore makes right angles with every straight line 
meeting it in that plane. . [XI. Definition 3. 

But OD is in the plane parsing through BD, DA, because 
all three are in the plane in which are the parallels AB, CD; 
therefore ED is at right angles to CD, 
and therefore CD is at right angles to ED. 

But CD was shewn to be at right angles to BD ; 
therefore CD is at right angles to the two straight lines 
BD, ED, at the point of their intersection D, 
and is therefore at right angles to tho plane passing 
through BD, ED, , [XI. 4. 

that is, to the plane to which AB is at right angles. 
Wherefore, if two straight lines &c. q.e.d. 
PROPOSITION 9. THEOREM. 

Two straight lines which are each of them parallel to 
the same straight line, and not in the same plane with it, 
are parallel to one another. 

Let AB and CD bo each„of them parallel to EF, and 
not in the same plane with it: 

AB shall be parallel to CD. 

In EF take any point G; in 
the plane passing through EF 
and AB, drawfrom 6r the straight 
line GH at right angles to EF; 
and in the plane passing through 
EF and CD, draw from G the 
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straight line GK at right angles to EF. [x. 11. 

Then, because EF is at right angles to GH and 
# [ Construction . 

EF v& at right angles to the plane HGK passing through- 
them. [XI. 4. 

And EF is parallel to AB; [Hypothesis. 

therefore AB is at right angles to the plane HGK. [XI. 8. 
For the same reason CD is at right angles to the plane 

JLiCrlC* 

Thercforo AB and CD are both at right angles to the 
plane HGK. 

Therefore AB is parallel to CD. [Xi. g. 

Wherefore, if two straight lines &c. q.e.d. 


. PROPOSITION 10.* THEOREM. 

If two straight lines meeting one another he parallel to 
two others that meet one another, and are not in the same 
plane with the first two, the first two and the other two 
shall contain equal angles. 

Let the two straight lines AB, BC", which meet one an¬ 
other, be parallel to the two straight lines DE, EF, which 
another, and are not in the same plane with 

AB, BC: the angle ABC shall be equal to the angle DEF. 

Take BA, BC, ED, EFa\\ equal to 
one another, and join AD, BE, OF.\ 

AC, DF. 

Then, because AB is equal and 
parallel to DE, 

therefore AD is equal and parallel to 
BE ' [1.33. 

Tor the same reason, CF is equal 
anu parallel to BE. 

Therefore AD and CF are each of 
them equal and parallel to BE. 

Therefore AD is parallel to CF, 
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and AD is also equal to 
CF» [Axiom 1. 

Therefore AC is equal and 
parallel to DF. [I. 33. 

And because AB, BC 
are equal to DE, EF, each 
to each, 

and the base AC is equal to 
the base DF, 

therefore the angle ABC is 
equal to the angle DEF. [1.8. 

Wherefore, if two straight lines &c. q.b.d. 


* PROPOSITION 11. PROBLEM. 

To draw a straight line perpendicular to a given plane , 
from a given point without it .. 

Let A be the given point without the plane BH\ it is 
required to draw from the point A a straight line oerpen- 
dicular to the plane BH. 

Draw any straight line 
BC in the plane BH, and 
from the point A draw AD 
perpendicular to BC. [1.12. 

Then if AD be also perpen¬ 
dicular to the plane BH, 
the thing required is done. 

But, if not, from the poipt 
D draw, in the plane BH, 
the straight line DE at 
right angles to BC, [1.11. ~ 

and from the point A draw AF perpendicular to DE. [1.12. 
AF shall be perpendicular to the plane BH. 

Through F draw GH parallel to BO. [I. 31. 

Then, because BC is at right angles to ED and DA, [0<mtr. 

BC is at right angles to the plane passing through ED 
and DA. [XI. 4. 

And GH is parallel to BC j [ Construction . 
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therefore GH is at right augles to the plane passing 
through ED and DA ; / [XL 8. 

therefore GH makes right angles with every straight line 
meeting it in that plane. [XI. Definition 3. 

But AF meets it, and is in the plane passing through ED 
and DA ; 

therefore GH is at right angles to AF, 
and therefore AF is at right angles to GH. 

But ^lif’is also at right angles to DE', [Construction. 

therefore AF is at right angles to each of the straight 
lines GH and DE at the point of their intersection; 

therefore AF is perpendicular to the plane passing through 
GH and DE, that is, to the plane BH. [XI. 4. 

Wherefore, from the given point A, without the plane 
BH, the straight line AF has been drawn perpendicular 
to the plane. q.e.f. 


PROPOSITION 12. PROBLEM. 

To erect a straight line at right angles to a given plane, 
from a given point in the plane. 

Let A be the given point in the given plane: it is re¬ 
quired to erect a straight line from the point A, at rigb*; 
angles to the plane* 

From any point B without the 
plane, draw BG perpendicular to 
the plane; [XI. 11. 

and from the point A draw AD 
parallel to BG, [I. 31. 

AD shall be the straight line re¬ 
quired. 

For, because AD and BG are 
two parallel straight lines, [Comir. 
and that one of them BG is at 
right angles to the given plane, 
the other AD is also at right angles to the given plane. [XI. 8. 

Wherefore a straight line has been erected at right an. 
gles to a given plane, from a given point in it. q.e.f. 


Di jB 


L 


U 


[Construction. 
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PROPOSITION 13. THEOREM. 

From the tame point in a given plane, there cannot he 
two straight lines at right angles to the plane, on the same 
tide oj it; ana there can he hut one perpendicular to a 
plane from a point icithout the plane. 

For, if it be possible, let the two straight lines AB AC 
be at right angles to a given plane, from the same point A 
in the plane, and on the same side of it. 

Let a plane pass through B n 

BA, AC; \ / 

the common section of this \ / 

with the given plane is a \ / 

straight line; [XI. 3. _V_ 

let this straight line be DAE. ^ 

Then the three straight lines AB, AC, DAE are 
all m one plane. 

And because CA is at right angles to the plane, [Hypothesis. 
it makes right angles with every straight line meeting it 
in the plane. [XI . Definition 3 . 

But DAE meets CA, and is in that plane; 
therefore the angle CAE is a right angle. 

For the same reason the angle BAE is a right angle. 
Therefore the angle CAE is equal to the angle BAE; [Ax. 11. 
and they are in one plane; 

which is impossible. [Axiom 9 . 

Also, from a point without the plane, there can be but 
one perpendicular to the plane. 

another* 16 ™ 60111(1 b ° tW0> they would be P araI lel to one 
.... . _ [XI. 3. 

which is absurd. 

Wherefore, from the same point &c. q.e.d. 
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PROPOSITION 14. THEOREM. 

Planes to which the same straight line is perpendicular 
are parallel to one another. 

Let the straight lino AB bo perpendicular to each of 
the planes CD and EF\ these planes shall be parallel to 
one another. 

For, if not, they will meet one 
another when produced; 
let them meet, then their com¬ 
mon section will be a straight 
line; 

let GH be this straight line; in 
it take any point K } and join 
AK, BK. 

Then, because AB is perpen¬ 
dicular to the plane EF, [Hyp. 
it is perpendicular to tho straight 
line BK which is in that 
plane; [XI. Definition 8. 

therefore the angle ABK is a right angle. 

For the same reason the angle BAK is a right angle. 
Therefore the two angles ABK\ BAK of the triangle 
ABK are equal to two right angles; 

which is impossible. [I. 17. 

Therefore the planes CD and EF\ though produced, do 
not meet one another; 

that is, they are parallel. [XI. Definition 8. 

Wherefore, planes &c. Q.e.d. 


PROPOSITION 15. THEOREM. 

T 7 />/vi a a ia/*7i am/y/yfi rvno. nvsrkijio.v* T\A vifi.Y'flllol. 

JS.J ttt/V cv: WL^’/fv Vfffzro tvivvvrv ^.n/v.wr jj ^ —* 

to two other straight lines which meet one another , hut 
are not in the same plane with the first two , the plane pass¬ 
ing through these is parallel to the plane passing through 
the others. .. . , f . 






.1 
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Lot AB, BC, two straight linos which moot one another, 
be parallel to two other straight lines DE, EF, which meet 
one another, but are not in the same plane with AB, BC: 
the plane passing through AB, BC, shall be parallel to the 
plane passing through DE, EF. 


From the point B draw BG 
perpendicular to theplaue pass¬ 
ing through DE, EF, [XI. 11. 

and let it meet that plane at G; 
through G draw GH parallel to 
ED, and (rJTparallel to EF. [1.31. 

Then, because BG is per¬ 
pendicular to the plane passing 
through DE, EF, [Construction. 



it makes right angles with every straight line meeting it 
in that plane; [XI. Definition 3. 

but the straight lines GH and GK meet it, and are in that 


therefore each of the angles BGH and BGK is a right 


Now because BA is parallel to ED, 
and GH is parallel to ED, 

therefore BA is parallel to GH; 


[Hypothesis, 
[Construction. 

[XI. 9. 

therefore the angles ABG and BGH are together equal 
to two right angles. ° 

And the angle BGHYas been shewn to be a right angle; 
therefore the angle ABG is a right angle. 

For the same reason the angle CBG is a right angle. 

Then, because the straight line GB stands at right 
fnlSrsection S “““ BA * BC > at their P obt of 

therefore GB is perpendicular to the plane passing through 
’ U [XI. 4. 

And GB is also perpendicular to the plane passing through 
} * [•ConstructioTK 




















I 

I 


BOOK XI. 15 , 16 . 


237 


ie another, 
vliich meet 
i AB, BC : 
allol to the 



meeting it 

definition 3. 

ire in that 

is a right 

Hypothesis. 

Jmtruction, 

[XI. 9. 

her equal 
[L 29. 

t angle; 

’ !> 

gle. 

at right 
: point of 

g through 
[XI. 4. 

% through 
nstruction. 


But planes to which the same straight line is perpendicular 
are parallel to ono another; [XI. 14. 

therefore the plane passing through AB, BC is parallel to 
the plane passing through BE, EF. 

Wherefore, if two straight lines &c. q.e.iv 


PBOPOSITION 16. THEOREM. 

If two parallel planes be cut by another plane, their 
common sections with it are parallel. 




EFHG, and let their common sections with it be EF, 
GH: EF shall be parallel to GH. 

For if not, EF and GH, being produced, will meet 
either towards F,H, or towards E, G. Let them be pro¬ 
duced and meet towards F, H at the point K. 

Then, since EFK is in the 
plane AB, every point in EFK 
is in that plane; [XI. 1. 

therefore K is in the plane 
AB. 

For the same reason K is in 
the plane CD. 

Therefore the planes AB, CD, 
being produced, meet one an¬ 
other. 

But they do not meet, since they are parallel by hypothesis. 

Therefore EF and GH, being produced, do not meet to¬ 
wards F, H. 

In the same manner it may be shewn that they do not 
meet towards E, G. 

But straight lines which are in the same plane, and which 
being produced ever so far both ways do not meet are 

parallel; • 

therefore EF is parallel to GH. 

Wherefore, if two parallel planes &c. Q.E.D, 
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PROPOSITION 17. THEOREM. 

If two straight lines be cut by parallel planes , they 
shall be cut in the same ratio. 

Lot the straight lines AB and CD be cut by the pa¬ 
rallel planes GH, KL, MN, at tho points A, E, B, and 
C,F,Di AE shall be to EB as OF is to FD. 

Join AC, BD, AD ; let 
AD meet the plane KL 
at the point X\ and join 
EX, XF. 

Then, because the two 
parallel planes KL, MN are 
cut by the plane EBDX, 
the common sections EX, 

BD are parallel; [XI. 16. 

and because the two pa¬ 
rallel planes GH, KL are 
cut by the plane AXFC\ 
the common sections AG, 

XF are parallel. [XI. 16; 

And, because EX is parallel to BD, a side of the 
triangle ABD, 

therefore AE is to EB as AX is to XD. [VI. 2. 

Again, because XF is parallel to AC, a side of the triangle 
ADC, 

therefore AX is to XD as CF is to FD. [VI. 2. 

And it was shewn that AX is to XD as AE is to EB ; 
therefore AE is to EB as CF is to FD. [V. 11. 

Wherefore, if two straight lines &c. q.e.d. 

PROPOSITION 18. THEOREM. 

If a straight line be at right angles to a plane, every 
plane which passes through it shall be at right angles to 
that plane. 

Let the straight line AB be at right angles to the 
plane CK: every plane which passes through AB shall be 
at right angles to the plane CK. 
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Let any plane DE 
pass through AB, and 
let OE bo the common 
section of the planes 
BE, CK; [XI. 3. 
take any point F in 
OE, from which draw 
EG, in the plane BE, 
at right angles to 
CE. [I. ll. 

Then, because AB is at right angles to the plane 
OK, [Hypothesis. 

therefore it makes right angles with every straight line 
meeting it in that plane; [XI. Definition 3. 

but CB meets it, and is in that pla^.e; 
therefore the angle ABF is a right angle. 

But the angle GFB is also a right angle ; [Construction. 
therefore FG is parallel to AB. [X. 28. 

And AB is at right angles to the plane CK; [Hypothesis. 
therefore FG is also at right angles to the same plane. [XI. 8. 

But one plane is at right angles to another plane, when 
the straight lines drawn in one of the planes at right 
angles to their common section, are also at right angles to 
the other plane; [XI. Definition 4. 

and it has been shewn that any straight line FG drawn in 
the plane BE, at right angles to CE, the common section 
of the planes, is at right angles to the other plane CK; 

therefore the plane BE is at right angles to the plane CK. 

In the same manner it may be shewn that any other 
plane which passes through AB is at right angles to the 
plane CK. 

Wherefore, if a straight line &c. q.e.d. 


PROPOSITION 19. THEOREM. 

If two. planes which cut one another be each of them 
perpendicular to a third plane, their common section shall 
be perpendicular to the same plane. 
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Let the two planes BA. BC be each of them perpen¬ 
dicular to a third plane, and let BD be the common section 
of the planes BA, BC : BD shall be perpendicular to the 
third plane. 

For, if not, from the point D, 
draw in the plane BA, the straight 
line DE at right angles to AD, 
the common section of the plane 
BA with the third plane; [1.11. 

and from the point D, draw in the 
plane BC, the straight line DFnt 
right angles to CD, the common 
section of the plane BC with the 
third plane. [I. n. 

Then, because the plane BA is 
perpendicular to the third plane, [Hypothesis. 

and DE is drawn in the plane BA at right angles to AD 
their common section; [Construction. 

therefore DE is perpendicular to the third plane. [XI. Def. i. 

In the same manner it may be shewn that DF is per¬ 
pendicular to the third plane. 

Therefore from the point D two straight lines are at 
right angles to the third plane, on the same side of it; 
which is impossible. [XI. 13. 

Therefore from the point D, there cannot be any straight 
line at right angles to the third plane, except BD the com¬ 
mon section of the planes BA, BC\ 

therefore BD is perpendicular to the third plane. 
Wherefore, if two planes &c. q.e.d. 


PROPOSITION 20. THEOREM. 

If a solid angle be contained by three plane angles, any 
two of them are together greater than the third. 

Let the solid angle^at \_A be contained by the three 
plane angles a AC, GAjj, dAB: any two of them shall be 
together greater than the third. 

. If the angles BAC, CAD, DAB be all equal, it is 
evident that any two of them are greater than the third. 
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If they are not all equal, let 
BAG be that angle which is not 
less than either of the other two, and 
is greater than one of them, BAD. 

At the point A, in the straight line 
BA, malce, in the plane which passes 
through BA, AG, the angle BAE 
equal to the angle BAD; [1.23. 
make AE equal to AD; [I- 3. 

through E draw BEG cutting AB, AG at the points B, G\ 
and join DB, DG. 

Then, because AD is equal to AE, [Construction, 

and AB is common to the two triangles BAD, BAE, 
the two sides BA, AD are equal to the two sides BA, AE, 
each to each; 

and the angle BAD is equal to the angle BAE; [Comtr. 
therefore the base BD is equal to the base BE. [I. 4. 

And because BD, DG are together greater than 
BG, ^ [I- 20. 

and one of them BD has been shewn equal to BE a part 
of BG, 

therefore the other DG is greater than the remaining 
part EG. 

And because AD is equal to AE, [Construction. 

and AG is common to the two triangles DAG, EAG, 
but the base DG is greater than the base EG ; 

therefore the angle DAG is greater than the angle 
EAG. [1.25. 

And, by construction, the angle BAD is equal to the 
angle BAE; 

therefore the angles BAD, DAG are together greater 
than the angles BAE, EAG, that is, than the angle BAG. 

But the angle BAC is not less than either of the angles 
BAD, DAG ; 

therefore the angle BAG together with either of the other 
angles is greater than the third. 

Wherefore, if a solid angle &c. q.e.d. 

16 







EUCLID'S ELEMENTS. 


£42 

PROPOSITION 21. THEOREM. ' 

Every solid angle is contained by plane angles, which 
are together less than four right angles. 

First let the solid angle at A bo contained by three 
plane angles BAC, GAD, DAB: these three shall be 
together less than four right angles. 

In the straight iines AB, AC, AD 
take any points B, C, D, and join BO, 

CD, DB. 

Then, because the solid angle at 
B is contained by the three plane 
angles CBA, ABD, DBC \ any two 
of them are together greater than tho 
third, [XI. 20. 

therefore the angles CBA, ABD are 
together greater than the angle DBG. 

For the same reason, tho angles BCA, ACD are together 
greater than the angle DCB, 

and the angles CD A, ADB are together greater than the 
angle BDC. 

Therefore the six angles CBA, ABD, BCA, ACD, CD A, 
ADB are together greater than the three angles DBC, 
DCB, BDC ; 

but the three angles DBC, DCB, BDC are together equal 
to two right angles. [I. 32. 

Therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are together greater than two right angles. 

And, because the three angles of each of the triangles 
ABC, ACD, ADB are together equal to two right 
angles, ‘ [1.32. 

therefore the nine angles of these triangles, namely, the 
angles CBA, BAC, ACB, ACD, CDA, CAD, ADB, 
DBA, DAB are equal to six right angles; 

and of these, the six angles CBA, ACB, ACD, CDA, 
ADB, DBA are greater than two right angles, 

therefore the remaining three angles BAC, CAD, DAB, 
which contain the solic}, angle at A > are together less than 
four right angles. 
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Next, let the solid angle at A be contained by any 
number of plane angles BAG, CAD, DAE, EAF, FAB : 
these shall be together less than four right angles. 

Let the planes in which the an¬ 
gles are, be cut by a plane, and let 
the common sections of it with those 
planes bo BC, CD, DE, EF, FB. 

Then, because the solid angle at 
B is contained by the three plane 
angles CBA, ABF, FBC, any two 
of them are together greater than 
the. third, • [XI. 20. 

therefore the angles CBA, ABF 
are together greater than the angle 

For the same reason, at each of the points C, D, E, F, the 
two plane angles which are at the bases of the triangles 
having, the common vertex A, are together greater than 
the third angle at the same point, which is one of the 
angles of the polygon BCDEF. 

Therefore all the angles at the bases of the triangles are 
together greater than all the angles of the polygon. 

Now all the angles of the triangles are together equal 
to twice as many right angles as there are triangles, tnafc 
is, as there are sides in the polygon BCDEF ; [I. 32. 

and all the angles of the polygon, together with four right 
angles, are also equal to twice as many right angles as 
there are sides in the polygon; [I. 32, Corollary 1 . 

therefore all the angles of the triangles are equal to all the 
angles of the polygoh, together with four right angles. [Ax. L 
But it has been shewn that all the angles at the bases' 
of the triangles are together greater than all the angles of 
the polygon; 

therefore the remaining angles of the triangles, namely, 
those at the vertex, which contain the solid angle at A, are 
together less than four right angles. 

Wherefore, etery solid angle wc. q.s.d. 
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BOOK XII. 

LEMMA. 


If from the greater^ of two unequal magnit udes there 
be taken more than its half, and from the remainder 
tnore than its half, and so on, there shall at length re¬ 
main a magnitude less than the smaller qf the proposed 
magnitudes. 

Let AB and G be two unequal magnitudes, of which 
AB is the greater: if from AB there be taken more than 
its half, and from the remainder more than its half, and so 
on, there shall at length remain a magnitude less than G. 

For G may be multiplied so as at length 
to become greater than AB. 

Let it be so multiplied, and let DE its 
multiple be greater than AB, and let DE 
be divided into DF, FG, GE, each equal 
to C. 

From AB take BIT, greater than its 
half, and from the remainder AH take HK 
greater than its half, and so on, until there 
be as many divisions in AB as in DE ; and 
let the divisions in AB be AK\ KH, HB, 
and the divisions in DE be DF, FG, GE. 


K 

H 


F| 

G 


ii d ii 


Then, because DE is greater than AB ; 
and that EG taken from DE is not greater than its half: 
but BH taken from AB is greater than its half; 

therefore the remainder DG is greater than the remainder 
AH. 
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Again, because DO is greater than AH ; 

and that OF is not greater than the half of DO, but IIK 

is greater than the half of All ; 

therefore the remainder DF is greater than the remainder 
AK. 

But DF is equal to (7; 
therefore G is groater than A K ; 
that is, AK is less than C. Q.e.d. 

And if only the halves bo takon away, the same thing may 
in the same way bo demonstrated. 

PROPOSITION I. THEOREM. 

Similar polygon s inscribed in circles are to one another 
as the squares on their diameters. 

Let ABODE, FOIIKL be two circles, and in them 
the similar polygons ABODE , FOHKL; and let BM t 
GN be the diameters of the circles: the polygon ABODE 
shall bo to the polygon FGHKL as the square on BM is 
to the square on GM. 




Join AM, BE, FN, GL. 

Then, because the polygons are similar, 
therefore the angle BAE is equal to the angle GFL, 
and BA is to AE as OF is to FL. [VI. Definition 1. 

Therefore the triangle BAE is equiangular to the triangle 
GFL ; [VI. 0. 

therefore the angle AEB is equal to the angle FLO. 

But the angle AEB is equal to the angle AMB , and the 
angl & FLO is equal to the angle FNO ; [III. 21. 

therefore the angle AMB is equal to the angle FNO. 
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BAM is equal to the angle GFN, for 
nght angle. [ IIIt 31 , 


Therefore the remaining angles in the triangles A MB, 
rjyit are equal, and the triangles are equiangular to one 
another; ^ 

therefore BA is to BM as (r-Fis to GN, [YI. 4. 

and, alternately, BA is to GF as BM is to GN; [Y. 16. 
therefore the duplicate ratio of BA to GF is the same as 
the duplicate ratio of BM to GN. [V. Definition 10, Y. 22. 

. th ® Po^gon ABODE is to the polygon FGHKL 
in the duplicate ratio of BA to GF \ [VI. 20. 

and the square on BM is to the square on GN in the du- 


PROPOSITION 2. THEOREM. 

Circles are to one another as the squares on their 

%Lt>UJ/ZCtcT'So 

Let ABCD, EFGH be twp circles, and BD, FH their 
diameters: the circle ABCD shall bo to the circle EFGH 
as the square on BD is to the square on FH. 

l no « e £ T are on BD must be to the square on 
-ue virCiO^tBCD is to some space either less 
than the circle EFGH, or greater than it. 

First, if possible, let it be as the circle ABCD is to a 
spacq S less than the circle EFGH. 
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GF1T, for 
[III. 81. 


In the circle EFGH inscribe the square EFQH. [IV. 6. 
This square shall be greater than half of the circle EFGII. 


v. 


les A MB, 
lar to one 

[VI. 4. 
[Y. 16. 
te same as 
110, Y. 22. 
FGHKL 
[VI. 20. 
in the du- 
[VI. 20. 

FGHKL 
[V. 11. 


on their 

/’//their 
le EFGH 

square on 
itner less 

ID is to a 



For the square EFGH is half of the square which can 
be formed by drawing straight liues to touch the circle at 
the points E, F, G, H ; 

and the square thus formed is greater than the circle ; 

therefore the square EFGH is greater than half of the 
circle. 

Bisect the arcs EF, FG, GH, HE at the points K, 
L,M,N ; 

and join EK, KF, FL, LG, GM, MH\ HN, NE. Then 
each of the triangles EKF,\ FLG, GMH, HNE shall 
be greater than half of the segment of the circle in which 
it stands. 

For the triangle EKF is half of the parallelogram 
which can bo formed by drawing a straight line to touch the 
circle at K, and parallel straight lines through E and F, 

and the parallelogram thus formed is greater than the 
segment FEK; therefore the triangle EKF is greater than 
half of the segment. ' . 

And similarly for the other triangles. 

Therefore the sum of all these triangles is together greater 
than half of the sum of the segments of the circle in which 
they stand. •- - = 

Again, bisect EK, KF,& c. and form triangles as before; 

then the sum of these triangles is greater than half of the 
H um of the segments of the circle in which they stand. 
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If ^ process be continued, and the triangles be sup. 
posed to be taken away, there will at length remain seg¬ 
ments of circles which are together less than the excess of 
uio circle EFGH Above the space S, by the preceding 

r™r e Jri h £ n S® se g™?nts EE, KF, FL, LG, GM, MH, 
i bo those which remain, and which are togethor 

less than the excess of the circle above S; \ 

circle, namely the polygon 
EKFLGMHN, is greater than the space S. 

. ?, n fc he circle A BCD describe the polygon AXBOCPDR 
similar to the polygon EKFLGMHN. 

a XBOCPDR fa to the polygon 
GMHN as the square cn JBD is to the square on 

[XII, 1. 

that is^&s the circle ABGD ib to the space S. [Hyp., V. 11. 

? U ^n e . ,po ^ is less than the circle ' 

ABCD in which it is inscribed. f i 


is inscribed, 


therefore the polygon EKFLGMHN is less than the 
space jy ^ 

but it is also greater, as has been shewn j 
which is impossible. 

Therefore the square on BD is not to the square on 
MeVms » to any .pace less tU the 

l-ff ?. that the square on 

FH is not to the square on BD as the circle EFGH is to 
any space less than the circle ABCD. 

« . 

,, ^. or is ^ square on BD to the square on FH as 
EFGII ABCD 18 to mj space &r© at er than the circle 

For, if possible, let it be as the circle ABCD is to a space 
T greater than the circle EFGH. F 

Thfin 1flVA1*Qolv fliA asviiAwsk AM T?TT •_ X. - 1L_ ... _ 

—— 7 —-w Ox* ± jli is w viio square on mjj 

as the space T is to the circle ABCD. 

^aee T is to the circle ABCD so is the circle 
EJfGH to some space, which must be less than the circle 
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f 

i 


A BCD, because, by hypothesis, the space T is greater 
than the circle BFQH. [V. 14. 



Therefore the square on FH is to the square on BD as 
the circle EFGH is to some space less than the circle 
ABCD\ 

j which has been shewn to be impossible. 

* Therefore the square on BD is not to the square on FH 
J& the circle ABCD is to any space greater than the circle 
EFGH. 

And it has been shewn that the square on BD is not 
to the square on FH as the circle ABCD is to any space 
less than the circle EFGH. 

Therefore the square on BD is to the square on FH as the 
circle ABCD is to the circle EFGH. 

Wherefore, circles &c. q.e.d. 





NOTES ON EUCLID’S ELEMENTS. 

Thb article Eucleides in Dr Smith’s Dictionary of Greek and 
Roman Biography was written by Professor De Morgan; it 
contains an account of the works of Euclid, and of the various 
editions of them which have been published. To that article we 
refer the student who desires full information on these subjects. 
Perhaps the only work of importance relating to Euclid which 
has been published since the date of that article is a work on the 
Porisms of Euclid by Chasles; Paris, i860. 

Ebclid appears to have lived in the time of the first Ptolemy, 
B - 0 - 3 * 3 —'*83, and to have been the founder of the Alexaudrian 
mathematical school. The work on Geometry known as The 
Elements of Euclid consists of thirteen books; two other books 
have sometimes been added, of which it is supposed that Hypsicles 
was the author. Besides the Elements, Euclid was the author of 
other works, some of which have been preserved and some lost. 

T .Ve will now mention the three editions which are the most 
valuable for those who wish to read the Elements cf Euclid in the 
original Greek. 

0 1 ) The Oxford edition in folio, published in 1703 by David 
Gregory, under the title E<Jx\eJ 5 ot/ ra crufyfxeva. “ As an edition 
of the whole of Euclid’s works, this stands alone, there being no 
other in Greek.” De Morgan. ' 

(7) Euclidis Elementorum. Libri sex priores...edidit Joannes 
Gulielmus Camerer. This edition was published at Berlin in two 
volumes octavo, the first volume in 1824 and the second in 1825. 
It contains the first six books-of the Elements in Greek with a 
Latin Translation, and very good notes which form a mathema* 
tical commentary on the subject. 

n ( 3 ) Euclidis Elementa ex optimis libris in usum tironum 
UTtsce ediia ah Ernesto Eerdinando August This edition was * 
published at Berlin in two volumes octavo, the first volume in 
1826 and the second in 1829. It contains the thirteen books of 
the elements in Greek, with a collection of various readings. 
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A third volume, which was to have contained the remaining 
work* of Euclid, never appeared. “To the scholar who wants 
one edition of the Element* we should decidedly recommend this, 
as bringing togeth» r vXl that has been done for the text of 
Euclid's greatest wo V. T)e Morgan. 

An edition of t v>h V of Euclid's works in the original has 
long been promised by T^uoner the well-known Gernan publisher, 
as one of hie serie# o* compact editions of Greek and Latin 
authors; but we believe there is no hope of its early appearance. 

Robert Simson’s edition of the Elements of Euclid , which 
we have in substance adopted in the present work, differs con¬ 
siderably from the original. The English reader may ascertain 
the contents of the original by consulting the work entitled The 
Elements of Euclid with dissertations...by James Williamson , 
This work consists of two volumes quarto; the first volume was 
published at Oxford in 1781, and the second at London in ij6S. 
Williamson gives a close translation of the thirteen books of the 
Elements into English, and he indicates by the use of Italics the 
words which are not in the original but which are required by 
our language. 

Among the numerous works which contain notes on the 
Elements of Euclid we will mention four by which we have been 
aided in drawing up the selection given in this volume. 

An Examination of the first six Books of Euclid's Elements by 
William Austin...Oxford, 1781. 

Euclid's Elements of Plane Geometry with copious notes ...by 
John Walker. London, 1827. # ' 

The first six books of the Elements of Euclid with a Common * 
tary...by Dionysius Lardner, fourth edition. London, 1834, 

Short supplementary remarks on the first six Books of Euclid's 
Elements , by Professor De Morgan, in the Companion to the 
Almanac for 1849. 

We may also notice the following works: 

Geometry , Plane, Solid , and Spherical,...London 1830; this 
forms part of the Library of Useful Knowledge. 

Thtiortimes et ProbUmes de Gtiomitrie Elemtintaire par Engine 
Catalan...Troisiime edition. Paris, 1858. 

For the History of Geometry the student is referred to 
Montucla's Histoire des Mathtimatiques, and to Chasles's Apergu 
historique sur Vorigins et le deviloppement des Mithodes en G60- 
mtitrie... ^ 1 I * 

ft 
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THE FIRST BOOK 

# Definitions. The first seven definitions have given rise to con- 
Biderable discussion, on which however we do not propose to enter. 
Such a discussion would consist mainly of two subjects, both of 
which are unsuitable to an elementary work, namely, an exami¬ 
nation of the origin and nature of some of our elementary ideas, 
and a comparison of the original text of Euclid with the substitu¬ 
tions for it proposed by Simson and other editors. For the former 
subject the student may hereafter consult Whewell’s History of 
Scientific Ideas and Mill’s Logic , and for the latter the notes in 
Camerer’s edition of the Elements of Euclid . 

Wo will only observe that the ideas which correspond to the 
words point } line , and surface , do not admit of such definitions as 
will really supply the ideas to a person who is destitute of them. 
The sp-called definitions may be regarded as cautions or restric¬ 
tions. Thus a point is not to be supposed to have any size , but 
only position; a line is not to be supposed to have any breadth or 
thickness , but only length; a surface is not to be supposed to have 
any thickness, but only length and breadth . 

The eighth definition seems intended to include the cases in 
•which an angle is formed by the meeting of two carved lines, or 
of a straight line and a curved line ; this definition however is of 
no importance, as the only angles ever considered are such as are 
formed by straight lines. The definition of a plane rectilineal 
angle is important; the beginner must carefully observe that no 
change is made in an angle by prolonging the lines which form 
it, away from the angular point. 

Some writers object to such definitions as those of an equi¬ 
lateral triangle, or of a square, in which the existence of the 
object defined, is assumed when it ought to be demonstrated. They 
would present them in such a form as the following: if there be 
a triangle having three equal sides, let it be called an equilateral 
triangle. 

Moreover, some of the definitions are introduced prematurely. 
Thus, for example, take the definitions of a right-angled triangle 
and an obtuse-angled triangle ; it is not shewn until I. iy, that 
a triangle cannot have both a right angle and an obtuse angle, 
and so cannot be at the same time right-angled and obtuse- 
angled. An d before Axiom 11 has been given, it is conceivable 
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that the same angle may be greater than one right angle, and 
less than another right angle, that is, obtuse and acute at the 
same time. 

The definition of a square assumes more than is necessary. 
For if a four-sided figure have all its sides equal and one angle a 
right angle, it may be shewn that all its angles are right angles j 
or if a four-sided figure have all its angles equal, it may be shewn 
that they are all right angles. 

Postulates . The postulates state what processes we assume 
that we can effect, namely, that we can draw a straight line 
between two given points, that we can produce a straight line to 
any length, and that we can describe a circle from a given centre 
with a given distance as radius. It is sometimes stated that the 
postulates amount to requiring the use of a ruler and compasses . 
It must however be observed that the ruler is not supposed to 
be a graduated ruler, so that we cannot use it to measure off 
assigned lengths. And we do not require the compasses for any 
other process than describing a circle from a given point with a 
given distance as radius \ in other words, the compasses may be 
supposed to close of themselves, as soon as one of their points is 
removed from the paper. 

Axioms. The axioms are called in the original Common 
Notions. It is supposed by some writers that Euclid intended 
his postulates to include all demands which are peculiarly geo¬ 
metrical, and his common notions to include only such notions 
as are applicable to all kinds of magnitude as well as to space 
magnitudes. Accordingly, these writers remove the last three 
axioms from their place and put thorn among the postulates; 
and this transposition is supported by some manuscripts and 
some versions of the Elements. 

The fourth axiom is sometimes referred to in editions of 
Euclid when in reality more is required than this axiom ex¬ 
presses. Euclid says, that if A and B be unequal, and Q and D 
equal, the sum of A and C is unequal to the sum of B and D . 
What Euclid often requires is something more, namely, that if 
A be greater than B, and C and D be equal, the sum of A and 
C is greater than the sura of B and D. Such an axiom as this is 
required, for example, in I. 17. A similar remark applies to the 
fifth axiom. 

In the eighth axiom the words “that is, which exactly fill 

the same space,” have been introduced without the authority of 
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the original Greek. They are objectionable, because lint* and 
angles are magnitudes to which the axiom may be applied, but 
they cannot be said to fill space. 

On the method of superposition we may refer to papers by 
Professor Kell and in the Transactions of the Royal Society of 
Edinburgh, Vols. xxi. and xxm. 

The eleventh axiom is not required before I. 14, and the 
twelfth axiom is not required before I. 29 ; we shall not consider 
these axioms until we arrive at the propositions in which they are 
respectively required for the first time. 

The first book is chiefly devoted to the properties of triangles 
and parallelograms. 

We may observe that Euclid himself does not distinguish 
between problems and theorems except by using at the end of 
the investigation phrases which correspond to Q.E.F. and Q.E.D. 
respectively. 

I. 2. This problem admits of eight cases in its figure. For 
it will be found that the given point may be joined with either 
end of the given straight line, then the equilateral triangle may 
bo described on either side of the straight line which is drawn, 
and the sides of the equilateral triangle which are produced may be 
produced through either extremity. These various cases may be 
left for the exercise of the student, as they present no difficulty. 

There? will not however always be eight different straight lines 
obtained which solve the problem. For example, if the point A 
falls on BC produced, some of the solutions obtained coincide; 
this depends on the fact which follows from I. 32, that the angles 
of all equilateral triangles are equal. 

^ 5- “Join FC.” Custom seems to allow this singular ex¬ 
pression as an abbreviation for “draw the straight line FC,'’ or 
for “join F to C by the straight line FC.” 

In comparing the triangles RFC, CGB, the words “and the 
base BC is common to the two triangles BFC, COB ” are usually 
inserted, with the authority of the original. As however these 
words are of no use, and tend to perplex a beginner, we have 
followed the example of some editors and omitted them. 

A corollary to a proposition is ah inference which may be 
deduced immediately from that proportion. Many of the corol¬ 
laries in the Elements cure not in the original text, but intro¬ 
duced by the editors, 
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It has been suggested to demonstrate I. 5 by superposition* 
Conceive the isosceles triangle A BC to be taken up, and then re* 
placed so that AB falls on the old position of AC, and AC falls 
on the old position of AB. Thus, in the manner of 1 .4, we can 
ehew that the angle ABC is equal to the angle ACB. 

I. 6 is the converse of part of I. 5. One proposition is said to 
be the converse of another when the conclusion of each is the 
hypothesis of the other. Thus in I. 5 the hypothesis is the 
equality of the sides, and one conclusion is the equality of the 
angles; in I. 6 the hypothesis is the equality of the angles 
and the conclusion is the equality of the sides. When there is 
more than one hypothesis or more than one conclusion to a pro¬ 
position, we can form more than one converse proposition. For 
example, as another converse of I. 5 we have the following: if 
the angles formed by the base of a triangle and the sides pro¬ 
duced be equal, the sides of the triangle are equal; this pro* 
position is true and will serve as an exercise for the student. 

The converse of a true proposition is not necessarily true; 
the student however will see, as he proceeds, that Euclid shews 
that the converses of many geometrical propositions are true. 

- I. 6 is an example of the indirect mode of demonstration* in 
which a result is established by shewing that some absurdity 
follows from supposing the required result to be untrue. Hmce 
this mode of demonstration is Called the reductio ad tobsurdum. 
Indirect demonstrations are often less esteemed than direct de¬ 
monstrations ; they are said to shew that a theorem is true rather 
than to shew why it is true. Euclid uses the reductio ad absur * 
dum chiefly wheii he is demonstrating the converse of som* 
former theorem; see I. 14* 19* *£.} 40. 

Soihe remarks on indirect demonstration by Professor Syl¬ 
vester, Professor De Morgan, and Dr Adamson will be found in 
the volumes of the Philosophical Magazine for 1852 and 1853. 

I. 6 is not required by Euclid before he reaches II. 4 ; so that 
1.6 might be moVed from its present place and demonstrated 
hereafter in other ^ ays if we please. For example, I. 5 might be 
placed after I. 18 md demonstrated thus. Let the angle ABO be 
equal to the angle ACB: then the side AB shall be equal to the 
side AO. For if not, one of them must be greater than the ot'h ; 
suppose A B greater than A C. Then the ~ngle A CB h greater 

fKan 1 nn V.» T rQ. ‘Rtif. la iimnnaaiM^. k causa 

vus SliigtV AifVj Ai AV-a --- —- £ -«--- 
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the angle AOB is equal to the angle ABO, by hypothesis. Or 

1 .6 might be placed after 1 . 26 and demonstrated thus. Bisect the 
angle BA 0 by a straight line meeting the base at D. Then the 
triangles ABD and A CD are equal in all respects, by I. 26. 

I, y is only required in order to lead to 1 . 8. The two might 
be superseded by another demonstration of I. 8, which has been 
recommended by many writers. 

Let ABO, DEF be two triangles, having the sides AB, AO 
equal to the sides DE, DF, each to each, and the base BO 
equal to the base EF: the angle BAG shall be equal to the angle 
EDF. 




For, let the triangle DEF be applied to the triangle ABC, 
so that the bases may coincide, the equal sides he conterminous, 
and the vertices fall on opposite sides of the base. Let GBO 
represent the triangle DEF thus applied, so that G corresponds 
to D. Join AG. Since, by hypothesis, BA is equal to BG, the 
angle BAG is equal to the angle BGA, by I. 5. In the same 
manner the angle OAG is equal to the angle CGA. Therefore 
the whole angle BAG is equal to the whole angle BGC, that is, 
fo the angle EDF. 

There are two other cases; for the straight line A G may pass 
through B or C, or it may fall outside BO\ these cases may be 
treated in the same manner as that which we have considered. 

I. 8. It may be observed that the two txiangles in I. 8 are 
equal in all respects; Euclid however does not assert more than 
the equality of the angles opposite to the bases, and when he 
requires more than this result he obtains it by using I. 4. 

I. 9., Here the equilateral triangle DEF is to be described 
on the side remote from A, because if it were described on the 
same side, its vertex, F, might coincide with A , and then the 
cOftsirUCtiun would iuii* 
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L n. The corollary was added by Simson. It is liable to 
serious objection. For we do not know how the perpendicular 
BE is to be drawn. If we are to use I. n we must produce AB, 
and then we must assume that there is only one way of pro* 
ducing AB, fc(r otherwise we shall not know that there is 
only one perpendicular; and thus we assume what we have to 
demonstrate. 

Simeon’s corollary might come after I. 13 and be demon¬ 
strated thus. If possible let the two straight lines ABO, ABD 
have the segment AB common to both. From the point B draw 
any straight line BE. Then the angles ABE and EBQ are equal 
to two right angles, by I. 13? and the angles ABE and EBD are 
also equal to two right angles, by I. 13. Therefore the an- 
gles ABE and EBC are equal to the angles ABE and EBD . 
Therefore the angle EBC is equal to the angle EBD ; which is 
absurd. 

But if the question whether two straight lines can have a com* 
mon segment is to be considered at all in the Elements, it might 
occur at an earlier place than Simson has assigned to it. For 
example, in the figure to I. 5, if two straight lines could have a 
common segment AB, and then separate at B, we should obtain 
two different angles formed on the other side of BO by these 
produced parts, and each of them would be equal to the angle 
BCG . The opinion has been maintained that even in I. I, it is 
tacitly assumed that the straight lines A 0 and BO cannot have a 
common segment at C where they meet; see Camerer’s Euclid, 
pages 30 and 36. 

Simson never formally refers to his corollary until XI. I. 
The corollary should be omitted, and the tenth axiom should 
be extended so as to amount to the following; if two straight 
lines coincide in two points they must coincide both beyond and 
between those points. 

I. 12 . Hero the straight line is said to be of unlimited length, 
in order that wo may ensure that it shall meet the circle. 

Euclid distinguishes between the terms at right angles and 
; 'perpendicular . He uses the term at right angles when the straight 
line is drawn from a point in another, as in I. 11; and he uses 
the term perpendicular when the straight line is drawn from a 
point without another, as in I. 12. This distinction however 
is often disregarded by modern writers. 

I, 14. Here Euclid first requires his eleventh axiom. F«# 

17 
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In the demonstration we have the angles A BO and ABE equal to 
two right angles, and also the angles A BO an.d ABB equal to 
two right angles; and then the former two right angles are equal 
to the latter two right angles by the aid of the eleventh 
axiom. Many modern editions of Euclid however refer only to 
the first axiom, as if that alone were sufficient; a similar remark 
applies to the demonstrations of I. 15, and I. 34. In these cases 
we have omitted the reference purposely, in order to avoid per¬ 
plexing a beginner; but when his attention is thus drawn to the 
circumstance he will see that the first and eleventh axioms are 
both used. 

We may observe that errors, in the references with respect to 
the eleventh axiom, occur in other places in many modem edi¬ 
tions of Euclid. Thus for example in III. 1, at the step “there¬ 
fore the angle FBB is equal to the angle GBB;' a reference is 
given to the first axiom instead of to the eleventh. 

Tjiere seems no objection on Euclid’s principles to the fol¬ 
lowing demonstration of his .eleventh axiom. 

Let AB be at right angles to BAG at the point A, and EF 
at right angles to IIEG at the point E: then shall the angles BAG 
and PEG be equal. 



Take any length A C, and make , 4 D, EH, EG all equal to AC. 
Now apply HEG to BA C, so that H may be on B, and EG on 
BO, and B and F on the same aide of BO ; then G will coincide 
with C, and E with A • Also EF shall coincide with A B ; for if 
not, suppose, if possible, that it takes a different position as A K. 
Then the angle BAR is equal to the angle EEF, and the angle 
OAK to the angle GEF ; but the angles EEF and GEF are equal, 
by hypothesis; therefore the angles BAR and CAR are equal, 
But the angles BAB and. CAB are also equal, by hypothesis; 

~ 5 vais is gfssier «nan ice angie Caa j tUexw* 
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fore the angle DAB is greater than the angle CAK* Much 
more then is the angle DAK greater than the angle CAK* But 
the angle DAK was Bhewn to be equal to the angle CAK; 
which is absurd. Therefore EF must coincide with AB; and 
therefore the angle JPEG coincides with the angle BAG, and is 
equal to it. ^ 

I. 18, I. T9* In order to assist the student in remembering 
which of these two propositions is demonstrated directly and which 
indirectly, it may be observed that the order is similar to that 
in I, 5 and I, 6. , 

I, 20. “Proclus, in his commentary, relates, that the Epi¬ 
cureans derided Prop. 20, as being manifest even to asses, and 
needing no demonstration; and his answer is, that though the 
truth of it be manifest to our senses, yet it is science which 
must give the reason why two sides of a triangle are greater 
than the third: but the right answer to this objection against 
this and the 21st, and some other plain propositions, is, that the 
number of axioms ought not to be increased without neces¬ 
sity, as it must be if these propositions be not demonstrated.’ 1 
Simson. 

I. 21. Here it must be carefully observed that the two 
straight lines are to be drawn from the ends of the side of the 
triangle. If this condition be omitted the two straight lines will 
not necessarily be less than two sides of the triangle. 

I. 22.. “Some authors blame Euclid because he does not 
demonstrate that the two circles made use of in the construction 
of this problem must cut one another: but this is very plain from 
the determination he has given, namely, that any two of the 
straight lines DF, FG, GH , must be greater than the third. 
For who is so dull, though only beginning to learn the Elements, 
as not to perceive that the circle described from the centre F, at 
the distance FD , must meet FH betwixt F and if, because FD 
is less than FH; and that for the like reason, the circle de¬ 
scribed from the centre G , at the distance (?if...must meet 
DG betwixt D and G; and that these circles must meet one 
another, because FD and GH are together greater than FG ?* 
Simson . 

The condition that B and C are greater than A, ensures that 
the circle de& ribed from the centre G shall not fall entirely 
within the circle described from the centre F; the condition that 
A and B are greater than C $ ensures that the circle described 

17—2 
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from the centre F shall not fall entirely within the circle de¬ 
scribed from the centre G\ the condition that A and G are 
greater than B, ensures that one of these circles shall not fall 
entirely without the other. Hence the circles must meet. It is 
easy to see this as Simson says, but there is something arbi¬ 
trary in Euclid's selection of what is to be demonstrated and what 
is to be seen, and Simson’s language suggests that he was really 
conscious of this. \ 


I. 24. In the construction, the condition that BE is to be 
the side which is not greater than the other, was added by 
Simson ; unless this condition be added there will be three cases 
to consider, for F may fall on EG, or above EG, or below EG. It 
may be objected that even if Simson’s condition be added, it 
ought to be shewn that F will fall below EG. Simson accordingly 
says “...it is very easy to perceive, that BQ being equal to BF, 
the poiht G is in the circumference of a circle described from the 
centre B at the distance BF, and must be in that part of it 
which is above the straight line EF, because BG falls above BF', 
the angle EBG being greater than the angle EBF .” Or we may 
shew it in the following manner. Let H denote the point of 
intersection of BF and EG. Then, the angle BEG is greater 
than the angle BEG, by I. 16; the angle BEG is not less than 
the angle BGE, by I. 19; therefore the angle BHG is greater 
than the angle BGE. Therefore BE is less than BG, by I. 20. 
Therefore BE is less than BF. 

If Simson’s condition be omitted, we shall have two other 
cases to consider besides that in Euclid. If F falls on EG, it is 
obvious that EF is less than EG. If F falls above EG, the sum 
of BF and EF is less than the sum of BG and EG, by 1 .21; and 
therefore EF is less than EG. 

t. 

I. 26. It will appear after I. 32 that two triangles which 
have two angles of the one equaLto two angles of the other, each 
to each, have also their third angles equal. Hence we are able 
to include the two cases of I. 26 in one enunciation thus; if two 
triangle$ have all the angles of the one respectively equal to all the 
angles of the other , each to each , and have also a side of the one, 
opposite to any angle 9 equal to the side opposite to the equal angle 
in the other , the triangles shall he equal in all respects . 

The first twenty-six propositions constitute a distinct section 
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of the first Book of the Elements . The principal results are 
those contained in Propositions 4, 8, and 26 ; in each of these 
Propositions it is shewn that two triangles which agree in three 
respects agree entirely. There are two other cases which will 
naturally occur to a student to consider besides those in Euclid; 
namely, (1) when two triangles have the three angles of the one 
respectively equal to the three angles of the other, (2) when two 
triangles have two sides of the one equal to two sides of the other, 
each to each, and an angle opposite to one side of one triangle 
equal to the angle opposite to the equal side of the other triangle. 
In the first of theso two cases the student will easily see, after 
reading I. 29, that the two mangles are not necessarily equal. 
In the second case also the triangles are not necessarily equal, 
as may be shewn by an example; in the figure of I. 11, suppose 
the straight line FB drawn; then in the two triangles FBE, 
FBD, the side FB and the angle FBC are common, and the side 
FE is equal to the side FD, but the triangles are not equal in 
all respects. In certain cases, however, the triangles will be 
equal in all respects, as will be seen from a proposition which 
we shall now demonstrate. 

If two triangles have two sides of the one equal to two sides of 
the other, each to each , and the angles opposite to a pair of equal 
sides equal; then if the angles opposite to the other pair of equal 
sides be both acute, or both obtuse, or if one of them be a right 
angle, the two triangles are equal in all respects . 

Let ABC and DEF be 
two triangles; let AB be 
equal to BE, and BC equal 
to EF, and the angle A 
equal to the angle D. 

First, suppose the angles 
C and F acute angles. 

If the angle B be equal to the angle E, the triangles ABC, 
DEF are equal in all respects, by I. 4. If the angle B be not' 
equal to the angle E, one of them must be greater than the 
other; suppose the angle B greater than the angle E, and make 
the angle ABG equal to the angle E Then the triangles ABG, 
DEF are equal in all respects, by I. 2 6; therefore BG is equal 
to EF, and the angle BGA is equal to the angle EFD . But the 
angle EFD is acute, by hypothesis; there ore the angle BGA is 
ftcuie. Therefore the angle BGC is obtuse, by 1 .13. But it has 
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tusej which is absurd. Therefore the angles ABO. BEF are 

ABC^DFpL 1S l’ th 7i ^ eqUal ‘ Therefore the triangles 
ABC, BEF are equal in all respects, by I. 4. 

Next, suppose the angles at C and F obtuse angles. 

The demonstration is similar to the above. 

ani^’TfTr 86 aDgle3 a right an ^ le » "amely, the 

angle £ 7 , If the angle B be not equal to the angle E, make the 



angle ABO equal to the angle E. Then it may be shewn, as 
before, that BO is equal to BO, and therefore the angle BGC is 
equal to the angle BOG, that is, equal to a right angle. There- 
fore two angles of the triangle BGC are equal to two right 

4 e ™n hich “ im P° ssible > b y I. 17. Therefore the angles ABC 
and BEF are not unequal; that is, they are equal. Therefore 
the triangles ABC, BEF are equal in all respects, by I. 4. 

If the angles A and D ar£ both right angles, or both obtuse, 
the angles C and F must be both acute, by I. 17. If AB is less 
than BC, and BE less than EF, the angles at C and F must be 
both acute, by I. 18 and I. 17. 

The propositions from I. 27 to I. 34 inclusive may be said 
to constitute the second section of the first Book of the Element*. 
They relate to the theory of parallel straight lines. In I. 29 Euclid 
uses for the first time his twelfth axiom. The theoiy of parallel 
straight lines has always been considered the great difficulty 
c-i eiementary geometry, and many attempts have been made 
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to overcome this difficulty in a better way than Euclid has done# 
We shall not give an account of these attempts. The student wha. 
wishes to examine them may consult Camerer’s Euclid , Ger- 
gonne’s Annalcs de Maildmatiques , Volumes xv and xvx, the 
work by Colonel Perronet Thompson entitled Qcomctry without 
Axioms, the article Parallels in the English Cyclop<edia } a me*.* 
moir by Professor Baden Powell in the second volume of the 
Memoirs of the Ashmolean, Society , an article by M. Bouniakofsky 
in the Bulletin de VAcademic Imptriale, Volume v, St Pdters- 
bourg, 1863, articles in the volumes of the Philosophical 
Magazine for 1856 and 1857, and a dissertation entitled Sur 

un point de Vkistoire de la G6om€trie chez les Grccs . par 

4 * /. IL Vincent . Paris, 1857. 

Speaking generally it may be said that the methods which 
differ substantially from Euclid’s involve, in the first place an 
axiom as difficult as his, and then an intricate series of proposi¬ 
tions ; while in Euclid’s method after the axiom is once admitted 
the remaining process is simple and clear. 

One modification of Euclid’s axiom has been proposed, which 
appears to diminish the difficulty of the subject. This consists 
in assuming instead of Euclid’s axiom the following; two inter* 
secting straight lines cannot be both parallel to a third straight line* 
The propositions in the Elements are then demonstrated as in 
Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with 
Euclid up to the words, “therefore the angles BGH, GHD are 
less than two right angles.’* We then infer that BGH and GHD 
must meet: because if a straight line be drawn through G so as to 
make the interior angles together equal to two right angles this 
straight line will be parallel to CD, by I. 28; and, by our. axiom, 
there cannot be two parallels to CD, both passing through G. 

This form of making the necessary assumption has been 
recommended by various eminent mathematicians, among whom 
may be mentioned Playfair and De Morgan. By postponing 
the consideration of the axiom until it is wanted, that is, until 
after I. 28, and then presenting it in the form here given, the 
theory of parallel straight lines appears to be treated in the easiest 
manner that has hitherto been proposed. 

I. 30. Here we may in the same way shew that if A 3 and 
EF are each of them parallel to CD, they are parallel to each 
other.. It has been said that the case considered in the text is 
so obvious as to need no demonstration; for if A B and Op caa 
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x. 32. Ihe corollaries to I. 32 were added by Simson. In 
the second corollary it ought to be stated what is meant by an 
exterior angle of a rectilineal figure. At each angular point let 
one of the sides meeting at that point be produced; then the 
exterior angle at that point is the angle contained between this 
produced part and the side which is not produced. Either of 
t»ae sides way be produced, for the two angles which can thus be 
obtained are equal, by I. 15. 

The rectilineal figures to which Eu- 
did confines himself are those in which 
the angles all face inwards ; we may \ _ 

here however notice another class of \ 
figures. In the accompanying diagram \ 
the angle AFC faces outwards, and it is \ / 
an aqgle less than two right angles; this V 

angle however is not one of the interior A 

angles of the figure AEDCF. We may consider the corre- 
sponding interior angle to be the excess of four right angles 
above the angle AFC) such an angle, greater than two right 
angles, is called a re-entnnt angle. 

The first of the corollaries to I. 32 is true for a figure which 
has a re-entrant angle or re-entrant angles; but the second 
is not. 

I. 32. If two triangles have two angles of the one equal to 
two angles of the other each to each they shall also have their 
third angles equal. This is a very important result, which is 
often required in the Elements. The student should notice how 
this result is established on Euclid’s principles. By Axioms 11 
and 2 one pair of right angles is-equal to any other pair of right 
angles. Then, by I. 32* the three angles of one triangle are 
together equal to the three angles of any other triangle. Then, 
by Axiom 2, the sum of the two^ angles of one triangle is equal to 
the sum of the two equal angles of the other; and then, by Axiom 3, 
the third angles are equal. 

After I.. 32 we can draw a straight line at right angles to 
a given straight line from its extremity, without producing the 
given straight line. 

Let AB be the given straight line. It is required to draw 
fromri a straight line at risrht ancrles to AB. 
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On AB describe the equilateral triangle 
ABC. Produce BC to D, so that CD may be 
equal to CB. Join AD. Then AD shall be at 
right angles to AB. For, the angle CAD is 
equal to the angle CD A, and the angle CAB 
is equal to the angle CBA, by I. 5. There¬ 
fore the angle BAD is equal to the two 
angles ABD, BDA, by Axiom e. Therefore 
the angle BAD is a right angle, by L 31. 

The propositions from I. 35 to I. 48 inclusive may be said 
to constitute the third section of the first Book of the Elements. 
They relate to equality of area in figures which are not neces¬ 
sarily identical in form. 

I. 35. Here Simson has altered the demonstration given by 
Euclid, because, as he says, there would be three cases to con¬ 
sider in following Euclid’s method. Simson however uses the 
third Axiom in a peculiar manner, when he first takes a triangle 
from a trapezium, and then another triangle from the same 
trapezium, and infers that the remainders are equal. If the 
demonstration is to be conducted strictly after Euclid’s manner, 
three cases must be made, by dividing the latter part of the 
demonstration into two. In the left-hand figure we may suppose 
the point of intersection of BE and DC to be denoted by 0 . 
Then, the triangle ABE is equal to the triangle DCF', take 
away the triangle DOE from each; then the figure A BOD is 
equal to the figure EOCF; add the triangle QBC to each; then 
the parallelogram A BCD is equal to the parallelogram EBCF. 
In the right-hand figure we have the triangle AEB equal to the 
triangle DFC; add the figure BE DC to each; then the parallel¬ 
ogram A BCD isequal to the parallelogram EBCF. 

The equality of the parallelograms in I. 35 is an equality of 
area, and not an identity of figure. Legendre proposed to use 
the word equivalent to express the equality of area, and to restrict 
the word equal to the case in which magnitudes admit of super¬ 
position and coincidence. This distinction, however, has not 
been generally adopted, probably because there are few cases in 
which any ambiguity can arise; in such cases we may say es¬ 
pecially, equal in area, to prevent misconception. 

Cress well, in his Treatise of Geometry, has given a demon¬ 
stration of I. 35 which shews that the parallelograms say be 
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divided into pain of pieces admitting of superposition ahd coin¬ 
cidence ; see also his Preface, page x. 

I. 38. An important case of I. 38 is that in which the tri¬ 
angles are on equal bases and have a common vertex. 

I. 40. We may demonstrate I. 40 without adopting the in¬ 
direct method. Join BD, CD. The triangles DBC and DBF 
are equal, by I. 38; the triangles ABC and DBF are ec al, by 
hypothesis; therefore the triangles DBC and ABC ate equal, by 
the first Axiom. Therefore AD is parallel to BC, by I. 39. 
Philosophical Magazine, October 1850. 

I. 44. In I. 44, Euclid does not shew that AH and FQ 
will meet. ‘‘I cannot help being of opinion that the construc¬ 
tion would have been more in Euclid’s manner if he had made 
OH equal to BA and then joining HA had proved that HA was 
parallel to OB by the thirty-third proposition.” Williamson. 

I. 47. Tradition ascribed the discovery of I. 47 to Fytha- 
gonut Many demonstrations have been given of this cele¬ 
brated proposition; the following is one of the most interesting. 

Let A BCD, AEFQ be any 1 1 
two squares, placed so that 
their bases may join and form / . 

one'straight line. Take OH / 

and EK each equal to AB, and / 

join HC, CK, KF, FH. / D- -^.0 

Then it may be shewn that / / 

the triangle HBC is equal in Fk— -g / 

all respects to the triangle FEK, / 

and the triangle KDC to the >»_ / 

triangle FOH. 


Therefore the I \ / J 

two squares are together equiva- k - -J———- I 

lent to the figure CKFH. It A B 

may then be shewn, with the aid of I. 32, that the figure CKFH 
is a square. And the side CH is the hypotenuse of a right-angled 
triangle of which the sides CB, JiH are equal to the sides of the 
two given squares. This demonstration requires no proposition 
of Euclid after I. 32, and it shews how two given squares may 
be cut into pieces which will fit together so as to form a third 
square. Quarterly Journal of Mathematics, Vol. 1. 

A large number of demonstrations of this proposition are col¬ 
lected in a dissertation by Joh. Jos. Ign. Hoffmann, entitled Dot 
Pythagorische LehrsaU .... Zweyte ,.. A usaabe. Maim. 1821. 
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THE SECOND BOOK. 


Tra second book is devoted to the investigation of relations 
between the rectangles contained by straight lines divided into 
segments in various ways. 

When a straight line is divided into two parts, each part is 
called a segment by Euclid. It is found convenient to extend the 
meaning of the word tegment, and to lay down the following defi* 
nition. When a point is takon in a straight line, or in the 
straight line produced, the distances of the point from the ends of 
the straight line are called segments of the straight line. When 
it is necessary to distinguish them, such segments are called in- 
ternal or external, according as the point is in the straight line, 
or in the straight line produced. 

Ike student cannot fail to notice that there is an analogy 
between the first ten propositions of this book and some element* 
ary facts in Arithmetcr and Algebra. 

Let A BOH represent a rectangle which is 4 inches long and 

3 inches broad. Then, by draw- ' 

ing straight lines parallel to 
the sides, the figure may be 
divided into 14 squares, each 
square being described on a 
side which represents an inch 
in length. A square described 
on a side measuring an inch is 
called, for shortness, a square 

inch. Thus if a rectangle is ^ 

4 inches long and 3 inches 

broad it may* be divided into ia square inches; this is expressed 
by saying, that its area is equal to ia square inches, or, more 
briefly, that it contains ia square inches. And a similar result 
is easily seen to hold in all similar cases. Suppose, for example, 
that a rectangle is, 1 a feet long and 7 feet broad; then its 
area is equal to 1 a times 7 square feet, that iB to 84 square feet; 
this may be expressed briefly in common language thus; if a 
rectangle measures ia feet by 7 it contains 84 square feet. It 
must be carefully observed that the sides of the rectangle are 
supposed to be measured by the same unit of length. Thus if a 
ictangle is a yard in length- and a foot and a half in brssdth. 
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must express each of these dimensions in terms of the sirne unit; 
we may say that the rectangle measures 36 inches by 18 inches, 
and contains 36 times 18 square inches, that is, 648 square inches. 

Thus universally, if one side of a rectangle contain a unit of 
length an exact number of times, and if an adjacent side of the 
rectangle also contain the same unit of length an exact number of 
times, the product of these numbers will be the number of square 
units contained in the rectangle. 

Next suppose we have a square , and let its side be 5 inches in 
length. Then, by our rule, the area of the square is 5 times 
5 square inches, that is 25 square inches. Now the number 
25 is called in Arithmetic the square of the number 5. And 
universally, if a straight line contain a unit of length an exact 
number of times, the area of the square described on the straight 
line is denoted by the square of the number which denotes the 
length of the straight line. ' 

Thus we see that there is in general a connexion betweeh the 
product of two numbers and the rectangle contained by two 
straight lines, and in particular a connexion between the square of 
a number and the square on a straight line; and in consequence 
of this connexion the first ten propositions in Euclid's Second 
Book correspond to propositions in Arithmetic and Algebra. 

The student will perceive that we speak of the square de¬ 
scribed on a straight line, when we refer to the geometrical figure, 
and of the square of a number when we refer to Arithmetic. The 
editors of Euclid generally use the words “square described 
upon” in I. 47 and I. 48, and forwards speak of the square of 
a straight line. Euclid himself retains throughout the same form 
of expression, and we have imitated him. 

Some editors of Euclid have added Arithmetical or Alge¬ 
braical demonstrations of the propositions in the second book, 
founded on the connexion we have explained. We have thought 
it unnecessary to do this, because the student who is acquainted 
with the elements of Arithmetic and Algebra will find no diffi¬ 
culty in supplying such demonstrations himself, so far as they 
are usually given. We say $0 far as they are usually given , 
because these demonstrations usually imply that the sides of 
rectangles can always be expressed exactly in terms of some unit 
of length; whereas the student will find hereafter that this is not 
the case, owing to the existence of what are technically called 
incmmmmrable magnitudes* We do not enter on this subject, 
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as it would lead us too far from Euclid’s Elements of Geometry, 
with which we are here occupied. / 

The first ten propositions in the second book c? Euclid may 
be arranged and enunciated in various ways j we will briefly 
indicate this, but we do not consider it of any importance to dis¬ 
tract the attention of a beginner with these diversities. 

II. a and II. 3 are particular cases of II. 1. 

II. 4 is very important; the following-particular case of it 
should be noticed; the square described on a straight line made up 
of two equal straight lines is equal to four times the square described 
on one of the two equal straight lines. 

II. 5 and II. 6 may be included in one enunciation thus; the 
rectangle under the sum and difference of two straight lines is equal 
to the difference of the squares described on those straight lines; 
or thus, the rectangle contained by two straight lines together with 
the square described on half their difference, is equal to the square 
described on half their sum. 

II. 7 may be enunciated thus; the square described on a 
straight line which is the difference of two other straight lines is less 
than the sum of the squares described on those straight lines by 
twice the rectangle contained by those straight lines. Then from this 
and II. 4, and the second Axiom, we infer that the square described 
on the sum of two straight limes, and the square described 
their difference, are together double of the sum of the squares 
described on the straight lines; and this enunciation includes both 
II. 9 and II. 10, so that the demonstrations given of these pro¬ 
positions by Euclid might be superseded. 

I£. 8 coincides with the second form of enunciation which we 
have given to II. 5 and II. 6, bearing in mind the particular case 
of II. 4 which we have noticed. 

II. 11. When the student is acquainted with the elements of 
Algebra he should notice that II. 11 gives a geometrical con¬ 
struction for the solution of a particular quadratic equation. 

II. n, II. 13. These are interesting in connexion with I. 47; 
and, as the student may see hereafter, they are of great import¬ 
ance in Trigonometry; they are however not required in any of 
the parts of Euclid’s Elements which are Usually read. The 
converse of I. 47 is proved in I. 48; and we can easily shew that 
converses of II. 14 and II. 13 are true. 

Take the following, which is the converse of II. 14; if the 
square described yn one side of a triangle be greater than the sum 
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of the squares deteribed on the other two tidet, the otngU opposite 
to the first tide it obtuse. 

For the angle cannot be a right angle, since the square de¬ 
scribed on the first side would then be equal to the sum of the 
squares described on the other two sides, by I. 47; and the angle 
cannot be acute, since the square described on the first side 
would then be less than the sum of the squares described on the 
other two sides, by II. 13; therefore the angle must be obtuse. 

Similarly we may demonstrate the following, which vs the con¬ 
verse of II, 13; if the square described on one side of a triangle 
be less than the sum of the squares described on the othe. two tides, 
the angle opposite to the first tide is acute. 

II. 13. Euclid enunciates II. 13 thus; in acute-angled tri¬ 
angles, See. ; and he gives only the first case in the demonstration. 
But,-as Simson observes, the proposition holds for any triangle; 
and accordingly Simson supplies the second and third cases. It 
has, ^however, been often noticed that the same demonstration is 
applicable to the first and second oases; and it would be a great 
improvement as to brevity and clearness to take these two cases 
together. Then the whole demonstration will be as follows. 

Let ABC be any triangle, and the angle at B one of its 
acute angles; and, if AC be not perpendicular to BC, let fall on 
BO, produced if necessary, the perpendicular AD from the 
opposite angle: the square on AC opposite to the angle B, shall 
be less than the squares on CB, BA, by twice the rectangle 
CB, BD. 



First, suppose AC not perpendicular to BC. 

The squares on CB, BD are equal to twice the rectangle 
CB, BD, together with the square on CD. [II. 7. 

To each of these equals add the square on DA. 

Therefore the squares on CB, BD, DA are equal to twice the 
rectangle CB, BD, together with the squares on CD,, DA. 

But the square on AB is mnal to the sauares on BD. DA- 
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and the square on AC is equal to the squares on CD, j DA, 
because the angle J3D A is a right angle. [I. 4^. 

Therefore the squares on CB, BA are equal to the square on AC, 
together with twice the rectangle CB, BD; 
that is, the square on AC alone is less than the squares <m 
CB, BA, by twice the rectangle CB, BD. 

Next, suppose AC perpendicular to BO. * A 

Then BC is the straight line intercepted be¬ 
tween the perpendicular and the acute angle 
at B. 

And the square on AB is equal to tho squares 
on AC, CB. [I. 47. 

Therefore the square on AC is less than the 
squares on AB, BC, by twice the square on BC. 

II. 14, This is not required in any of the parts of Euclid’s 
Element* which are usually read; it is included in VI. aa. 



THE THIRD BOOK. 

The third book of the Elements is devoted to properties of 
circles. 

Different opinions have been held as to what is, or should be, 
included m the third definition of the third book. .One opinion 
is that the definition only means that the circles do not cut in 
the neighbourhood of the point of contact, &nd that it must be 
shewn that th©y do not cut elsewhere. Another opinion is that 
the definition means that the circles do not cut at all; and this 
seems the correct opinion. The definition may therefore be pre¬ 
sented more distinctly thus. Two circles are said to touch inter¬ 
nally when their circumferences have one or more common 
points, and when every point in one circle is within the other 
circle, except the common point or points. Two circles are said 
to touch externally when their circumferences have one or more 
common points, and when every point in each circle is without 
the other circle, except the common point or points. It is then 
shewn in the third Book that the circumferences of two circles 
Which touch can have only one common point. 

A straight line which touches a circle is often called a fan- 
gent to the circle, or briefly, a tangent. 

It is very convenient to have a word to denote a portion of 
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the boundary of a circle, and accordingly we use the word arc. 

Euclid himself uses circumference both for the whole boundary 
and for a portion of it. 

III. i. In the construction, DO is said to be produced be 
E; this assumes that D is within the circle, which Euclid demon* 
strates in III. 4 . 

III. 3. This consists of two parts, each of which is the con* 
▼erse of the other; and the whole proposition is the converse of 
the corollary in III. 1. 

III. 5 and III. 6 should have been taken together. They 
amount to this, if the circumferences of two circles meet at a point 
they cannot have the same centre, so that circles which have the 
same centre and one point in their circumferences common, must 
coincide altogether. It would seem as if Eucnd had made three 
cases, one in which the circles cut, one in which they touch 
internally, and one in which they touch externally, and had then 
omitled the last case as evident. 

III. 7, III. 8. It is observed by Professor De Morgan that 
in III. 7 it is assumed that the angle FEB is greater than the 
angle EEC, the hypothesis being only that the angle DFB is 
greater than the angle DFO', and that in III. 8 it is assumed 
that K falls within the triangle DLM, and E without the triangle 
DMF. He intimates that these assumptions may be established 
by means of the following two propositions which may be given 
in order after I. 21. 

The perpendicular is the shortest straight line which can he 
drawn from a given point to a given straight line / and of others 
that which is nearer ‘to the perpendicular is less than the more 
remote, and the converse; and not more than two equal straight 
lines can he drawn from the given point to the given straight line, 
one on each side of the perpendicular. 

Every straight line drawn from the vertex of a triangle to the 
hose is less than the greater of the two sides, or than either of them 
if they he equal. ** j 

The following proposition is analogous to III, 7 and III. 8. 

If any point he taken on the circumference of a circle, of all 
the straight lines which can he drawn from it to the circumference, 
the greatest is that in which the centre is; and of any others, that 
which is nearer to the straight line which passes through the centre 
is always greater than one more remote; and from the same point 
there can he drawn to the circumference two straight lines, and 
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only two, which, are equal to one another, one on each tide of the 
greatest line. 

The first two parts of .this proposition are contained In 
III. 15; all three parts might be demonstrated in the manner of 
III. 7, and they should be demonstrated, for the third part is 
really required, as we shall see in the note on III. 10. 

III. 9. The point E might be supposed to fall within the 
angle ADC. It cannot then be shewn that DO is greater 
than DB, and DB greater than DA, but only that either DO 
or DA is less than DB i this however is sufficient for establish* 
ing the proposition. 

Euclid has given two demonstrations of III. 9, of which 
Simson has chosen the second. Euclid’s other demonstration is 
as follows. Join D with the middle point of the straight line 
AB; then it may be shewn that this' straight line is at right 
angles to AB; and therefore the centre of the circle must lie in 
this straight line, by III. r, Corollaiy. In the same manner it 
may be shewn that the centre of the circle must lie in the 
straight line which joins D with the middle point of the straight 
line BC. The centre of the circle must therefore be at D, 
because two straight lines cannot Lave more than one common 
point. -v 

III. 10. Euclid has given two demonstrations of III. 10, of 
which Simson has chosen the second. Euclid’s first demonstra¬ 
tion resembles his first demonstration of III. 9. He shews that 
the centre of each circle is on the straight line which joins K 
with the middle point of the straight line BO, and also on the 
straight line which joins K with the middle point of the straight 
line BH; therefore K must be the centre of each circle. 

... The demonstration which Simson has chosen requires some 
additions to make it complete. For the point K might be sup¬ 
posed to fall without the circle DEF, or on its circumference, or 
within it; and of these three suppositions Euclid only considers 
the last. If the pornt K be supposed to fall without the circle. 
DEF we obtain a contradiction of III. 8; which is absurd. If 
the point K be supposed to fall on the circumference of the circle 
DEF we obtain a contradiction of the proposition which we 
have enunciated at the end of the note on III. 7 and III. 8; 
.which is absurd. 

What is demonstrated in III. 10 is that the circumferences of 
two circles cannot have more than two common points; there it 

' ... ' ’ •”... IS ~ 
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nothing in the demonstration which assumes that the circle! cut one 
another, but the enunciation refers to this case only because 
it is shewn in III. 13 that if two oircles touch one another, 
their circumferences cannot have more than one common 
point.. 

III. 11, III. 13. The enunciations as given by Simson and 
others speak of the point of contact; it is however not shewn 
until III. 13 that there is only one point of contact. It should 
bo observed that the demonstration in III. 11 will hold even if 
D and H be supposed to coincide, and that the demonstration 
in IIL is will hold even if C and D be supposed to coincide. 
We may combine III. 11 and III. is in one enunciation thus. 

If two circlet touch one another their circumferences cannot 
have a common point out of the direction of the straight line which 
joint the centres. 

III. 11 may be deduced from III. 7 * For Off is the least 
line that can be drawn from 0 to the circumference of the circle 
whose centre is F, by III. 7. Therefore Off is less than OA, 
that is, less than OD ; which is absurd. Similarly III. 1 a may 
be deduced from III. 8. 

TTT. 13. Simson observes, “As it is much easier to imagine 
that two circles may touch one another within in more points 
than one, upon the same side, than upon opposite sides, the 
figure of that case ought not to have been omitted; but the 
construction in the Greek text would not have suited with this 
figure so well, because the centres of the circles must have been 
placed near to the circumferences; on which account another 
construction and demonstration is given, which is the same with 
the Becond part of that which Campanus has translated from the 
Arabic, where, without any reason, the demonstration is divided 
into two parts.” 

It would not be obviods from this note which figure Simson 
himself supplied, because it is uncertain what he means by the 
“same side” and “opposite sides.” It is the left-hand figure 
in the first part of the demonstration. Euclid, however, seemB 
to be quite correct in omitting this figure, because he has shewn 
in III. 11 that if two circles touch internally there cannot be a 
point of contact out of the direction of tbe straight line which 
joins the centres. Thus, in order to shew that there is only one 
point of contact, it is sufficient to put the second supposed point | 
of contact on the direction of the straight line which joins the j 
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cet. »js. Accordingly in his own demonstration Euclid uon* 
fines himself to the right-hand figure; and he she vs that this 
case cannot exist, because the straight line BD would be a 
dtameter of both circles, and would therefore be bisected at two 
different points; which is absurd. 

Euclid might have used a similar method for the seoond pari 
of the proposition; for as there cannot be a point of contact out 
of the straight line joining the centres, it it obviously impossible 
that there can be a second point of contact when the circles 
touch externally. It is easy to see this; but Euclid preferred a 
method in which there is more formal jasoning. N 

We may observe that Euclid’s mode of dealing with the 
contact of circles has often been censured by commentators, but 
apparently not always with good reason. For < ’ample, Walker 
gives another demonstration of III. 13; and flays that Euclid’s 
is worth nothing, and that Simson fails; for it is not proved that 
two circles which touch cannot have any arc common to both 
circumferences. But it is shewn in III. 10 that this is impos¬ 
sible; Walker appears to have supposed that HI. 10 is limited to 
the case of circles which cut. See the note on III. 10. 

III. 17. It is obvious from the construction in III. 17 that 
two straight lines can be drawn from a given external point to 
touch a given circle; and these two straight lines are equal in 
length and equally inclined to the straight line which joins the 
given external point with the centre of the given circle. 

After reading III. 31 the student will see that the problem 
in III, 17 may be solved in another way, as follows: describe a 
circle on AE as diameter; then the points of intersection of this 
circle with the given circle will be the points of contact of the 
two straight lines which can be drawn from A to touoh the ‘given 
circle. 

III. 18. It does not appear that III. 18 adds anything* 
to what we have already obtained in III. 16. For in III. 16 it 
is shewn, that there is Only one straight lino which , touches a 
given circle at a given point, and that the angle between this 
straight line and the radius drawn to the point of contact is a 1 
right angle. ‘ > n . ; 4 

III. 30. There are two assumptions in the demonstration of 
III. 30. Suppose that A is double of B' and C double of D; 
then in the first part it is assumed that the sum of A and O is 
double of the sum of B and D t and in* the second part it‘is as* 

18—2 n 


: t NOTES ON 


276 

Burned that the difference of A and C is double of the difference 
of B and D. The former assumption is a particular case of V. i, 
and the latter is a particular case of Y. 5. 

. An important extension may be given to III. ao by intro¬ 
ducing angles greater taan owo right angles. For, in the first 
figure, suppose we draw the straight lines BF and CF. Then, 
the angle BE A is double of the angle BFA, and the angle CEA 
is double of the angle OF A ; therefore the sum of the angles 
BE A and CEA is double of the angle BFC. The sum of the 
angles BEA and CEA is greater than two right angles ; we will 
call the sum, the re-entrant angle BEC. Thus the re-entrant 
angle BEC is double of the angle BFC. (See note on I. 31). 
If this extension be used some of the demonstrations in the third 
book may be abbreviated. Thus III. 21 may be demonstrated 
without making two cases; III. 22 will follow immediately from 
the fact that the sum of the angles at the centre is equal to four 
right Angles; and III. 31 will follow immediately from III. so. 

III. sr. In III. 21 Euclid himself has given only the first 
case; the second case has been added by Simson and others. 
In either of the figures of III. 21 if a point be taken on the same 
side of BD as A, the angle contained by the straight lines which 
join this point to the extremities of BD is grecUer or less than the 
angle BAD , according as the point is within or without the angle 
BAD; this follows from I. si. 

We shall have occasion to refer to IV. 5 in some of the 
remaining notes to the third Book; and the student is accord¬ 
ingly recommended to read that proposition at the present 
stage. 

The following proposition is very important. If any number 
of triangles be constructed on the same base and on the same side 
of it^with equal vertical angles , the vertices will all lie on the cir* 
cumference of a segment of tt circle. 

For take any one of these triangles, and describe a circle 
round it, by IY. 5 ; then the vertex of any other of the triangles 
must be on the circumference of the segment containing the 
assumed vertex, since, by the former part of this note, the vertex 
cannot be without the circle or within the circle. 

Ill* 22, The converse of III- 2% is true and very im- 
portant; namely, if two opposite angles of a quadrilateral bt 
together equal to two right anglet, a circle may be circumscribed 
about the quadrilateral. Tor, let A BCD denote the quadrila- 
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feral. Describe a circle round tbe triangle ABC, by IV. 5 - 
Take any point E, on the circumference of the segment cut off 
by AC, and on the same side of AC as D is. Then, the angles 
at B and E are together equal to two right'angles, by III. a 2 ’, 
and the angles' at B and D are, together equal to two right 
angles, by hypothesis. Therefore the angle at E is equal to the 
angle at D. Therefore, by the preceding note D is on the cir¬ 
cumference of the same segment as E. 

III. 32. Tha converse of III. 3 2 true and important; 
namely, if a straight line meet a circle, and from, the ’point of 
meeting a straight line he drawn cutting the, circle, and the angle 
between the two straight lines be equal to the'angle in the alternate 
segment of the circle, the straight line which meets the circle shall 

touch the circle. ' 

This may be demonstrated indirectly. Fcr, if possible, sup¬ 
pose that the straight line which meets the circle does not touch 
it.' Draw through the point of meeting a straight line to touch 
the circle. Then, by III'. 32' &nd the hypothesis, it will follow 
that two different straight lines pass through .the same point, and 
mako tho same angle, on the same side, with : a third straight 
line which also passes through that point; but this is unpoa- 

^ HI, 25, III.- 36. Tbe following proposition constitutes a 
large part of the demonstrations of III. 35 a “ d IIL lf an y 

point be taken in the base, or the base produced, of an isosceles 
triangle, the rectangle contained by the segments of the base 1s 
equal to the difference of the square on the straight line joining 
this poiri to the vertex and the square on the side of the triangle. 

This proposition is in fact demonstrated by Euclid, without 
using any property of the circle; if it were enunciated and de¬ 
monstrated before III. 35 and III. 36 the demonstrations of 
these two propositions might be shortened and simplified. 

The following converse of III. 35 and the Corollary of III. 36 
may be noticed. If two straight lines AB, CD intersect at 0 , and 
the rectangle AO, OB he equal to the rectangle CO, OD, the circum • 
ference of a circle will pass through the four points A, B, C, D. 
For a circle may be described round the triangle ABC , y 

I ,1 __nl. Arrrn Inonf.l V Kv the aid Ol 

iv. 5; ana xnen x» ux*y uc — 

III. 35 or the Corollary of III. 3$ that the circumference of this 

circle will also pass through D. 
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THE FOURTH BOOK. 

m> Bo °^ the Elements consists entirely of problems. 

The first five propositions relate to triangles of any kind; the 
remaining propositions relate to polygons which have all their 
sides equal and all their angles equal. A polygon which has all its 
sides equal and all its angles equal is called a regular polygon. 

a process similar to that in IV. 4 we can describe 
a circle which shall touch one side of a triangle and the other 
two sides produced. Suppose, for example, that we wish to 
describe a circle which 3hall touch the side BO, and the sides 
and 4(7 produced: bisect the angle between AB produced 
and bisect the angle between A O produced and BO • 
then the point at which the bisecting straight lines meet will be the’ 
centre of tho required circle. The demonstration will be similar 
to that m IV. 4. 

A circle which touches one side of a triangle and the other 
two sides produced, is called an escribed circle of the triangle. 

We can also describe a triangle equiangular to a given tri- 
angle, and such that one of its sides and the other two sides 
produced shall touch a given circle. For, in the figure of IV. a 
suppose AK produced to meet the circle again; and at the point 
of intersection draw a straight line touching the circle; this straight 
line with parts of NB and NO, will form a triangle, which will 
be equiangular to the triangle MLN, and therefore equiangular to 
the triangle EBB; and one of the sides of this triangle, and the 
other two sides produced, will touch the given circle. 

IY. 5. Simson introduced into the demonstration of IY. 5 
the part which shews that BF and EF will meet. It has also 
been proposed to shew this in the following way: join BE; then 
the angles EBP and BEF “are together less than the angles 
ADF and AEF f that is, they are together less than two right 
angles; and therefore BF and EF will meet, by Axiom' 12. 
This assumes that ABE and AEB are acute angles; it may how¬ 
ever be easily shewn that BE is parallel to BO, so that the 
triangle ABE is equiangular to the triangle ABC; and we must 
L-erefore select the two sides AB and AO such that ABC and 
ACB may be acute angles. 

IV. 10. The vertical angle of the triangle in IV. 10 is 
easily seen to be the fifth part of two right angles; and as it 
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may be bisected, we can thus divide a right angle geometrically 
into five equal parts, , 

It follows from what la given in the fourth Book of the 
Elements that the circumference of a circle can be divided into 
3, 6, 12, 24,... . equal parts; and sIbo into 4, 8, t6, 32, •.. . 
equal parts; and also into 5> 10, 20, 40, • • • • equal parts; and 

also into 15, 30, 60, 120,.equal parts. Hence also 

regular polygons having as many sides as any of these numbers 
may be inscribed in a circle, or described about a circle. This 
however does not enable us to describe a regular polygon of any 
assigned number of sides; for example, we do not know how to 
describe geometrically a regular polygon of 7 sides. 

It was first demonstrated by Gauss in i8ot, in his Disqui* 
sitiones Arithmetical , that it is possible to describe geometrically 
a regular polygon of 2 n +1 sides, provided 2 n +1 be a prime num¬ 
ber ; the demonstration is not of an elementary character. As 
an example, it follows that a regular polygon of 17 sides, can be 
described geometrically; this example is discussed in Catalan’s 
Thiorimes et Problemes de Q 6 omAtrie Eltmentaire. 

For an approximate construction of a regular heptagon see 
the Philosophical Magazine for February and for April, 1864* 

THE FIFTH BOOK. 

The fifth Book of the Elements is on Proportion • Much 
has been written respecting Euclid’s treatment of this subject; 
besides the Commentaries on the Elements to which we have 
already referred, the student may consult the articles Ratio and 
Proportion in the English Cyclopaedia , and the tract on the 
Connexion of Number and Magnitude by Professor De Morgan. 

The fifth Book relates not merely to length and space, but to 
any kind of magnitude of which we can form multiples. 

Y. J)ef. 1. The word part is used in two senses in Geometry. 
Sometimes the word denotes any magnitude which is less than 
another of the same kind, as in the axiom, the whole is greater 
than its part • In this sense the word has been used up to the 
present point, but in the fifth Book Euclid confines the word to 
a more restricted sense. This restricted sense agrees with that 
which is given in Arithmetic and Algebra to the term aliquot 
part 9 or to the term submultiple • 
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V. Def. 3. Simson considers that the definitions 3 and 8 are 
“not Euclid’s, but added by some unskilful editor.” Other com- 
mentators also have rejected these definitions as useless. The 
last word of the third definition should be quantuplieity, not 
quantity; so that the definition indicates that.ratio refen to .the 
number of times which, one magnitude contains another. See De 
Morgan’s Differential and Integral Calculus , page 18. 

Y. Def. 4. This definition amounts to saying that the quan- 
tities must be of the same hind. 

y. Def. 5. The fifth definition is the foundation of Euclid’s 
doctrine of proportion. The student will find in works on Alge¬ 
bra a comparison of Euclid’s definition of proportion with the 
simpler definitions which are employed in Arithmetic and Algebra. 
Euclid’s definition is applicable to incommensurable quantities, as 
well as to commensurable quantities. 

We should recommend the student to read the first propo- 
altiod of the sixth Book immediately after the fifth definition of 
the fifth Book; he will there see how Euclid applies his defi¬ 
nition, and will thus obtain a better notion of its meaning and im¬ 
portance. ' . 

'Compound Ratio. The definition of compound ratio was 
supplied by Simson. The Greek text does not give any defini¬ 
tion of compound ratio here, but gives one as the fifth definition 
of the sixth Book, which Simson rejects as absurd and useless. 

V. Defs. 18, 19, 20. The definitions 18, 19, 20 are not pre¬ 
sented by Simson precisely as they stand in the original. The 
last sentence in definition 18 was supplied by Simson. Euclid 
does not connect definitions 19 and 20 with definition 18. In 
19 he defines ordinate proportion, and in 20 he defines perturbate 
proportion. Nothing would be lost if Euclid’s definition 18 were 
entirely omitted, and the term ex asquali never employed. Euclid 
employs such a term in the’ enunciations of V. 20, 2 r, 22, 23 ; 
but it seems quite useless, and is accordingly neglected by Simson 
and others in their translations.-; 

The axioms given after the definitions of the fifth Book are 
not in Euclid; they were supplied by Simson. 


The prepositions of the fifth Book might be divided into four 
sections. Propositions 1 to 6 relate to the properties of equi¬ 
multiples. Propositions 7 to 10 and 13 and 14 connect the 
notion of the ratio of magnitudes with the ordinaiy notions of 
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greater, equal, and leu.. Propositions ii, 12, 15 and 16 may be 
considered as introduced to shew that, if four quantities of the 
same kind bq proportionals they will also be proportionals when 
taken alternately. The remaining, propositions shew that mag¬ 
nitudes are proportional by composition, by division, and ex cequo. 

In this division of the fifth Book propositions 13 and 14 are 
supposed to be placed immediately after proposition 10; and 
they might be taken in this order without any change in Euclid’s 
demonstrations. 

The propositions headed A, B, C, D, E were supplied by 
Simson. 

V. 1, 2,3, 5, 6. These are simple propositions of Arithmetic, 
though they are here expressed in terms which make them ap¬ 
pear less familiar than they really are. For example, V. 1 • 
“states no more than that ten acres and ten roods make ten times 
as much as one acre and one rood.’* Be Morgan. 

In V. 5 Simeon has substituted another construction for that 
given by Euclid, because Euclid’s construction assumes that we 
can divide a given straight line into any assigned number of 
equal parts, and this problem is not solved until YI. 9. 

V. 18. This demonstration is Simson’s. We will give here 
Euclid’s demonstration. 

Let AE be to EB as OF is to FD : AB shall 
be to BE as CD is to BF. 

For, if not, AB will be to BE as CB is to some 
magnitude less than BF, or greater than BF. 

First, suppose that AB is to BE as CB is to 
BO, which is less than BF. 

Then, because AB is to BE as CB is to BO, 
therefore A E is to EB as CO is to GB. [V. 17. 

But AE is to EB as CF is to FB, [ Hypothesis. 
therefore CG is to GB as CF is to FB. [V. 1 1. 

But CO is greater than CF ; 
therefore OB is greater than FB. 

But OB is less than FB ; which is impossible. 

In the same manner it may be shewn that AB is not to BE 
as CD is to a magnitude greater than BF. 

Therefore A B is to BE as GB is to BF. 

The objeotion urged by Simson against Euclid’s demonstra¬ 
tion is that “it depends upon this hypothesis, that to any three 
magnitudes, two of which, at least, are of the same kind, there 


of 
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m*y be a fourth proportional:-. Euclid does not demon- 

stnite it, nor does he shew how to find the fourth proportional, 
before the nth Proposition of the 6th Book. J 9 H 

The following demonstration is given by Austin in his Exami. 
nation of the first six boohs of Euclid's Elements. 

Let AE be to EB as OF is to FD : AB shall 
be to BE as CD is to DF. \ ! A 

For, because AE is to EB as OF is to FD 
therefore, alternately, AE is to OF as EB is O 

to FD. jg. £. 

And as one of the antecedents is to its con- F 

sequent so is the sum of the antecedents to the 

sum of the consequents; ry ji 

therefore as EB h to FD bo are AE and Ell 

together to OF and FD together, R n 

that ys, AB is to CD as EB is to FD. U U 

Therefore, alternately, AB is to EB as CD is to FD. [V. 16. 

is Z'JJ'a P 6 fir , St , Bt f? in th e demonstration of this proposition 
is take A 0 equal to E and CH equal to F "; and here a refer¬ 
ence is sometimes given to I. 3. But the magnitudes in the 
proposition are not necessarily straight lines, so that this refer¬ 
ence to I. 3 should not be given; it must however be assumed 
that we can perform on the magnitudes considered, an operation 

the fifth°R hl t "ht “'Perforated on straight lines in 1 .3! Since 
tte fifth Book of the Elements treats of magnitudes generally, 
and not merely of lengths, areas, and angles, there is no reference 
made in it to any proposition of the first four Books. 

whicHT^ ? r T 3i ?° ns relatin S *° impound ratio, 
which he distinguishes by the letters F, O, H, K\ it seems how¬ 
ever unnecessary to reproduce them as they are now rarely read 
and never required. , 3 


THE SIXTH BOOK. 

The sixth Book of the Elements consists of the application of 
figun* 17 ° f pr ° portion to esta blish properties of geometrical 

, .yf; *• For an important remark bearing on the first 
definition, see the note on YI. 5. 6 

VI. Def. a. The second definition is useless, for Euclid 
makes no mention of reciprocal figures. 
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VI. Def. 4* The fourth definition is strictly only applicable 
to a triangle, because no other figure has a point which can be 
exclusively called its vertex. The altitude of a parallelogram is 
the perpendicular drawn to the base from any point in the op- 
posite side. 

VI. 2. The enunciation of this important proposition is open 
to objection, for the manner in which the sides may be cut is not 
sufficiently limited. Suppose, for example, that AD is double of 
DB y and CE double of EA ; the sides are then cut proportionally, 
for each side is divided into two parts, one of which is double of 
the other; but DE is not parallel to EC. It should therefore 
be stated in the enunciation that the segment* terminated at the 
vertex of the triangle are to be homologous terms in the ratios , that 
is, are to be the antecedents or the consequents of the ratios. 

It will be observed that there are three figures corresponding 
to three cases which may exist; for the straight line drawn pa¬ 
rallel to one side may cut the other sides, or may cut the other 
sides when they are produced through the extremities of the base, 
or may cut the other sides when they are produced through the 
vertex. In all these cases the triangles which are shewn to be 
equal have their vertices at the extremities of the base of the 
given triangle, and have for their common base the straight line 
which is, either by hypothesis or by demonstration, parallel to 
the base of the triangle. The triangle with which these two 
triangles are compared has the same base as they have, and has 
its vertex coinciding with the vertex of the given triangle. 

VI. A* This proposition was supplied by Simson. 

VI. 4. We have preferred to adopt the term ** triangles 
which are equiangular to one another,” instead of “equiangular 
triangles,” when the words are used in the sense they bear in 
this proposition. Euclid himself does not use the term equian - 
gular triangle in the sense in which the modem editors use it in 
the Corollary to I. 5, so that he is not prevented from using the 
term in the sense it bears in the enunciation of VI. 4 and else¬ 
where; but modem editors, having already employed the term in 
one sense ought to keep to that sense. In the demonstrations, 
where Euclid uses such language as “the triangle ABC in equi¬ 
angular to the triangle DEF,” the modem editors sometimes 
adopt it, and sometimes change it to “the triangles ABC and 
DEF are equiangular.” 

*^ n VI. 4 the manner in which the two triangles are to be 
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placed is very imperfectly described; their bases, are to be in the 
Bame straight line and contiguous, their vertices are to be on the 
same side of the base, and each of the two angles which have a 
common vertex is to be equal to the remote angle of the other 
triangle. 

By superposition we might deduce VI. 4 immediately from 
VI. 2. 

YI. 5. The hypothesis in VI. 5 involves more than is di¬ 
rectly asserted ; the enunciation should be, 44 if the sides of two 
triangles, taken in order , about each of their angles 
that is, some restriction equivalent to the words taken in order 
should be introduced. It is quite possible that there should be 
two triangles ABC\ DBF, such that AB is to BC as BE is to 
EF\ and BC to CA as DF is to ED, and therefore, by V. 23, 
AB to A C as DF is to EF ; in this case the sides of the triangles 
aboyt each of their angles are proportionals, but not in the same 
order, and the triangles are not necessarily equiangular to one 
another. For a numerical illustration we may suppose the sides 
of one triangle to be 3, 4 and 5 feet respectively, and those of 
another to be 12, 15 and 20 feet respectively. Walker . 

Each of the two propositions VI. 4 and VI. 5 is the converse 
of the other. They shew that if two triangles have either of the 
two properties involved in the definition of similar figures they 
will have the other also. This is a special property of triangles. 
In other figures either of the properties may exist alone. For 
example, any rectangle and a square have their angles equal, but 
not their sides proportional; while a square and any rhombus 
have their sides proportional, but not their angles equal. 

VI. 7. In VI. 7 the enunciation is imperfect; it should be, 
iC if two triangles have one angle of the one equal to one angle 0! 
the other, and the sides about two other angles proportionals, so 
that the sides subtending the equal angles are homologous; then if 

each. ” The imperfection is of the same nature as that 

which is pointed out in the note on VI. 5. Walker. 

The proposition might be conveniently broken up and the 
essential part of it presented thus: if two triangles have two sides 
of the one proportional to two sides of the other , and the angles 
opposite to one pair of homologous sides equal , the angles which art 
opposite to the other pair of homologous sides shall either be equal , 
or be together equal to two right angles . 

For, the angles included by the proportional sides must be 
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either equal or unequal. If they are equal, then since the tri¬ 
angles have two angles of the one equal to two angles of the 
other, each to each, they are equiangular to one another. We 
have therefore only to consider the case in which the angles in¬ 
cluded by the proportional sides are unequal 

Let the triangles ABC, I>EF have the angle at A equal to 
the angle at D , land AB: to J?#as DE is to EF, but the angle 
ABC not equal to the angle DEF : the angles ACB and DFE 
shall be together equal to two right angles. . . _ 

For, one of the angles ABC, 

DEF must be greater than > - 

the other; suppose A BC the 
greater ; and make the angle 
A BO equal to the angle DEF. 

Then it may be shewn, as in 
VI. 7, that BO is equal to 
BC, and the angle BOA equal to t 

Therefore the angles ACB and DFE are together equal to the 
angles BGC and A OB, that is, to two right angles. 

Then the results enunciated in YI. 7 will readily follow. For 
if the angles A CB and DFE are both greater than a right angle, 
or both less than aright angle, or if one of them be a right 
angle, they must be equal. 

VI. 8. In the demonstration of VI. 8, as given by Simson, 
it is inferred that two triangles which are similar to a third 
triangle are similar to each other; this is a particular case of 
VI. 21, which the student should consult, in order to see the 
validity of the inference. 

VI. 9. The word part is here used in the restricted sense of 
the first definition of the fifth Book. VI. 9 is a particular case 
of VI. 10. 

VI. io. 4 The most important case of this proposition is that 
in which a straight line is to be divided either internally or cx~ 
krnally into two parts which shall be in a given ratio. 

The case in which the straight line is to be divided internally 
is^given in the text; suppose,for example, that the given ratio is 
that of AE to> EC; then AB is divided at 0 in the given ratio. , 
' Suppose, however, that AB \b to be divided externally in a 
given ratio; ihat is, suppose that AB is to be produced so that 
the whole str * ht line made up of A B and the part produced 
may be Jo the part produced in a.given ratio. Let the given ratio 
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be that of AC to CE. Join Eli; through C draw a straight line 
parallel to EE; then this straight line will meet AB, produced 
through B, at the required point. 

VI. ii. This is a particular case of VI. 12. 

T I. 14. The following is a full exhibition of the steps whioh 
lead to the result that FB and BO are in one straight line. 

The angle DBF is equal to the angle QBE l [Hypothesis. 

add to each the angle FBE; 

therefore the angles DBF, FBE are together equal to the angles 
QBE, FBE, [.Axiom 7, 

But the angles DBF $ FBE are together equal to two right 
angles; [I. 13. 

therefore the angles QBE, FBE are together equal to two right 
angles; [Axiom i, 

therefore FB and BG are in one straight line. [I. 14. 

VI. 15. This may be inferred from VI. 14, since a tr ian gle 
is half of a parallelogram with the same base and altitude. 

It is not difficult to establish a third proposition conversely 
connected with the two involved in VI; 14, and a third propo¬ 
sition similarly conversely connected with the two involved in 
VI. 15. These propositions are the following. 

Equal parallelograms which have their sideS reciprocally pro¬ 
portional, have their angles equal, each to each. 

Equal triangles which have the sides about a pair of angles 
reciprocally propoi'tional, have those angles equal or together equal 
to two right angles. 

We will take the latter proposition. 

Let ABC, ADE be equal triangles; and let CA be to AD 
as AE is to AB: either the angle BAG shall be equal to the 
augle DAE, or the angles BA Q and DAE shall be together equal 
to two right angles. 

[The student can construct the figure for himself.] 

Place the triangles so that CA and AD may be in one straight 
line; then if EA and AB are in.one straight line the angle BAG 
is equal to the angle DAE. [I, jg. 

If EA and AB are not in one straight line, produce BA through 
A to F, so that AF may be equal to AE; join DF and EF. 

Then because CA is to AD as AE is to AB, 
and AF is equal to AE, [Construction, 

therefore CA is to AD as AF is to AB. [V. 9, V. ir. 

Therefore the triangle DAF is equal to the triangle BAG. {VI. K, 
















EUCLID'S ELEMENTS. 


287 


tight lino 
produced 


>FB which 

DC. 

ypothesis. 

lie angles 
2. 

wo right 
[I. 13. 
wo right 
Axiom 1. 

[I. 14. 

triangle 

0. 

inversely 
i propo- 
olved in 

illy jm - 0 . 

f angles 
ler equal 

1 to AD 
1 to the 
er equal 


straight 
;le BAO 

P* I S- 
through 
’F. 

•■rvvs cccsce 

’.ruction. 

V. 11. 
VI. i.«, 


But the triangle DAE is equal to the triangle BAG. [Hypothesis. 
Therefore the triangle DAE is equal to the triangle DAF. [Ax. 1. 
Therefore EF is parallel to AD. [I. 39. 

Suppose now that the angle DAE is greater than the angle 
DAF. 

Then the angle CAE is equal to the angle AEF, [I. 29. 

and therefore the angle CAE is equal to the angle AFE, [I. 5. 

and therefore the angle CAE is equal to the angle BAG. [I. 29. 

Therefore the angles BAG and DAE are together equal to two 
right angles. 

S imi larly the proposition may be demonstrated if the angle 
DAE is less than the angle DAF. 

VI. 16, This is a particular case of VI. 14. 

VI. 17. This is a particular case of VI. 16. 

VI. 22. There is a step in the second part of VI. 22 which 
requires examination. After it has been shewn that the figure 
SR is equal to the similar and similarly situated figure NH, it 
is added “therefore PR is equal to OH." In the Greek text 
reference is here made to a lemma which follows the proposition. 
The word lemma is occasionally used in mathematics to denote 
an auxiliary proposition. From the unusual circumstance of a 
reference to something following, Simson probably concluded 
that the lemma could not be Euclid’s, and accordingly he takes 
no notice of it. 

The following is the substance of the lemma. 

If PR be not equal to OH, one of them must be greater than 
the other; suppose PR greater than OH. 

Then, because SR and NH are similar figures, PR is to PS 
as OH is to ON. [VI. Definition 1. 

But PR is greater than OH, [Hypothesis. 

therefore PS is greater than ON. [V.. 14. 

Therefore the triangle BPS is greater than the triangle 
HGN. [I- 4 > Axiom 9. 

But, because SR and NH are similar figures, the triangle RPS is 
equal to the triangle HON; [VI* 

which is impossible. 

Therefore PR is equal to OH. 

VI. 53. In the figure of VI. 23 suppose BD and GE drawn. 
Then the triangle BCD is to the triangle QCE as the parallelo* 
gram AC is to the parallelogram CF. Hence the result may be 
extended to triangles, and we have the following theorem. 
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triangle) which have one angle of the one equal to one angle of the 
other, have to one another the ratio which ie compounded of the 
ratio* of their tide*. 

Then VI. 19 is an immediate consequence of this theorem. 
For let ABC and BEF be similar triangles, so that AB is to BG 
as BE is to EF) and therefore, alternately, AB is to BE as BO 
is to EF. Then, by the theorem, the triangle ABO has to the 
triangle BEF the ratio which is compounded of the ratios of AB 
to BE and of BO to EF, that is, the ratio which is compounded 
of the ratios of BO to EF and of BO to EF. Aud, from the 
definitions of duplicate ratio and of compound ratio, it follows 
that the ratio compounded of the ratios of BG to EF and of BO 
to EF is the duplicate ratio of BO to EF. 

VI. 35. It will be easy for the student to exhibit in detail 
the process of shewing that BO and OF are in one straight line, 
and also LE and EM ; the process is exactly the same as that in 
I. 4j, by which it is shewn that KII and HM are in one straight 
line, and also FQ and QL. 

It seems that VI. 2$ is out of place, since it separates pro¬ 
positions so closely connected as VI. 24 and VI. 26. We may 
enunciate VI. 25 in familiar language thus: to make a figure 
which shall have the form of one figure and the size of another. 

VI. 26. This proposition is the converse of VI. 24; it 
might be extended to the case of two similar and similarly 
situated parallelograms which have a pair of angles vertically 
opposite . 

We have omitted in the sixth Book Propositions 2*f 9 28, 29, 
and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as 
useless by various modern commentators; see Austin, Walker, 
and Lardner. Some idea of the nature of these nr ^positions may 
be obtained from the following statement of the problem pro¬ 
posed by Euclid in VI. 29 . AB is a given straight line; it lias 
to be produced through £ tq a point 0, and a parallelogram 
described on A 0 subject to the following conditions; the paral¬ 
lelogram is to be equal to a given rectilineal figure, and the 
parallelogram on the base BO which can be cut off by a 
Straight line through E is to be similar to a given parallelo¬ 
gram. 

VI. 31. This proposition seems of no use. Moreover the 
enunciation is imperfect* For suppQse ED to be produced 
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through D to a point F, suoh that DF is equal to DB ; and 
join OF. Then the triangle CDF will satisfy all the conditions 
in Euclid’s enunciation, as well as the triangle CDE\ but OF 
and CB are not in one straight line. It should be stated that 
the bases must lie on corresponding Bides of both the parallels; 
the bases OF and BO do not lie on corresponding BideB of the 
parallels AB and DO, and so the triangle ODF w'^ild not 
fulfil all the conditions, and would therefore be excluded. 

' VI. 33. In VI. 33 Euclid implicitly gives up the restriction, 
which he seems to have adopted hitherto, that no angle is to be 
considered greater than two right angles. For in the demon¬ 
stration the angle BQL may be any multiple whatever of the 
angle BOO, and so may be greater than any number of right 
angles. 

YI. B, C, D. These propositions were introduced by 
Simson. The important proposition VI. D occurs in the MrydXif 
SiWafct of Ptolemy. 

THE ELEVENTH BOOK. 

In addition to the first six Books of the Elements it is usual 
to read part of the eleventh Book. For an account of the 
contents of the other Books of the Elements the Btudent is 
referred ti the article Eucleides in Dr Smith's Dictionary of 
Greek and Roman Biography, and to the article Irrational Quan¬ 
tities in the English Cyclopaedia. We to ay state briefly that 
Books VII, VIII, IX treat on Arithmetic, Book X on Irra¬ 
tional Quantities, and Books XI, XII on Solid Geometry. 

XI. Def. io. This definition is omitted by Simson, and 
justly, because, as he shewB, it is not truo that solid figures 
contained by the same number of similar and equal plane figures 
are equal to one another. For, conceive two pyramids, which 
have their bases similar and equal, but have different altitudes. 
Suppose one of these bases applied exactly on the other; then if 
the vertices be put on opposite sides of the base a certain solid is 
formed, and if the vertices be put on the Bame side of the base 
another solid is formed. The two solids thus formed are con¬ 
tained by the same number of simil ar and equal plane figures, 
but they are not equal. 

It will be. observed that in this example one of the solids has 
a re-entrant solid angle; Bee page 264. It is however true that 

19 







two convex solid figures are equal if they are contained by equal 
plane figures similarly arranged; see Catalan's Thiorimes tX 
ProbUmes de Q€om 4 trie EUmentaire „ This result was first demon¬ 
strated by Cauchy, who turned his attention to the point at ^ the 
request of Legendre and Malus; see the Journal de VEcole 
Polytechnique, Cahier 16. 

XI 9 Def. 26 . The word tetrahedron is now often ui jd to 
denote a solid bounded by any four triangular faces, that is, a 
pyramid on a triangular base; and when the tetrahedron is to 
be such as Euclid defines, it is called a regular tetrahedron. 

Two other definitions may conveniently be added. 

A straight line is said to be parallel to a plane when they do 
not meet if produced. 

The angle made by two straight lines which do not meet is 
the angle contained by two straight lines parallel to them, drawn 
through any point. 

XL 21. In XI. 2i the first case only is given in the ori¬ 
ginal. In the second case a certain condition must be intro¬ 
duced, or the proposition will not be true; the polygon BCDEP 
must have no re-entrant angle. See note on I. 33. 

The propositions in Euclid on Solid Geometry which are 
now not read, contain some very important results respecting the 
volumes of solids. We will state these results, as they are 
often of use; the demonstrations of them are now usually 
given as examples of the Integral Calculus. 

We have already explained in the notes to the second Book 
how the area of a figure is measured by the number of square 
inches or square feet which it contains. In a similar manner the 
volume of a solid is measured by the number of cubic inches or 
cubic feet which it contains; a cubic inch is a cube in which each 
of the faces is a square inch, and a cubic foot is similarly 
defined. * 

The volume of a prism is found by multiplying the number 
of square inches in its base by the number of inches in its 
altitude; the volume is thus expressed in cubic inches. Or we 
may multiply the number of square feet in the base by the 
number of feet in the altitude; the volume is thus expressed in 
cubic feet. By the base of a prism is meant either of the two 
equal , similar, and parallel figures of XI. Definition 13; and the 
altitude of the prism is the perpendicular distance between these 
two planes, 
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The rule for the volume of a prism involves the fact that 
pritjnt on equal hate* and between the tame parallelt are equal in 
volume. 

A parallelepiped is a particular case of a prism. The volume 
of a pyramid is one third of the volume of a prism on the same 
base and having the Bame altitude. 

For an account of what are called the five regular tolidt the 
student is referred to the chapter on Polyhedron* in the Treatise 
on Spherical Trigonometry. 

THE TWELFTH BOOK. 

Two propositions are given from the twelfth Book, as they 
are very important, and are required in the University Examina¬ 
tions. The Lemma is the first proposition of the tenth Book, 
and is required in the demonstration of the second proposition of 
the twelfth Book. 
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appendix . 

\ 

This Appendix consists of a collection of important pro- 
positions which will be found useful, both as affording 
geometrical exercises, and as exhibiting results which are 
often required in mathematical investigations. The student 
will have no difficulty in drawing for himself the requisite 
figures in the cases where they are not given. 























1. The sum of the squares on the sides qf a triangU 
is equal to twice the sq uare on half the ba>e, together w ith 
twice the square on the straight line which joins the vertex 
to the middle point qf the base. 

Let ABC bo a triangle; and let D be the middle point 
of the base AB, Draw CE perpendicular to the base 



meeting it at E\ then E may be either in AB or in AB 
produced. 

First, let E coincide with D\ then the proposition 
follows immediately from I. 47. 

Next, let E not coincide with D\ then of the two 
angles ADC and BDC, one must be obtuse and one acute. 
Suppose the angle ADC obtuse. Then, by II. 12, the 
square on AC is equal to the squares on AD, DC, toge¬ 
ther with twice the rectangle AD, DE\ and, by II. 13, the 
square on BC together with twice the rectangle BD, DE is 
equal to the squares on BD, DC. Therefore, by Axiom 2, 
the squares on AG, BC, together with twice the rectangle 
BD, DE are equal to the Squares on A D, DB, and twice 
the square on DC, together with twice- the rectangle 
AD, DE. But AD is equal to DB. Therefore the squares 
on AC, BC are equal to twice the squares on AD, DC. 
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ff tw .° f h * rd J intersect within a circle, the angle 
Which they include is measured by haJf the sum of the in- 
terceptea arcs . 

join^ii)^ 0 c ^ orf * 8 AE °f a circle intersect at E; 

The angle AEG is edual to the ^ 

angles ADE\ and DAE, by v,/ >y 

" 32; that is, to the angles \ 

standing on the arcs AC and / \n 

BD. Thus the angle AEG is [ 

equal to an angle at the cir- \ 

cumference of the circle stand- • \ -—yxj 

mg on the sum of the arcs AG # S 

and BD ; and is therefore equal 
to an angle at the centre of the 
circle standing on half the sum of these arcs. 

•f h meas "«d b ? half tte sum 

' I 

the\naL ^hiJh 0 *? p T oduc ? d intersect without a circle, 

toS-ilj-fiA “‘ d CD ° f 4 ^ Paused, in- 
by f h 32 an ^hiw «21 S T^ h . e angles EAD and AE *>, 
circumference of the circle standing on an arc which is the 


difference of AG and BD; and is therefore equal to an 
ence 6 of thwe^ST ° f th ® flWe Standinff on ^ the 
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. * To draw a straight line which shall touch two 
given circles. 

Let A be the centre of the greater circle, and B the 
?f the less circle. With centre A, and radius equal 
to the difference of the radii of the given circles, describe 
a circle; from B draw a straight line touching the circle 



so described at G. Join AC and produce it to meet the 
circumference at D. Draw the radius BE parallel to AD. 
and on the same side of AB ; and join DE. Then DE shall 
touch both circles. 

See I. 33,1. 29, and III. 16 Corollary. 

Since two straight lines can be drawn from B to touch 
the described circle, two solutions can be obtained; and the 
two straight lines which are thus drawn to touch the two 
given circles can be shewn to meet AB, produced through 
B, at the same point. The construction is applicable when 
each of the given circles is without the other, and also 
when they intersect. 

When each of the given circles is without the other we 
can obtain two other solutions. For, describe a circle with 
A 23 3, centre and radius equal to the sum of the radii of 
the given circles; and continue as before, except that BE 
and .42) will now be on opposite .sides of AB. The two 
straight lines which are thus drawn to touch the two given 
circles can be shewn to intersect AB at the same point 
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5. To describe a circle which shall pass through three 
given points not in the same straight line. 

This is solved in Euclid IV. 5. 

6. To describe a circle which shall pass through two 
given points on the same side of a given straight line, and 
touch that straight line. 

Let A and B be the given points; join AB and pro- 
duce it to meet the given straight line at C. Make a 
square equal to the rectangle CA, GB (II. 14), and on the 



given straight line take CE equal to a side of this square. 
Describe a circle through A, B, E (5): this will be the 
circle required (III. 37). 

Since E can be taken on either side of C, there are two 
solutions. 

The construction fails if AB is parallel to the given 
straight Jine. In this case bisect AB at D, and draw DC 
at nght angles to AB, meeting the given straight line at C. 
Then descnbe a circle through A, B, C. 

; 7. To describe a circle which shall pass through a 
given point and touch two given straight lines. 

Let A be the given point; produce the given straight 
hnes to meet at B, and join AB. Through B draw a 
straight line, bisecting that angle included by the given 
straight lines within which A lies; and in this bisecting 
straight line take any point G. From G draw a perpendicular 
on one of the given straight lines, meeting it at D: with 
centre G, and radius CD, describe a circle, meeting AB, 
produced if necessary, at E. Join CE ; and through A draw 
a straight line parallel to CE, meeting BG, produced if 
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necessary, at F. The circle described from the centre F, 
with radius FA, will touch the given straight lines. 

For, draw a perpendicular from F on the straight line 
BD, meeting it at G. Then GE is to FA as BG is to BF, 
and CD is to FG as BG is to BF (VI. 4, V. 16). There¬ 
fore GE is to FA as GD is to FG (V. 11). Therefore 
GE is to CD as FA is to FG (V. 16). But GE is equal 
to CD-, therefore FA is equal to FG (V. A). 

If A is en the straight line BG we determine E as 
before; then join ED, and draw a straight line through A 
parallel to ED meeting BD produced if necessary at G ; 
from G draw a straight line at right angles to BG, and the 
point of intersection of this straight line with BC, produced 
if necessary, is the required centre. 

As the circle described from the centre G, with the 
radius GD, will meet AB at two points, there are two 
solutions. 

If A is on one of the given straight lines, draw from 
A a straight line at right angles to this given straight 
line; the point of intersection of this straight line with 
either of the two straight lines which bisect the angles 
made by the given straight lines may be taken for the 
centre of the required circle. 

If the two given straight lines are parallel, instead of 
drawing a straight line BG to bisect the angle between 
them, we must draw it parallel to them, and equidistant 
from them. " 
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8. To describe a circle which shall touch three 
given straight lines, not more than two of which are 
parallel. 

Proceed as in Euclid IV. 4. If the given straight lines 
form a triangle, four circles can be described, namely, one 
as m Euclid, and three others each touching one side of 
the triangle and the other two sides produced. If two 
of the given straight lines are parallel, two circles can be 
described, namely, one on each side of the third given 
straight lino. 

/ * 

' 9. To describe a circle which shall touch a given 
circle, and touch a given straight line at a given point. 

Let A be the given point in the given straight line, 
and C be the centre of the given circle. Through G draw 
a straight line peipcndicular to the given straight line 



A 


and meeting the circumference of the circle at B and D, 
of which D is the more remote from the given straight 
line. Join AD, meeting the circumference of the circle at 
E. From A draw a straight line at right angles to the 
given straight line, meeting CE produced at F. Then .F shall 
be the centre of the required circle, and FA its radius. 

For the angle AEF is equal to the angle CED (1.15); 
and the angle EAF is equal to the angle CDE (I. 29); 
therefore the angle AEF is equal to the angle EAF; 
therefore -4Fis equal to EF (I. 6). 
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In a similar manner another solution may be obtained 
by joining AB. If the given straight line falls without the 
given circle, the circle obtained by the first solution touches 
the given circle externally, and the circle obtained by the 
second solution touches the given circle internally. If the 
given straight line cuts the given circle, both the circles 
obtained touch the given circle externally. 

i 10* P® describe a circle which shall pass through two 
given points and touch a given circle. 

Let A and B be the given points. Take any point C 
on the circumference of the given circle, and describe a 
circle through A, B, G. If this described circle touches 
the given circle, it is the required circle. But if not, let D 



P wnt o f intersection of the two circles. Let 
tdSir , P r . od "f, ed *» ““t ct £■, from E draw a 

8L™! «'» r. Then a circle 


givcu uircie at jn \ ThAn a AirniA 

SeeTn ed 35an 0 d 111^37^’ F ^ b ® the required circle * 


h fl f e tw £ solutions, because two straight lines can 

^ drown from It to touch the given circle. 


-a vsxS straight line which bisects An at right angles 
K? W the , £ entre of the g^en circle) the con- 
J^S I V?!J S, / 0r a , nd 9 D are P ar aUel. In this case 
t J 1 ™™ be determined by drawing a straight line parallel 
to AB so as to touch the given circle. 
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11. To describe a circle which shall touch two given 
straight lines and a given circle. 

Draw two straight lines parallel to tho given straight 
lines, at a distance from them equal to the radius of the 
given circle, and on the sides of them remote from the 
centre of the given circle. Describe a circle touching the 
straight lines thus drawn, and passing through the centre 
of the given circle (7). A circle having the same centre as 
the circlo thus described, and a radius equal to the excess 
of its radius over that of the given circle, will be the re¬ 
quired circle. 

Two solutions will be obtained, because there are two 
solutions of the problem in 7; the circles thus obtained 
toujch the given circle externally. 

We may obtain two circles which touch the given circle 
internally^ by drawing the straight lines parallel to the given 
straight lines on the sides of them adjacent to the centre 
of the given circle. 


12. To describe a circle which shall pass through a 
given point and touch a given straight line and a given 
circle. 

We will suppose the given point and the given straight 
line without the circle; other cases of the problem may be 
treated in a similar manner. 

| 

Let A be the giveft point, and B the centre of the 
given circle. From B draw a perpendicular to the given 
straight line, meeting it at O, and meeting the circum¬ 
ference of the given circle at D and E, so that D is be¬ 
tween B and G. Join EA and determine a point F in EA, 
produced if necessary, such that the rectangle EA, EF 
may be equal to the rectangle EG, ED \ this can be done 
by describing a circle through A, C, D , which will meet 
EA at the required point (III. 36, Corollary). Describe a ! 
circle to pass through A and F and touch the given straight 
line (6); this shall be the required circle. 
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For, let the circle thus described touch the given 
straight line at G j join EG meeting the given circle at H, 



and join DH. Then the triangles EHD and EGG are 
similar: and therefore the rectangle EG, ED is equal to 
the rectangle EG, EH (III. 31, VI. 4, VI. 16). Thus the 
rectangle EA, EF is equal to the rectangle EH, EG; and 
therefore H is on the circumference of the described 
circle (III. 36, Corollary). Take K the centre of the 
described circle; join KG, KH, and EH. Then it may 
be shewn that the angles KHG and EHB are equal 
(I. 29, I. 5). Therefore KHB is a straight line; and 
therefore the described circle touches the given circle. 

Two solutions will be obtained, because there are two 
solutions of. the problem in 6 ; the circles thus described 
touch the given circle externally. 

By joining DA instead of EA we can obtain two solu¬ 
tions in which the circles described touch the given circle 
internally. 
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13. To describe a circle which shall touch a given 
straight line and two given circles. 

i 

Let A be the centre of the larger circle and B the 
centre of tho smaller circle. Draw a straight line parallel 
to the given straight lino, at a distance from it equal to the 
radius of tho smaller circle, and on tho side of it remote 
from A. Describe a circle with A as centre, and radius 
equal to the difference of the radii of the given circles, i 
Describe a circle which shall pass through B, touch exter- , 
nally the circle just described, and also touch the straight I 
line which has been drawn parallel to the given straight 
line (12). Then a circle having the same centre as the 
second described circle, and a radius equal to tho excess 
of its radius over the radius of the smaller given circle, 
will be the required circle. 

Two solutions will be obtained, because there are two 
solutions of the problem in 12; the circles thus described 
touch the given circles externally. 

_ ' r * 

We may obtain in a similar manner circles which touch 
the given circles internally, and also circles which touch 
one of the given circles internally and the other exter¬ 
nally. 


14. Let A be the centre of a circle, and B the centre 
of a larger circle; let a straight line be drawn touching 
the former circle at C -and the latter circle at D, and 
meeting AB produced through A at T. From T draw 
any straight line meeting the smaller circle at K and L, 
and the larger circle at M and N; so that the Jive letters 

T, K, L, M, N are in this order. Then the straight lines 

AK, KC, CL, LA shall be respectively parallel to the 
straight lines BM, MD, DN, NB; and the rectangle 
TK, TN shall bs eaual to tha TPPtavinlA TL TM /»«// 

- ■ i ... —-—- VFTTVT 

equal to the rectangle TC, TD. 

* 

Join AC, BD. Then the triangles TAC and TBD are 
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equiangular; and therefore TA is to TB as AC is to BD 
(VI. 4, V. 16), that is, as AK is to BM, 



Therefore the triangles TAX and TBM are similar 
(VI. 7); therefore the angle TAX is equal to the angle 
TBM ; and therefore AK is parallel to BM. Similarly 
AL is parallel to BN. And because AX is parallel to 
BM and AC parallel to BD, the angle CAK is equal 
to the angle DBM ; and therefore the angle CLK is equal 
to the angle DNM (III. 20); and therefore CL is parallel 
to DN. Similarly CX is parallel to DM. 

% 

Now TM is to TD as TD is to TN (III. 37, VI. 16); 
and TM is to TD as TX is to TC (VI. 4); therefore TX 
is to TC as TD is to TN; and therefore the reotangle 
TX, TN is equal to the rectangle TC, TD. Similarly the 
rectangle TL, TM is equal to the rectangle TC, TD. 

If each of the given circles is without the other we 
may suppose the straight line which touches both circles 
to meet AB at T between A and B, and the above results 
will all hold, provided we interchange the letters X and L ; 
so that the five letters are now to be in the following 
order, L, X, T, M, N. 

The point iris called a centre qf sintiluude of the two 
circles. 


ID are 
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15. To describe a circle which shall pass through a 
given point and touch two given circles. 

Let A be the centre of the smaller circle and B the 
centre of the larger circle \ and let E be the given point. 

* \ 



Draw a straight line touching the former circle at C and 
the latter at D, and meeting the straight line AB, pro¬ 
duced through A, at T. Join TE and divide it at F so 
tho rectangle TE TF may be equal to the rectangle 

I f J / /) 'I non nnonmK a a /iimaIa —-— 11_1_ n ■* r» 

- —7 -—- vtvwiiw w wiv*?? tv paros Mirouga ju ana i r 

and touch either of the given circles (10): this shall be the 
required circle. 
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the excess of its radius over the radius of the circle with 
centre A, will touch externally the three given circles. 

In a similar way we may describe a circle touching 
internally the three given circles, or touching one of them 
externally and the two others internally, or touching one of 
them internally and the two others externally. 

17. In a given indefinite straight line it is required 
to find a point such that the sum of its distances from 
two given points on the same side of the straight line 
shall he the least possible. 



Let A and B be the two given points. From A draw 
a perpendicular to the given straight line meeting it at C; 
and produce AC to D so that CD may be equal to AG. 
Join DB meeting the given straight line at E. Then E 
shall be the required $oint. 

For, let j^be any other point in the given straight line. 
Then, because AC is equal to DC, and EC is common to 
the two triangles ACE, DCE ; and that the right angle 
AGE is equal to the right angle DCE ; therefore AE is 
equal to DE. Similarly, AF is equal to DF. And the 
sum of DF and FB is greater than BD (I. 20): therefore 
the sum of AF and FB is greater than BD; that is. the 
sum of AF and FB is greater than the sum of DE and 
EB; therefore tho sum of AF and FB is greater than 
the sum of AE and EB. 
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18. The perimeter <f an isosceles triangle is less than 
that qf any other triangle qf equal area standing on the 
same base . 

Let ABC be an isosceles 
triangle; AQC any other tri¬ 
angle equal in area and stand¬ 
ing on the same base AC. 

Join BQ ; then BQ is paral¬ 
lel to 39). 

And it will follow from 17 
that the sum of AQ and QC 
is greater than the sum of AB 
ana BC. 

19* Xf a polygon be not equilateral a polygon may be 
found of the same number qf sides, and equal in area, but 
having a less perimeter. 




For, let CD, BE be two a<\jacent unequal sides of 
the polygon. Join CE. Through D draw a straight line 

f mrallel to GE ^ t . — r j-- -a.—• 1 A 

in 


r—^ vA Joisect GE at L ; from L draw a straight 
lme atjight angles Jto GE meeting the straight line drawn 
wirouuii at a. men by removing from the given poly* 
gon the triangle CDE and applying the triangle CKE, 
we obtain a polygon having the same number of sides 
as the given polygon, and equal to it in area, but having 
a less perimeter (18). ^ 6 


it 
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20. A and B are two given points on the same side qf 
a given straight line, and AB produced meets the given 
straight line at C; of all points in the given straight line 
on each side of C, it is required to determine that at 
which AB subtends the greatest angle. 

' \ 

Describe a circle to pass through A and B, and to 
touch the given straight line on that side of C which is to 
be considered (6). Let D be the point of contact; D 
shall bv> the required point. 



For, take any other point E in the given straight line, 
on the same side of G as D is; draw EA, EB ; then one 
at least of these straight lines will cut the circumference 
ADB. 


Suppose that BE'cnts the circumference at JF 7 ; join AF. 
Then the angle AFB is equal to the angle ADB (III. 21)j 
and the angle AFB is greater than the angle AEB (1.16); 
therefore the angle ADB is greater than the angle AEB. 
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21, A and B are two given points within a circle; 
and AB is drawn and produced both ways so as to divuU 
the whole circumference into two arcs; it is required to 
determine the point in each qf these arcs at which AB 
subtends the greatest angle. 
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Describe a circle to pass through A and B and to touch 
the circumference considered (10): the point of contact 
will be the required point. The demonstration is similar 
to that in the preceding proposition. 


22. A. and B are two given points without a given 
circle; it is required to determine the points on the cir¬ 
cumference qf the given circle at which AB subtends the 
greatest and least angles. 

Suppose that neither AB nor AB produced cuts the 
given circle. 

Describe two circles to pass through A and B, and to 
touch the given circle (10): the point of contact of the 
circle which touches the given circle externally will be the 
point where the angle is greatest, and the point of contact 
of the circle Which touches the given circle internally will 
be the point where the angle is least. The demonstration 
is similar to that in 20. 

If AB cuts the given circle, both the circles obtained 
by 10 touch the given circle internally; in this case the 
angle subtended by AB at a point of contact is less than 
the angle subtended at any other point of the circumference 
of the given circle which is on the same side of AB. Hero 
the angle is greatest at the points where AB cuts the 
circle, and is there equal to two right angles. 

If AB produced cuts the given circle, both the circles 
obtained by 10 touch the given circle externally; in this 
case the angle subtended by AB at a point of contact is 
greater than the angle subtended at any other point of 
the circumference of the given circle which is on the 
Bame side of AB. Here the angle is least at the points 
where AB produced cuts the circle, and is there zero. 
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23. If there be four magnitudes such that the first u 
to the second as the third is to the fourth; then shall the 
first together with the second be to the excess of the first 
above the second as the third together with the fourth is to 
the excess of the third above the fourth. 

For, the first together with the second is to the second 
as the third together with the fourth is to the fourth (Y. 18), 
Therefore, al&gru ately, the first together with the second is 
to the third together with the fourth as the second is to 
the fourth (V. 16). 

Similarly, by V. 17 and Y. 16, the excess of the first 
above the second is to the excess of the third above the 
fourth as the second is to the fourth. 

Therefore, by V. 11, the first together with the second is 
to the excess of the first above the second as the third 
together with the fourth is to the excess of the third above 
the fourth. 

i 

24. The straight lines drawn at right angles to the 
sides of a triangle from the points of bisection qf the sides 
meet at the same point. 

Let ADC be a triangle; bisect DC at Z), and bisect CA 
at E\ from D draw a straight line at right angles to DC, 
and from E draw a straight line at right angles to CA\ 



let these straight lines meet at G\ we have then to shew 
that the straight line which bisects AD at right angles 
also passes through G. From the triangles DDG and 
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CDG we can shew that BG is equal to CG; and from the 
triangles GEG and AEG we can shew that CG is equal to 
AG ; therefore BG is equal to AG. Then if we draw a 
straight line from G to the middle point of AB we 
can shew that this straight line is at right angles to AB: 
that is the line which bisects AB at right angles passes 
through G. 

25. The straight lines drawn from the angles qf a 
triangle to the points qf bisection qf the opposite sides 
meet at the same point. 

Let ABC be a triangle; bisect BG at D , bisect CA at 
E, and bisect AB at F\ join BE and CF meeting at G\ 


C 



join AG and GD ; then AG and GD shall lie in a straight 
line. 

The triangle BE A is equal to the triangle BEC, and 
the triangle GEA is equal to the triangle GEG (I. 38); 
therefore, by the third Axiom, the triangle BGA is equal 
to the triangle BGG. 

Similarly, the triangle CGA is equal to the triangle CGB. 

Therefore the triangle BGA is equal to the triangle CGA. 
And the triangle BGD is equal to the triangle CGD (1.38);. 
therefore the triangles BGA and BGD together are equal 
to the triangles CGA and CGD together. Therefore the 
triangles BGA and BGD together are equal to half the 
triangle ABC. Therefore G must fall on the straight line 
AD\ that is, AG and GD lie in a straight line; 
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< 26. The straight lines which bisect the angles qf a 
triangle meet at the same point. 

Let'ABO be a triangle; bisect the angles at B and 0 



£ 


by straight lines meeting at G\ join AG: then AG shall 
bisect the angle at A. 

From G draw GD perpendicular to BC } GE perpen¬ 
dicular to CA, and GF perpendicular to AB. 

From the triangles BGF and BGD we can shew that 
GF is equal to GD ; and from the triangles GGE and 
CGD we can shew that GE is equal to GD ; therefore GF 
is equal to GE. Then from the triangles AFG and AEG 
we can shew that the angle FAG is equal to the angle 
EAG. 

The theorem may also be demonstrated thus. Produce 
AG to meet BC at H. Then AB is to BH as AG is to 
GH, and AC is to CH as AG is to GH (VI. 3); there¬ 
fore AB is to BH as AC is to CH (V. 11); therefore AB 
is to AC as BH is to ^CH (V. 16); therefore the straight 
line AH bisects the angle at A (VI. 3). 

27. Let two sides of a triangle be produced through 
the base; then the straight lines which bisect the two 
exterior angles, thus formed, and the straight line which 
bisects the vertical angle of the triangle , meet at the same 

pOlTli. 

This may be shewn like 26: if we adopt the second 
method we shall have to use VI. A. 
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28. The perpendiculars drawn from the angles of a 
triangle on the opposite sides meet at the same point. 

Let ABC be a triangle; and first suppose that it is not 
obtuse angled. From B draw BE perpendicular to CA j 


0 



from C draw CF perpendicular to AB ; let these perpen¬ 
diculars meet at G ; join AG, and produce it to meet BC 
at D : then AD shall be perpendicular to BC. 

For a circle will go round AEGF (Note on III. 22); there¬ 
fore the angle FAG is equal to the angle FEG (III. 21). 
And a circle will go round J3CEF(III. 31, Note on III. 21); 
therefore the angle FEB is equal to the angle FCB. 
Therefore the angle BAD is equal to the angle BGF. And 
the angle at B is common to the two triangles BAD and 
BCF. Therefore the third angle BDA is equal to the 
third angle BFC (Note on I. 32). But the angle BFC is 
a right angle, by construction; therefore the angle BDA is 
a right angle. 

In the same way the theorem may be demonstrated 
when the triangle is obtuse angled. Or this case may be 
deduced from what has been already shewn. For suppose 
the angle at A obtuse, and let the perpendicular from B 
on the opposite side meet that side produced^ at E, and let 
the perpendicular from C on the opposite side meet that 
side produced at F ; and let BE and CF be produced to 
meet at G. Then in the triangle BCG the perpendiculars 
BF and CE meet at A ; therefore by the former case the 
straight line GA produced will be perpendicular to BC. 


u 
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29. If from any point in the circumference qf the 
circle described round a triangle perpendiculars be drawn 
to the sides of the triangle , the three points of intersection 
are in the same straight line. • j 

Let ABC be a triangle, P any point on the circum¬ 
ference of the circumscribing circle; from P draw PD, 



PE. PF perpendiculars to the sides DC, CA , AB respec¬ 
tively : D,E,F shall be in the same straight line. 

[We will suppose that P is on the arc cut off by AB. on 
the opposite side from <7, and that E is on CA produced 
through A ; the demonstration will only have to be slfehtlv 
modified for any other figure.] 6 3 

A circle will go round PEAF (Note on III. 22); there¬ 
fore the angle PFE is equal to the angle PAE (III. 21) 
But the angles PAE and PAC are together equal to two 
right angles (I. 13); and the angles PAC and PBC are 
together equal to. two right angles (III. 22). Therefore 
the angle PAE is equal to the angle PBCx therefore the 
angle PFE is equal to the angle PBC. 

Again, a circle will go round PFDB (Note on III. 21); 
therefore the angles PFD and PBD are together equal 
to two right angles (III. 22). But the angle PBD has 
been shewn equal to the angle PFE. Therefore the ang les 
-Pri) and PFE are together equal to two right angles, 
Therefore EF and FD are in the same straight lin e. 
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30. ABO it a triangle, and O it the point qf inter - 
teetion of the perpendiculars from A, B, 0 on the opposite 
sides of the triangle: the circle which passes through the 
middle points of OA, OB, 00 will pass through the feet 
of the perpendiculars and through the middle points qf 
the sides of the triangle. 

Let D, E, F be the middle points of OA, OB, 00 
respectively; let G be the foot of the perpendicular from 
A on BO, and H the middle point of BO. 



Then OBG is a right-angled triangle and E is the 
middle point of the hypotenv.se OB ; therefore EG is equal 
to EO; therefore the angl j EGO is equal to the angle 

EOG. Similarly, the angle FGO is equal to the angle 

FOG. Therefore the angle FGE is equal to the angle 

FOE. But the angles FOE and BAG are together equal 

to two right angles; therefore the angles FGE and BAG 
are together equal to two right angles. And the angle BAG 
is equal to the angle EDF, because ED, DF are parallel 
to BA, AG (YI. 2). Therefore the angles FGE ana EDF 
are together equal to two right angles. Hence G is on the 
circumference of the circle which passes through D, E, F 
(Note on III. 22). 

Again, FH is parallel to OB, and EH parallel to OC\ 
therefore the angle EHF is equal to the angle EGF» 
Therefore H is also on the circumference of the circle. 
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Similarly, the two points in each of the other sides of 
the triangle ABC may be shown to bo on the circum¬ 
ference of the circle. 

The circle which is thus shewn to pass through these 
nine points may bo called the Nine points circle: it has 
some curious properties, of which wo will now give two. 

The radius, of the Nine points circle is half of the 
radius of the circle described round the original triangle. 

For the triangle DEF has its sides respectively halves 
of the sides of tne triangle ABC., so that the triangles are 
similar. Hence tho radius of the circle described round 
DEF is half of the radius of the circle described round 
ABC. 

— If S be the centre of the circle described round the 
triangle ABO, the centre of the Nine points circle it the 
middle point of SO. 

It>r HS is at right angles to BC, and therefore parallel 
to GO. Hence the straight line which bisects HG at right 
angles must bisect SO. And H and G are on the circum¬ 
ference of the Nine points circle, so that the straight line 
which bisects HG at right angles must pass through the 
centre of the Nine points circle. Similarly, from the other 
sides of the trianglo ABC two other straight lines can be 
obtained, which pass through the centre of tho Nine points 
circle and also bisect SO. Hence the centre of the Nine 
points circle must coincide with tho middle point of SO. 

"We may state that the Nine points circle of any triangle 
touches tho inscribed circle and the escribed circles of tlie 
triangle: a demonstration of this theorem will be found 
in the Plane Trigonometry, Chapter xxiv. For the history 
or the theorem see the Nouvelies Annales de Mathema - 
tiques for 1863, page 562.. 

31. If two straight lines bisecting two angles of a tri¬ 
angle and terminated at the opposite sides be equal, the 
bisected angles shall be equal. 

: Let ABC be a triangle; let the straight line BD bisect 
tne angle at B, and be terminated at the side AC: and 
let the straight line CE bisect the angle at C.' and be ter¬ 
minated at the side AB; and let the straight 7 iine BD be 
equal to the straight line CE; then the angle at B shall be 
equal to the angle at C % 
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For, let BD and GE meet at O ; then if the angle OBG 
be not equal to the angle OCB, one of them must be 
greater than the other; let the angle OBC be the greater. 
Then, because CB and BD are equal to BC and CE, each 
to each; but the angle CBD is greater than the angle 
BCE) therefore CD is greater than BE (I. 24). 

. On the other side of the base BC make the triangle 
BCF equal to the triangle CBE , so that BF may be equal 
to CE, and CFequal to BE (I. 22); and join DF. 

Then because BF is equal to BD, the angle BFD is 
equal to the angle BDF. And the angle OCD is, by hy¬ 
pothesis, less than the angle OBE ; and the angle COD is 
equal to the angle BOE; therefore the angle ODC is 
greater than the angle OEB (I. 32), and therefore the 
angle ODC is greater than the angle BFC. 

Hence, by taking away the equal angles BDF and 
BFD, the angle FDC is greater than the angle DFC ; 
and therefore CF is greate” than CD (1.19); therefore BE 
is greater than CD. 

But it was shown that CD is greater than BE; which 
is absurcL 

Therefore the angles OBC and OCB are not unequal, 
that is, they are equal ; and therefore the angle ABC is 
equal to the angle ACB. . 

[For the history of this theorem see Lady*t and Gen¬ 
tleman’s Diary for 1859, page 88.] » 
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_ JSi ^y^mlateral figure does not admit of having 

?JZf h de ?? rtbed ro . und .} t > Me s'*™ of the rectangles col 

Sn& t " greater thM »* rMa ”!h 

be . a Quadrilateral figure which does not 
i 4 2 f n a n^ g * a C1 x? e described round it; then the rect¬ 
angle AB, DC, together with the rectangle BC, AD shall 
be greater than the rectangle AC, BD. 



For, make the angle ABE equal to the angle DBG, 
pM the angle BAE equal to the angle BDC; then the 
triangle ABE is similar to the triangle BDC (VI 4V 
therefore AB isi to A E as DB is to DC , and therefore'the 
rectangle AB, DCm equal to the rectangle AE, DB. 

fo™ 5? Then » since the angle ABE is equal to the 
mgte DBC, the angle CBE is equal to the angle DBA. 
And because the triangles ABE and DBG are similar. AB 
* S j° BO; therefore the triangles ABD 

and EBC are similar (VI. 6); therefore CB is to CE as 
nB “ to DA ; and therefore the rectangle CB, DA is 
equal to the rectangle CE, DB. 

Therefore the rectangle AB, DC, together with the 
rectangle BC, AD is equal* to the rectangle AE, BD 
together with the rectangle CE, BD ; that is, equal to the 
rectangle contained by BD and the sum of AE and EC. 
But the sum of AE and EC is greater than AC (I. 20); 

^©rectangle AB - together with the reefr= 
angle BC, AD is greater tha. the rectangle AC, BD. 
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33 . If the rectangle contained by the diagonals qf a 
quadrilateral be equal to the sum of the rectangles con¬ 
tained by the opposite sides, a circle can be described round 
the quadrilateral. 

This, is the converse of YI. D\ it can be demonstrated 
indirectly with the aid of 32. 

• i ‘ 

34 . It is required to find a point in a given straight 
line , such that the rectangle contained by its distances from 
two given points in the straight line may be equal to the 
rectangle contained by its distances from two other given 
points in the straight line. 

Let A, B, C, D be four given points in the same 
straight line: it is required to find a point in the straight 



line, such that the rectangle contained by its distances 
from A and B may be equal to the rectangle contained by 
its distances from C and D. 

On AD describe any triangle AED\ and on GB de¬ 
scribe a similar triangle CEB, so that GF is parallel to 
AE, and BE to DE\ Join EE, and let it meet the given 
straigat line at G. Then 0 shall be the required point. 

For, CE is to OA as OF is to OG (VI. 4); thereforo 
OE is to OF as OA is to OG (V. 16). Similarly OE js to 
OF as OD is to OB. Therefore OA is to OG as OD is to 
OB (V. 11). Therefore the rectangle OA, OB is equal to 
the rectangle OG, OD. 



APPENDIX. 


The figure will vary slightly according to the situation 
i)f the four given points, but corresponding to an assigned 
situation there will be only owe point such as is required. 
For suppose there could be such a point P, besides the 
point 0 which is determined by the construction given 
above; and that the points are in the order A, C, D, B, O. P. 
Join PE, and let it meet OF, produced at G; join BG. 
Then the rectangle PA, PB is, by hypothesis, equal to the 
rectangle PC, PD ; and therefore PA is to PC as PD is 


to PB. But PA is to PC' as PE is to PG (VI. 2); there¬ 
fore PD is to PB as PE is to PG (V. 11); therefore BG 
is parallel to DE. 

But, by the construction, BF is parallel to ED; there¬ 
fore BG and BF are themselves parallel (I. 30); winch is 
absurd. Therefore P is not such a point as is required. 


ON GEOMETRICAL ANALYSIS. 


35. Tho substantives analysis and synthesis, and the 
corresponding adjectives analytical and synthetical, are of 
frequent occurrence in mathematics. In general analysis 
means decomposition, or the separating a whole into its 
parts, and synthesis means composition, or making a whole 
out of its parts. In Geometry however these words are 
used in a more special sense. In synthesis we begin with 
results already established, and end with some new result; 
thus, by the aid of theorems already demonstrated, and 
problems already solved, we demonstrate some new theo¬ 
rem, or solve some new problem. In analysis we begin 
with assuming the truth of some theorem or the solution of 
some problem, and we deduce from the assumption con¬ 
sequences which we can compare with results already esta¬ 
blished, and thus test the validity of our assumption. 

36. The propositions in Euclid’s Elements are all ex¬ 
hibited synthetically; the "student is only employed in ex¬ 
amining the soundness of the reasoning by which each 
successive addition is made to the collection of geometrical 
truths already obtained; and there is no hint given as to 
the manner in which the propositions were originally dis¬ 
covered. Some of the constructions and demonstrations 
appear rather artificial, and wo are thus naturally induced 
to enquire whether any ‘rules can be discovered by which 
we may bo guided easily and naturally to the investigation 
of new propositions. 
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37. Geometrical analysis has sometimes been described 
in language which might lead to the expectation that 
directions could be given which would enable a student 
to proceed to the demonstration of any proposed theorem, 
or the solution of any proposed problem, with confidence of 
success; but no such directions can be given. Wo will 
state the exact extent of these directions. Suppose that a 
new theorem is proposed for investigation, or a new 
problem for trial Assume the truth of the theorem or the 
solution of the problem, and deduce consequences from 
this assumption combined with results which have been 
already established. If a consequence can be deduced 
which contradicts some result already established, this 
amounts to a demonstration that our assumption is inad¬ 
missible ; that is, the theorem is not true;, or the problem 
cannot be solved. If a consequence can be deduced which 
coincides with some result already established, we cannot 
say that the assumption is inadmissible; and it may happen 
that by starting from the consequence which we deduced, 
and retracing our steps, we can succeed in giving a syn¬ 
thetical demonstration of the theorem, or solution of the 
problem. These directions however are very vague, be 
cause no certain rule can be prescribed by which we are to 
combine pur assumption with results already established; 
and moreover no test exists by which we can ascertain 
whether a valid consequence which we have drawn from 
an assumption will enable us to establish the assumption 
itself. That a proposition may be false and yet furnish 
consequences wnicn are true, can be seen from a simple 
example. Suppose a theorem were proposed for investi¬ 
gation in the following words; one angle of a triangle is to 
another as the side apposite to the first angle is to the side 
opposite to the other. If this be assumed to be true wo 
can immediately deduce Euclid’s result in 1.19; but from 
Euclid’s result in I. 19 we cannot retrace our steps and 
establish the proposed theorem, and in fact the proposed 
theorem is false. 

Thus the only definite statement in tho directions 
respecting Geometrical analysis is, that if a consequence 
can be deduced from an assumed proposition which con¬ 
tradicts a result already established, that assumed propo¬ 
sition must be false, 

21 
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38. We may mention, in particular, that a consequence 
would contradict results already established, if we could 
shew that it would lead to tne solution of a problem 
already given up as impossible. There are three famous 
problems which are now admitted to be beyond the power 
of Geometry; namely, to find a straight line equai in length 
to tho circumference of a given circle, to trisect any given 
angle, and to find two mean proportionals between two 
given straight lines. The grounds on which the geometrical 
solution of these problems is admitted to be impossible 
cannot be explained without a knowledge of the higher 
>arts of mathematics; the student of the Elements may 
! iowever be content with the fact that innumerable attempts 
lave been made to obtain solutions, and that these attempts 
lave been made in vain. 

The first of these problems is usually referred to as 
the Quadrature of the Circle. For the history of it the 
student should consult the article in the English Cyclo¬ 
paedia under that head, and also a series of papers in the 
Athenaeum for 1863 and subsequent years, entitled a 
Bydget of Paradoxes , by Professor De Morgan. 

For approximate solutions of the problem we may 
refer to Davies’s edition of Hutton’s Course of Mathe¬ 
matics, Yol. i. page 400, the Lady's and Gentleman!$ 
Diary for 1855, page 86, and the Philosophical Magazine 
for April, 1862. 

The third of the three problems is often referred to as 
the Duplication of the Cube. See the note on VI. 13 in 
Lardner's Euclid , and a dissertation by C. H. Biering en¬ 
titled Historia Problematic Cubi Duplicandi. .. Haunise, 
1844. 

We will now give some examples of Geometrical ana¬ 
lysis. 

39. From two given points it is required to draw to 
the same point in a given straight line , two straight lines 
equally inclined to the given straight line. 

Let A and B be the given points, and CD the given 

straight linA. 

-, 0 —- 

Suppose AE and EB to be the two straight lines 
equally inclined to CD. Draw BF perpendicular to CD, 
and produce AE and BF to meet at G» Then the angle 
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In like manner we may solve the problem, to produce 
a given straight line so that the square on the whole 
straight line made up of the given straight line and the 
part produced^ may exceed the square on the part pro¬ 
duced by a given square , which is not less than the square 
on the given straight line. 

The two problems may be combined in one enunciation 
thus, to divide a given straight line intemhlly or - exter¬ 
nally so that the difference of the squares on the segments 
may be equal to a given square. . 

41. To find a point in the circumference of a given 
segment qf a circle , so that the straight lines which join 
the point to the extremities of the straight line on which 
the segment stands may be together equal to a given 
straight line. 



Let ACB be the circumference of the given segment^ 
and suppose C the required point, so that the sum of AC 
and CB is equal to a given straight line. , ~ 

Produce AG to D so that CD may be equal to CB) 
and join DB. ‘ 

Then AD is equal to the given straight line. And the 
angle ACB is equal to .the sum of the angles CDBmA 
CBD (I. 32), that is, to twice the angle CDB (1.6). There¬ 
fore the angle ADB is half of the angle in the given seg¬ 
ment Hence we have the following synthetical solution. 
Describe on AB a segment of a circle containing^ angle 
equal to half the angle in the given segment, w itu a m 
centre, and a radius equal to the given straight line, 
describe a circle. Join A with a point of lntersection of 
this circle and tho segment which has been described; tins 
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joining straight line will cut the circumference of the 
given segment at a point which solves the problem. 

The given straight line must exceed AB and it must 
not exceed a certain straight line which we will now deter¬ 
mine. Suppose the circumference of the given segment 
bisected at E : join AE, and produce it to meet the cir¬ 
cumference of the described segment at F. Then AE is 
equal to EB (III. 28), and EB is equal to EF for the 
same reason that GB is equal to CD. Thus EA, EB, EF 
are all equal; and therefore E is the centre of the circle 
of which ADB is a segment fill. 9). Hence AF is the 
longest straight line which can be drawn from A to the cir¬ 
cumference of the described segment; so that the given 
straight line must not exceed twice AE. 
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42. To describe an isosceles triangle having each of 
the angles at the base double of the third angle. 

This problem is solved in IV. 10; we may suppose the 
solution to have been discovered by such an analysis as the 
following. 



Suppose the triangle ABD such a 
triangle as is required, so that each of 
the angles at B and D is double of the 
angle at A. 

Bisect the angle at 2> by the straight 
line DC. Then the angle ADC is equal 
to the angle at A ; therefore CA is 
equal to CD. The angle CBD is equal 
to the angle ADB, by hypothesis; the angle CDB is equal 
to the angle at A ; therefore the third angle BCD is equal 
to the third angle ABD (I. 32). Therefore BD is equal 
to CD (I. 6); and therefore BD is equal to AC. 

Since the angle BDG is equal to the angle at A, the 
straight line BD will touch at D the circle described 
round the triangle AGD (Note on III. 32). Therefore the 
rectangle AB, BG is equal to the square on BD (III. 36). 
Therefore the rectangle AB, BC is equal to the square 
on AC. 


Therefore AB is divided at C in the manner required 
in II. 11. 

, Hence the synthetical solution of the problem is evident. 
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43. To inscribe a square in a given triangle. 

Let ABC be the 
given triangle, and 
suppose DEFG the 
required square. 

Draw AH perpen¬ 
dicular to JBC, and 
AX parallel to BC ; 
and let BF produc¬ 
ed meet AX at X. 

Then BG is to GF 

as BA is to AX, and BG is to GD as BA is to AH (VI. 4). 
But GF is equal to GD, by hypothesis. 

Therefore BA is to AX as BA is to AH (V. 7, V. 11). 
Therefore AH is equal to AX(V. 7). 

Hence we have the following synthetical solution. Draw 
AX parallel to BC, and equal to AH ; and join BX. Then 
BX meets A C at one of the comers of the required square, 
and the solution can be completed. 



44. Through a given point between two given straight 
lines, it is required to draw a straight line, sue: that the 
rectangle contained by the parts between the given point and 
the given straight lines may be equal to a given v ictangle. 


Let P be the given point, 
and AB and AC the given X c 

straight lines; suppose MPN t X 

the required straight line, so jX, 

that the rectangle MP, PN / V\q 

is equal to a given rectangle. X 

Produce AP to Q, so that / \ 

the rectangle AP, PQ may \ 

be equal to the given rect- a M-q 

angle. Then the rectangle 
MP, PN is equal to file 

rectangle AP, PQ. Therefore a circle will go round 
AMQN (Note on III. 35). Therefore the angle PNQ is 
equal to the angle PAM (III. 21). 

Hence we have the following synthetical solution. Pro¬ 
duce AP to Q, so that the rectangle AP, PQ may be 
equal to the given rectangle; describe on PQ a segment 
of a circle containing an angle equal to the angle PAM; 
join P with a point of intersection of this circle and AC\ 
the straight line thus drawn solves the problem, 













APPENDIX, 327 

45. In a given circle it is required to inscribe a tri¬ 
angle so that two sides may pass through two given paints, 
and the third side he parallel to a given straight line. 



B 


Let A and B be the given points, and CD the given 
straight lina Suppose PMN to be the required triangle 
inscribed in the given circla 

Draw NE parallel to AB) join EM, and produce it if 
necessary to meet AB at F. 

If the point F were known the problem might be con¬ 
sidered solved. For ENM is a known angle, ana therefore 
the chord EM is known in magnituda And then, since F 
is a known point, and EM is a known magnitude, the posi¬ 
tion of M becomes known. 

ft 

We have then only to shew how F is to be determined. 
The angle MEN is equal to the angle MFA (I. 29). The 
angle MEN is equal to the angle MPN (III. 21). Hence 
MAF and BAP are similar triangles (VI. 4). Therefore 

IT A In X n A 'it i A£J D A * n X n A Xh rpb XV» /> MA/>tn vt /wl/\ 

luii IS i/U S2.JJ i*S JLJX2. IS tu ^IX • . iiiWWWC WiU IvvVftUjjro 

MA, AP is equal to the rectangle BA, AF(V 1.16). But 
since A is a given point the rectangle MA, AP is known} 
and AB is known; thus AF is determined. 
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46. In a given circle it it required to inscribe a tri¬ 
angle so that the sides may pass through three given 
points. 

Let A, B , C be the three' given points. Suppose PMN 
to be the required triangle inscribed in the given circle. 



Draw NE parallel to AB, and determine the point -F 
as in the preceding problem. We shall then havo to de- 
scribe in tne given circle a triangle EMN so that two of 
its sides may pass through given points, .F and C, and_tho 
third side be parallel to a given straight line AB. 1W3 
can be done by the preceding problem. 

This example and the preceding are taken from the 
work of Catalan already cited. The present problem is 
sometimes called Castillorts and sometimes Cramer’s; tne 
history of the general researches to which it has given nse 
will be found in a series of papers in the Mathematician , 
VoL hi. by the late T. S. Davies. 

ON LOCI. 

47. A locus consists of all the points which satisfy cer¬ 
tain conditions and of those points alone. Thus, for exam¬ 
ple, the locus of the points which are at a given distance 
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from a given point is the surface of the sphere described 
from the given point as centre, with the given distance as 
radius; for all the points on this surface, and no other 
points, are at the given distance from the given point. . If 
we restrict ourselves to all the points in a fixed plane which 
are at a given distance from a given point, the focus is the 
circumference of the circle described from the given point 
as centre, with the given distance as radius. In future wo 
shall restrict ourselves to loci which are situated in a fixed 
plane, and which are properly called plane loci. 

Several of the propositions in Euclid furnish good exam¬ 
ples of loci Thus the locus of the vertices of all triangles 
which are on the same base and on the same side of it, and 
which have the same area, is a straight line parallel to the 
base; this is shewn in I. 37 and I. 39. 

Again, the locus of the vertices of all triangles which 
are on the same base and on the same side of it, and which 
have the same vertical angle, is a segment of a circle de¬ 
scribed on the base; for it is shewn m III. 21, that all the 
points thus determined satisfy the assigned conditions, and 
it is easily shewn that no other points do. 

We will now give some examples. In each example we 
ought to shew not only that all the points which wo indi¬ 
cate as the locus do fulfil the assigned conditions, but that 
no other points do. This second part however we leave to 
the student in all the examples except the last two; in 
these, which are more difficult, we have given the complete 
investigation. 

48. Required the locus of points which are equidis¬ 
tant from two given points. 

Let A and B be the two given points; join AB\ and 
draw a straight line through the middle point of AB at 
right angles to AB ; then it may be easily shewn that this 
straight line is the required locus. 

49. Required the locus qf the vertices of all triangles 
on a given lose AB, such that the square on the side ter¬ 
minated at A may exceed the square on the side termi¬ 
nated at B, by a given square. 

Suppose C to denote a point on the required locus; from 
C draw a perpendicular on the given base, meeting it, pro- 
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duced if necessary, at D. Then the square on AC is equal 
to the squares on AD and CD, and the square on BC is 
equal to the squares on BD and CD (1.47); therefore the 
square on AC exceeds the square on BC by as much as the 
square on AD exceeds the square on BD. Hence D is a 
fixed point either in AB or in AB produced through B, (40). 
And the required locus is tho straight line drawn through 
D, at right angles to AB. 

50. Required the locus qf a point such that the straight 
lines draum from it to touch two given circles may he 
equal. 

Let A be the centre of tho greater circle, B the centre 
of a smaller circle; and let P. denote any point on the re¬ 
quired locus. Since the straight lines drawn from P to 
touch the given circles are equal, the squares on these 
straight lines are equal. But the squares on PA and PB 
exceed these equal squares by the squares on the radii of 
the respective circles. Hence the square on PA exceeds 
the square on PB. by a known square, namely a square 
equal to the excess of the square on the radius of the circle 
of which A is the centre over the square on the radius of 
the circle of which B is the centre. Hence ? the required 
locus is a certain straight line which is at right angles to 
AB (49). 

This straight line is called the radical axis of the two 
circles. 

If the given circles intersect, it follows from III. 36, 
that the straight line which is the locus coincides with the 
produced parts of the common chord of the two circles. 

51. Required the locus qf the middle points qf alt 
the chords of a circle which pass through a fixed point. 

Let A be the centre of the given circle; B tho fixed 
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point; let any chord of the circle bo drawn so that, pro¬ 
duced if necessary, it may pass through B. Let P be the 
middle point of this chora, so that P is a point on the re¬ 
quired locus. 

The straight lino AP is at right angles to the chord of 
which P is the middle point (III. 3); therefore P is on the 
circumference of a circle of which AB is a diameter. 
Hence if B be within the given circle the locus is the cir¬ 
cumference of the circle described on AB as diameter; if 
B be without the given circle the locus is that part of the 
circumference of the circle described on AB as diameter, 
which is within the given circle. 

52. 0 is a fixed point from, which any straight line 
is drawn meeting a fixed straight line at P; in OP a 
point Q is taken such that OQ is to OP in a fixed ratio; 
determine the locus of Q. 

We shall show that the locus of Q is a straight line. 

For draw a perpendicular from O on the fixed straight 
line, meeting it at (7; in 00 take a point D such that OD 
is to 00 in the fixed ratio; draw from 0 any straight line 
OP meeting the fixed straight line at P, and in OP take a 
point Q such that OQ is to 'OP in the fixed ratio; join 



QD. The triangles ODQ and OOP are similar (VI. 6); 
therefore the angle ODQ is equal to the angle 06P, and is 
therefore a right angle. Hence Q lies in the straight lino 
drawn through D at right angles to OD. 
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53. 0 is a fixed point from which any straight line 
is drawn meeting the circumference of a fixed circle at P; 
in OP a point Q is taken such that OQ is to OP in a fixed 
ratio: determine the locus of Q. 

We shall shew that the locus is the circumference of a 
circle. 



For let 0 be the centre of the fixed circle; in 00 take 
a point D such that OD is to OG in the fixed ratio, and 
draw any radius CP of the fixed circle; draw DQ .parallel 
to CP meeting OP, produced if necessary, at Q. Then the 
triangles OGP and ODQ are similar (VI. 4), and therefore 
OQ is to OP as OD is to 00, that is, in the fixed ratio. 
Therefore Q is. a point on the locus. And DQ is to OP 
in the fixed ratio,, so that DQ is of constant length. Hence 
the locus is the circumference of a circle of which D is the 
centre. 

54. There are four given points A, B, C, D in a 
straight line; required the locus qf a point at which AB 
and CD subtend equal angles. 

Find a point O in the straight line, such that the rect¬ 
angle OA, OD may be equal to the rectangle OP, 00 (34), 
and take OK such that the square on OK may be equal to 
either of these rectangles (II. 14): the circumference of the 
circle described from O as centre, with radius OK, shall be 
the reauired locus. 

a 

[We will take the case in which the points are in the 
following order, 0, A, B, G, D .] 

For let P be any point on the circumference of this 
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circle. Describe a circle round PAD , and also a circle 



round PEC; then OP touches each of these circles (III. 37); 
therefore the angle OP A is equal to the angle PD A , 
and the angle OPB is equal to the angle PCB (III. 32). 
But the angle OPB is equal to the angles OP A and APB 
together, and the angle PCB is equal to the angles CPD 
and PDA together (I. 32). Therefore the angles OP A 
and APB together are equal to the angles CPD and 
PDA together; and the angle OP A has been shewn equal 
to the angle PDA; therefore the angle APB is equal to 
the angle CPD. 

We have thus shewn that any point on the circumference of 
the circle satisfies the assigned conditions; we shall now 
shew that any point which satisfies the assigned conditions 
is on the circumference of the circle. 

For take any point Q which satisfies the required con¬ 
ditions. Describe a circle round QAD, and also a circle 
round QBC. These circles will touch the same straight 
line at Q\ for the angles AQB and CQD are equal, and 
the converse of III. 32 is true. Let this straight lme which 
touches both circles at Q be drawn; and let it meet the 
straight line containing the four given points at R. Then 
the rectangle RA, ED is equal to the rectangle RB, RG : 
for each is equal to the square on RQ (III. 36). Therefore 
R must coincide with O (34); and therefore RQ must be 
equal to OK. Thus Q must be oh the circumference of the 
circle of which 0 is the centre, and OK the radius. 
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55. Required the locus of the vertices of all the tri¬ 
angles ABC which stand on a given base AB, and have 
the side AC to the side BC in a constant ratio. 

If the sides AG and BC are to be equal, the locus is 



the straight line which bisects AB at right angles. We 
will suppose that the ratio is greater than a ratio of equal¬ 
ity; so that AC is to be the greater side. 

Divide AB at D so that AD is to DB in the given ratio 
(YJ. io); and produce AB to E, so that AE is to EB in 
the given ratio. Let P be any point in the required locus; 
join PD and PE. Then PD bisects the angle APB, and 
PE bisects the angle between BP and AP produced. 
Therefore the angle DPE is a right angle. Therefore P is 
on the circumference of a circle described on DE as dia¬ 
meter. 

We have thus shewn that any point which satisfies the 
assigned conditions is on the circumference of the circle 
described on DE as diameter; we shall now shew that any 
point on the circumference of this circle satisfies the as¬ 
signed conditions. 

Let Q be any point on the circumference of this circle, 
QA shall be to QB in the assigned ratio. For, take 0 the 
centre of the circle; and join QO. Then, by construction, 
AE is to EB as AD is to DB, and therefore, alternately 
AE is to AD as EB is to DB ; therefore the sum of AE 
and AD is to their difference as the sum of EB and DB is 
to their difference (23); that is, twice JO is to twice DO as 
twice DO is to twice BO ; therefore AO is to DO as DO is 
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to 50; that is, ^40 is to OQ as QO is to OB. Therefore 
the triangles AOQ and QOB are similar triangles (VI. 6); 
and therefore AQ is to QB as QO is to BO. This shews 
that the ratio of AQ to BQ is constant; we have still to 
shew that this ratio is the same as the assigned ratio. 


We have already shewn that AO is to DO as DO is to 
BO) therefore, the difference of AO and DO is to DO as 
the difference of DO and BO is to BO (V. 17); that is, 
AD is to DO as BD is to BO ; therefore AD is to BD as 
DO is to BO; that is, AD is to DB as QO is to BO. 
This shews that the ratio of QO to BO is the same as the 
assigned ratio. 
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OK MODERK GEOMETRY. 


56. We have hitherto restricted ourselves to Euclid’s 
' Elements, and propositions which can be demonstrated 
by strict adherence to Euclid’s methods. In modem times 
various other methods have been introduced, and have 
led to numerous and important results. These methods 
may be called semi-geometrical, as they are not confined 
within the limits of the ancient pure geometry; in fact 
the power of the modem methods is obtained chiefly by 
combining arithmetic and algebra with geometry. The 
student who desires to cultivate this part of mathematics 
may consult Townsend’s Chapters on the Modern Geo¬ 
metry of the Point , Line, and Circle. 

We will give as specimens some important theorems, 
taken from what is called the theory of transversals. 

Any line, straight or curved, which cuts a system of 
other lines is called a transversal; in tho examples which 
we shall give, the lines will be straight lines, and the sys¬ 
tem will consist of three straight lines forming a triangle. 

We will give a brief enunciation of the theorem which 
we are about to prove, for the sake of assisting the memory 
in retaining the result; but the enunciation will not be 
fully comprehended until the demonstration is completed. 
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67. If a straight line cut the sides, or the sides pro¬ 
duced, of a triangle, the product qf three segments %n 
order is equal to the product of the other three segments. 

Let ABC be a triangle, and let a straight linebedrawn 
cutting the side BC at D, the side CA at E, and the side 
AB produced through B at F. Then BD and DC are 



called segments of the side BC, and CE and EA are called 
segments of the side CA, and also AF and FB are called 
segments of the side AB. 

Through A draw a straight line parallel to BC, meeting 
, DF produced at H. 

Then the triangles CtfDand EAH are equiangular to one 
another; therefore AH is to CD as AE is to EC (VI. 4). 
Therefore the rectangle AH, EC is equal to the rectangle 
CD, AE (VI. 16). . , 

Again, the triangles FAH and FBD\ are equmngular to 
one another; therefore AH is to BD as FA is to FB (VI. 4). 
Therefore the rectangle AH, FB is equal to the rectangle 
BD, FA (VI. 16). 

Now suppose the straight lines represented by numbers 
in the manner explained in the notes to the second Book of 
the Elements. We have then two results which we can ex¬ 
press arithmetically: namely, th q product AH.ECie equa 
to the product CD.AE; and the product AH.FB is equal 
to thej product BD.FA . 

'Therefore, by the principles of arithmetic the product 
AH EC.BD.FA is equal to the product AH.FB. CD.AE, 
and therefore, by the principles of arithmetic, the proauei 
BD.GE.AF is equal to the product DC.EA.FB. 

This is the result intended by the enunciation given 
above. Each product is made by three segments, one from 
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every side of the triangle: and the two segments which ter¬ 
minated at any angular point of the triangle are norer in the 
same product. Thus if we begin one product with the seg¬ 
ment BD, the other segment of the side BC, namely DC, 
occurs in the other product; then the segment CE occurs 
in the first product, so that the two segments CD and CE, 
which terminate at C, do not occur in the same product; 
and so on. 

The student should for exercise draw another figure 
for the case in which the transversal meets all the sides 
produced, and obtain the same result. 

58. Conversely, it may be shewn by an indirect proof 
that if the product BD.CE.AFbe equal to the product 
DC. EA. IB, the three points D , E, F lie. in the same 
straight line. . 

59. If three straight lines he drawn through the 
angular points of a triangle to the opposite sides, and 
meet at the same point , the product of three segments in 
order is equal to the product of the other three segments. 

Let ABC be a triangle. From the angular points to 
the opposite sides let the straight lines AOD, BOE, COF 
be drawn, which meet at the point O: the product 
AF.BD.CE shall be equal to the product FB.DC.EA. 

For the triangle ABD is cut by the transversal FOC, 
and therefore by the theorem in 57 the following products 
are equal, AF. BC. DO, and FB. CD. OA. 



Again, the triangle ACD is cut by the transversal 
EOB, and therefore by the theorem in 57 the following 
products are equal, AO.DB. CE and OD.BC.EA. 

22 
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Therefore, by the principles of arithmetic, the following 
products are equal, AF. BC. DO . AO . DB CE and 
FB.CD .OA.OD .BC.EA. Therefore the following 



products are equal, AF.BD.CE and FB.DG.EA. 

We have supposed the point O to be within the triangle; 
jjj 0 be without the, triangle two of the points D, E, F will 
fall on the sides produced. 

60. Conversely, it may be shewn by an indirect proof 
that if the product AF. BD . CE be equal to the product 
FB. DC. FA, the three straight lines AD, BE, CF meet 
at the same point. 

61. "Wo may remark that in geometrical problems the 
following terms sometimes occur, used in the same sense as 
in arithmetic; namely arithmetical progression, geometri¬ 
cal progression, and harmonical progression. . A proposi¬ 
tion respecting. harmonical progression, which deserves 
notice, will now bo given. 

62. Let ABC be a triangle; let the angle A be bisected 
by a straight line which meets BC at D, and, let the ex¬ 
terior angle at A be •bisected by a straight line whic/i meets 
jBOj produced through (7, at E ; tlteu BD y BC } BE shatli 
be in harmonical progression. 
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For BD is to DC as BA is to AG (VI. 3); and BE is 
to EG as BA is to AG (VI. A). Therefore BD is to DO 
as BE is to EC (V. 11). Therefore BD is to BE a3 DC is 
to EG (V. 16). Thus of the three straight lines BD, BO, 
BE y the first is o the third as the excess of the second 
over the first is to the excess of the third over the second. 
Therefore BD, BG, BE are in harmonical progression. 

This result is sometimes expressed by saying that BE 
is divided harmonically at D and 0 . 
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EXERCISES IN EUCLID. 


I. 1 to 15. 

1 On a given straight line describe an isogcelos tri 
angle having each of the sides equal to a given straight 

lm< 2 In the figure of I. 2 if the diameter of the smaller 
Circle is the radius of the larger, shew where the given 
point and the vertex of the constructed triangle will he 

situated^ gtra . ght lineg bis0ct each pthor at right an¬ 
gles, any point in either of them is equidistant from the 

“Tift? ABO and ACB at the base of £ 
isosceles triangle be bisected by the straight lines BD, 
CD, shew that DBCvrill be an isosceles triangle. 

5 ! BAG is a triangle having the angle B double of the 
angle A, If BD bisects tho angle B and meets AC at B, 

^‘fnft® FC and BG meet at B 

A iXZ^o H o<?.?tFC and BG meet at B, 

shew that AH bisects the angle BAG. 

8 . The sides AB, AD of a quadrilateral ABCD are 
»aual and the diagonal AC bisects the angle BAD : shew 
t2at the sides CB Ind CD are equal, and that the diagonal 

^4 (7 bisects the angle BCD. . 

9 ACB, ADB are two tnangles on the same side of 
AB 'such that AC is equal to BD, and AD \z equal to 
pc]arA AD and BG intersect at 0: shew that the tn- 
A OB is isosceles. 

°10 .The opposite angles of a rhombus are equal* 

11 . A diagonal of a rhombus bisects each of the angles 
through which it passes. 
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12. If two isosceles triangles are on the same baso the 
straight line joining their vertices, or that straight line 
produced, will bisect the base at right angles. 

13. Find a point in a given straight line such that its 
distances from two given points may be equal. 

14. Through two given points on opposite sides of a 
given straight fine draw two straight lines which shall meet 
in that given straight line, and include an angle bisected 
by that given straight line. 

15. A given angle BAC is bisected; if CA is produced 
to G and the angle BAG bisected, the two bisecting lines 
are at right angles. 

16. If four straight lines meet at a point so that the 
opposite angles are equal, these straight lines are two and 
two in the same straight line. 


I. 16 to 26. 

17. ABC is a triangle and the angle A is bisected by 
a straight line which meets BC at D; shew that BA is 
greater than BD, and CA greater than CD. 

18. In the figure of I. 17 shew that ABC and ACB 

are together less than two right angles, by joining A to any 
point in BC. " 

19. ABCD is a quadrilateral of which AD is the 
longest side and BC the shortest; shew that the angle 
ABC is greater than the angle ADC, and the angle BCD 
greater than the angle BAD. 

20. If a /straight line bo drawn through A one of the 
angular points of a square, cutting one of the opposite sides, 
and meeting the other produced at F, shew that AF is 
greater than the diagonal of the square. 

21. The perpendicular is the. shortest straight line 
that can be drawn from a given point to a given straight 
line; and of others, that which is nearer to the perpen¬ 
dicular is less than the more remote; and two, and only 
two, equal straight lines can be drawn from the given point 
to the given straight line, one on each side of the perpen¬ 
dicular. 

22. The sum of the distances of any point from the 
three angles of a triangle is greater than half the sum of 
the sides of the triangle. 
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23. Tho four sides of any quadrilateral are together 
greater than the two diagonals together. 

24. r rhe two sides of a triangle are together greater 

than Uice the straight line drawn from the vertex to the 
middle point of the base. . 

r 26. If one angle of a triangle is equal to the sum of 
the other two, the triangle can be divided into two isosceles 

.triangles. • 

4 26, If the angle G of a triangle^ is equal to the sum 

of the angles A and B, the side AB is equal to twice the 
straight line joining C to the middle point of AB. 
f 27. Construct a triangle, having given the base, one cf 
the angles at the base, and the sum of the sides. •. * 

28. The perpendiculars let fall on two sides of a tri¬ 
angle from any point in the straight line bisecting the angle 
between them are equal to each other. 

4 ' 29. In a given straight line find a point such that the 
c perpendiculars drawn from it to two given straight lines 

shall be equal. . , 

- 30. Through a given point draw a straight line such 
f that the perpendiculars on it from two given points may be 
on opposite sides of it and equal to each other. 

31. ' A straight line bisects the angle A of a triangle 
ABC\ from B a perpendicular is drawn to this bisecting 
straight line, meeting it at D, and BD is produced to meet 
AC or AC produced at E : shew that Bp is equal to BE. 

32. AB. AC are any two straight lines meeting at A : 
through any point P draw a straight line meeting them at E 
and F, such that AE may be equal to-AF. 

33. Two right-angled triangles have their hypotenuses 
equal, and a side of one equal to a side of the other: shew 
that they are equal ip all respects. 


r. 27 to 31. 

34. Any straight line parallel to the base of an iso¬ 
sceles triangle makes equal angles with the sides. .« 

35. If two straight lines A and B are respectively 
parallel to two others' C and B, shew that the inclination oi 
A to B is equal to that of C to B. 

36. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any uraight line w 
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drawn and terminated by the parallel straight lines. Show 
that the second straight line is bisected at the middle point 
of. the first. ' 

37. If through any point equidistant from two parallel 
straight lines, two straight lines be drawn cutting .the pa¬ 
rallel straight lines, they will intercept equal portions of 
these parallel straight lines. 

38. If the straight line bisecting the exterior angle of 
a triangle be parallel to the base, shew that the triangle is 
isosceles. 

39. Find a point B in a given straight line CD, such 
that if AB bo drawn to B from a given point A, the angle 
ABC will be equal to a given angle. 

40. If a straight line be drawn bisecting one of the 
angles of a triangle to meet the opposite side, the straight f> 
lines drawn from the point of section parallel to the other 
sides, and terminated by these sides, will be equal. 

41. The side BC of a triangle ABC is produced to a 
point D\ the angle ACB is bisected by the straight lino 
CE which meets AB at E. A straight line is drawn 
through E parallel to BC, meeting AC at F, and the 
straight line bisecting the exterior angle ACD at G. Shew 
that EF is equal to FG. 

42. AB is the hypotenuse of a right-angled triangle , 

ABC: find a point D in AB such that DB may be equal/‘“* 
to the perpendicular from D on AC. 5 

43. ABC is an isosceles triangle: find points D, Evap 
the equal sides AB, AC such that BD, DE, EC may air " 
be equal. 

44. A straight line drawn at right angles to BC 
the base of an isosceles triangle ABC cuts the side AB at 
D and CA produced at E: shew that A ED is an isosceles 
triangle. 


I. 32. v 

45. From the extremities of the base of an isosceles 
triangle straight lines are drawn perpendicular to the sides;' 
shew that the angles made by them with the base are each 
equal to half the vertical angle. 

46. On the sides of any triangle ABC equilateral tri- 
* angles BCD, CAE, ABF axe described, all external: shew 

that the straight lines AD, BE, CF are all equal. 
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47. What is the magnitude of an angle of a regular 
octagon? 

48. Through two given points draw two straight lines 
forming with a straight line given in position an equilateral 
triangle. 

49. If .the straight lines bisecting the angles at the 
base of an isosceles triangle be produced to meet, they will 
contain an angle equal to an exterior angle of the triangle. 

50. A is the vertex of an isosceles triangle ABC and 
BA is produced to D, so that AD is equal to BA ; and 
DC is drawn: shew that BCD is a right angle. 

51. ABC is a triangle, and the oxterior angles at B 
and C are bisected by the straight lines BD, CD respec¬ 
tively, meeting at D : shew that the angle BDC together 
with half the angle BAG make up a right angle. 

, 52. Shew that any angle of a triangle is obtuse, right, 
or acute, according as it is greater than, equal to, or less 
than the other two angles of the triangle taken together. 

53. Construct an isosceles triangle having the vertical 
angle four times each of the angles at the base. 

54. In the triangle ABC the side BC is bisected at E 
and AB at G; AE is produced to F so that EF is equal 
to AE. and CG is produced to B so that GK is equal to 
CG: shew that FB and HB are in one straight line. 

55. Construct an isosceles triangle which shall have 
one-third of each angle at the base equal to half the vertical 
angle. 

56. AB, AC are two straight lines given in position: 
it is required to find in them two points P and Q, such 
that, PQ being joined, AP and PQ may together be equal 
to a given straight line, and may contain an angle equal to 
a given angle. 

57. Straight lines are drawn through the extremities of 
the base of an isosceles triangle, making angles with it on 
the side remote from the vertex, each equal to one-third of 
one of the equal angles of the triangle and meeting the 
sides produced: shew that three of the triangles thus 
formed are isosceles. 

' fift, A TlTi - C!ET) ATA turn fltmiodif linos infovaop+inor of, 

E ; straight lines AC, DB are drawn forming two triangles 
ACE, BED ; the angles ACE, DBE are bisected by the 
straight lines CF, BF, meeting at F. Shew that the angle 
CFB is equal to half the sum of the angles EAC, EDB. 
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\ rco-ufar 59. The straight line joining the middle point of the 

i hypotenuse of a right-angled triangle to the right angle is 
?ht lines equa' ic half the hypotenuse. 

juilateral . - om the angle A of a triangle ABC a perpen- 

l| die: ’ .* is -awn to the opposite side, meeting it, produced 
a at the ^ iivxoa>, v, at Z>; from the angle B a perpendicular is 

they will drawn * '.ho opposite side, meeting it, produced if neces- 

xianglo. 8ai 7» t ^: shew that the straight lines which join D and 

\BC and to the middle point of AB are equal. 

BA • and 61. From the angles at the base of a triangle perpen¬ 

diculars are drawn to the opposite sides, produced if necos- 
les at B sary : shew that the straight line joining the points of inter- 

> respec- section will be bisected by a perpendicular drawn to it from 

together i the middle point of the baso. 

] 62. In the figure of 1.1, if C and H be the points of 

so right intersection of the circles, and AB be produced to meet 

o, or less j one of the circles at shew that CHK is an equilateral 
^etlier. triangle. 

> vertical 63. The straight lines bisecting the angles at the base 

I of an isosceles triangle meet the sides at D and E: shew 
that DE is parallel to the base. 

64. AB } A C are two given straight lines, and P is a 
given point in the former: it is required to draw through 
P a straight line to meet AC at Q, so that the angle APQ 
may be three times the angle AQP. 

e vertical 65. Construct a right-angled triangle, having given the 

hypotenuse and the sum of the sides. 

position: 66. Construct a right-angled triangle, having given the 

IQ suc j| hypotenuse and the difference of the sides, 

be equal 67. Construct a right-angled triangle, having given the 

i equal to hypotenuse and the perpendicular from the right angle 
1 on it. 

unities of 68. Construct a right-angled triangle, having given the 

dth it on P e ™? ete i; “4 angle, 

e-third of 69. Trisect a nght angle, 

eting the 7°. Trisect a given finite straight line, 

des thus 71. From a given point it is required to draw to two 

|i parallel straight lines, two equal straight lines at right 

jectln*' at angles each other. 

t riang les 72. Describe a triangle of given perimeter, having it.® 

»d by the angles equal to those of a given triangle. 

the angle 
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I. 33, 34. 

* i 

73. If a quadrilateral have two of its opposite sides 
parallel, and the two others equal but not parallel, any two 
of its opposite angles are together equal to two right 

angles. , ,, 

74. If a straight line which joins the extremities of two 
equal straight lines, not parallel, make the angles on tho 
samo side of it equal to each other, the straight line which 
joins the other extremities will be parallel to the first.. 

75. No two straight lines drawn from the extremities 
of the base of a triangle to the opposite sides can possibly 
bisect each other. 

76. If the opposite sides of a quadrilateral are equal it 
is a parallelogram. 

77. If the opposite angles of a quadrilateral are equal 
it te a parallelogram. 

78. The diagonals of a parallelogram bisect each other. 

79. If the diagonals of a quadrilateral bisect each other 

it is a parallelogram. ” 

80. If the straight line joining two opposite angles of 

a parallelogram bisect the angles the four sides of the pa¬ 
rallelogram are equal. # 

81. Draw a straight line through a given point such 
that the part of it intercepted between two given parallel 
straight lines may bo of given length. 

82. Straight lines bisecting two adjacent angles of a 
parallelogram intersect at right angles. 

83. Straight lines bisecting two opposite angles of a 
parallelogram are either parallel or coincident. ■ 

84. If the diagonals of a parallelogram are equal all its 

angles are equal. , 

85. Find a point shell that the perpendiculars let fall 
from it on two given straight lines shall be respectively 
equal to two given straight lines. How many such points 
are there ? 

86. It is required to draw a straight line which shall 
be equal to one straight line and parallel to another, and be 
terminated by two given straight lines. 

87. On the sides AB, BC, and CD of a parallelogram 
ABCD three equilateral triangles are described, that on 
BC towards the same parts as tho parallelogram, and those 
on AB, CD towards the opposite parts: shew that the 
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distances of the vertices of the triangles on AB, CD from 
that on BC are respectively equal to the two diagonals of 
the parallelogram. 

88. If the angle between two adjacent sides of a paral¬ 
lelogram be increased, while their lengths do not alter, the 
diagonal through their point of intersection will diminish. 

89. A, B, C are three points in a straight line, such 
that AB is equal to BC : shew that the sum of the perpen¬ 
diculars from A and C on any straight line which ddes not 
pass between A and C is double the perpendicular from B 
on the same straight line. 

90. If straight lines be drawn from the angles of any 
parallelogram perpendicular to any straight line which is 
jutside the parallelogram, the sum of those from one pair 
of opposite angles is equal to the sum of those, from the 
other pair of opposite angles. 

91. If a six-sided plane rectilineal figure have its op¬ 
posite sides equal and parallel, the three straight lines join¬ 
ing the opposite angles will meet at a point. 

92. AB, AC are two given straight lines; through a 

given point E between them it is required to draw a straight 
lino GEH such that the intercepted portion GH shall be 
bisected at the point E. . 

93. Inscribe a rhombus within a given parallelogram, 
so that one of the angular points of the rhombus may be at 
a given point in a side of tne parallelogram. 

94. ABCD is a parallelogram, and E, F. the middle 
points of AD and BC respectively; shew that BE and DF 
will trisect the diagonal AC. 


I. 35 to 45. 

95. " ABCD is a quadrilateral having BC parallel to 
AD ; shew that its area is the same as that of the parallelo¬ 
gram which can be formed by drawing through the middle 
point of DC a straight line parallel to AB. 

96. ABCD is a quadrilateral having BC parallel to 

AD, E \s the middle point of DC ; shew that the triangle 
AEB is half the quadrilateral. , , 

97. Shew that any straight line passing through the 

fbo rHoiriAfAr of a. narfljlGlofifrani and termi* 

illI'l&'m'iJ jJVlUU Vi V«v -|— — r™-" _ 

nated by two opposite sides, bisects the parallelogram. 
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98. Bisect a* parallelogram by a straight lino drawn 

through a given point within it. . „ , 

99 . Construct a rhombus equal to a given parallelo- 

^ 100 . If two triangles have two sides of the one equal 
to two sides of the other, each to each, and the sunx of the 
two angles contained by these sides equal to two right an¬ 
gles, the triangles are equal in area. 

101 . A straight line is drawn bisecting a parallelogram 
ABCD and meeting AD at E and DC at F : shew that 
the triangles EBF and CED are equal. 

102 . Shew that the four triangles into which a paral¬ 
lelogram is divided by its diagonals are equal in area. 

103. Two straight lines AB and CD intersect at E, 
and the triangle AEC is equal to the triangle BED : shew 

that BC is parallel to AD. . , D . 

104. ABCD is a parallelogram; from any point P in 
the diagonal BD the straight lines PA, PC are drawn. 
Shew that the triangles PAB and PCB are equal. # 

105. If a triangle is described having two of its sides 
equal to the diagonals of any quadrilateral, and the in¬ 
cluded angle equal to either of the angles between these 
diagonals, then the area of the triangle is equal to the area 

of the quadrilateral. . . . , e 

106. The straight line which joins the middle points ot 

two sides of any triangle is parallel to the base. „ , 

107 Straight lines joining the middle points of ad¬ 
jacent sides of a quadrilateral form a parallelogram. 

108 D E are tho middle points of the sides AB, AC 
of a triangle, and CD, BE intersect at F: shew_that tho 
triangle BFC is equal to the quadrilateral ADFE. 

109. The straight‘line which bisects two sides of any 

triangle is half the base. . . . . . n 

110 In tho base AC of a triangle take any point D ; 
bisect AD, DC, AB, BC at the points E, F, G,H respec¬ 
tively: shew that EC- is equal and parallel to FH, , ■ 

111. Given the middle points of the sides of a triangle, 

construct the triangle. , . . , 

112 If the middle points of any two sides of a triangle 
be ioined, the triangle so cut off is one quarter of the whole. 

113 Tho sides J.B, AC of a given triangle ABC are 
bisected at the points E, F) a perpendicular is drawn from 
A to the opposite side, meeting it at D. shew that tho 
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angle FDE is equal to the angle BAG. Shew also that 
AFDE is half the triangle ABC. 

114. Two triangles of equal area stand on the same 
base and on opposite sides: shew that the straight line 
joining their vertices is bisected by the base or the base 
produced. 

115. Three parallelograms which are equal in all re¬ 
spects are placed with their equal bases in the same straight 
line and contiguous; the extremities of the base of the first 
are joined with the extremities of the side opposite to the 
base of the third, towards the same parts: shew that the 
portion of the new parallelogram cut off by the second is 
one half the area of any one of them. 

116. ABCD is a parallelogram; from D draw any 
straight line DFG meeting BC at F and AB produced at 
G\ draw AF and CG: shew that the triangles ABF, 
CFG are equal. 

117. ABC is a given triangle: construct a triangle of 
equal area, having for it3 base a given straight lino AD, 
coinciding in position with AB. 

118. ABC is a given triangle: construct a triangle of 
equal area, having its vertex at a given point in BC and its 
base in the same straight line as AB. 

119. ABCD is a given quadrilateral: construct ano¬ 
ther quadrilateral of equal area having AB for one side, 
and for another a straight line drawn through a given point 
in CD parallel to AB. 

120. ABCD is a quadrilateral: construct a triangle 
whose base shall be in the same straight line as AB, vertex 
at a given point P in CD, and area equal to that of the 
given quadrilateral. 

12? ABC is a given triangle: construct a t iangle of 
equal area, having its baso in the sam«: straight line as AB, 
and its vertex in a given straight line parallel to AB. 

122. Bisect a given triangle by a straight line drawn 
through a given point in a side. 

123. Bisect a given quadrilateral by a straight line 
drawn through a given angular point. 

124. If through the point O within a parallelogram 
ABCD two straight lines are drawn parallel to the sides, 
and the parallelograms OB and OD are equal, the point O 
is in tho diagonal AC. 
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I. 46 to 48. 

125 On the sides AC, BC of a triangle ABC, squares 
ACDE, BCFH are described: shew that the straight 

line i S 26. F The ^e e on q the side subtending an acutean- 
gle of a triangle is less than the squares on the side 

eoutaimn^the^acute s id© subtending an obtuse an¬ 

gle of a triangle is greater than the squares on the sides 

containing the obtuse, angle. , 

128 If the square on one side of a triangle bo less 
than the squares on the other two sides, the anglo contained 
by these sides is an acute angle; if greater, an obtuse 

°129. A straight line is drawn parallel to the hypotenuse 
of a right-angled triangle, and each of the acute angles is 
joined with the points where this straight line intersects 
the sides respectively opposite to them: shew that the 
squares on the joining straight lines are together equal to 
tSo square on the hypotenuse and the square on the straight 

line drawn parallel to it. # , n _ , 

130. If any point P be joined to A, B, C, D, the an¬ 
gular points of a rectangle, the squares on PA and B O are 
together equal to the squares on PB n ,nd PJJ. 

° 131 . In a right-an^ed triangle if the square on one of 
the sides containing the right angle be three times the 
square on the other, and from the right, angle two straight 
lines be drawn, one to bisect the opposite side, and the 
other perpendicular to that side, these straight lines divide 
the right angle into three equal parts. . . , ■ 

132. If ABC be a triangle whose angle A is a right 
an«de, and BE, CF be drawn bisecting the opposite sides 
respectively, shew that four times the sum of the squares 
on BE and CF is equal to five times the square on BC. 

133. On the hypotenuse BC, and the sides CM, AB of 
a right-angled triangle ABC, squares BDEC, AF, and 
AG are described: shew that the squares on DG and El 
arc together equal to five times the square on BO. 
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> II. 1 to 11. 
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134. A straight line is divided into two parts; shew 

that if twice the rectangle of the parts is equal to the sum 
of the squares described on the parts, the straight line is 
bisected. .. .. 

135. Divide a given straight line into two parts such 
that the rectangle contained by them shall be the greatest 

ossible. 

136. Construct a rectangle equal to the difference of 
two given squares. 

137. Divide a given straight line into two parts such 
that the sum of the squares on the two parts may be the 
least possible. 

138. Shew that the square on the sum of two straight 
lines together with the square on their difference is double 
the squarcs on the two straight lines. 

139. Divide a given straight line into two parts such 

that the sum of their squares shall be equal to a given 
square. _ 

140. Divide a given straight line into two parts such 
that the square on one of them may be double the square 
on the other. ' 

141. In the figure of II. 11 if CH be produced to meet 
BF at L, shew that CL is at right angles to BF. 

142. In the figure of II. 11 if BE and CH meet at O, 
shew that AO is. at right angles to CH. 

. 143. Shew that in a straight line divided as in II. 11 
the rectangle contained by the sum and difference of the 
parts is equal to the rectangle contained by the parts. 

II. 12 to 14. 

144. The square on the base of an isosceles triangle is 
equal to twice tne rectangle contained by either side and 
by the straight line intercepted between the perpendicular 
let fall on it from the opposite angle and the extremity of 
the base. 

145. In any triangle the sum of the squares on the 
sides is equal to twice the square on half the base together 

X™? xl — 11..V l!»tn /l*4nirm fnnm (lift 

rnwi vWivC iiiiU otjULUU Uli i»UU iiiiv viiarrx* uvi« vsiv 

vertex to the middle point of the base. 
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AB: shew that the rectangle AB, AE is equal to the 
rectangle AC, AD. 

157. If a straight line be drawn through one of the 
angles of an equilateral triangle to meet the opposite side 
produced, so that the rectangle contained by the whole 
straight line thus produced and the part of it produced is 
equal to the square on the side of the triangle, shew that 
the square on the straight line so drawn will be double the 
square on a side of the triangle. 

158. In a triangle whoso vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular 
to the base: shew that the square on this perpendicular is 
equal to the rectangle contained by the segments of the 
base. 

159. In a triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular to 
the base: shew that the square on either of tne sides adja¬ 
cent to the right angle is equal to the rectangle contained 
by the base and the segment of it adjacent to that side. 

160. In a triangle ABC the angles B and C are acute: 
if E and F be the points where perpendiculars from the 
opposite angles meet the sides A C, AB, shew that the 
square on BC is equal to the rectangle AB, BF, together 
with the rectangle AC, CE. 

161. Divide a given straight line into two parts so that 
the rectangle contained by them may be equal to the square 
described on a given straight line which is less than half 
the straight line to be divided. 


III. 1 to 15. 

162.. Describe a circle with a given centre cutting a 
given circle at the extremities of a diameter. 

163.. Shew that the straight lines drawn at right ahglcfc 
to the sides of a quadrilateral inscribed in a Circle from 
their middle points intersect at a fixed point. 

164. If two circles cut each Other, any two parallel 
straight lines drawn through the points of section to cut 
the circles are equal. 

165. Two circles whose centres are A and B intersect 
through C two chords DCE and FCG are drawn 

^Mually inclined to AB and terminated by the circles: 
shew that DE and FG are equal. 


23 
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166. Through either of the points of intersection of 
two given circles draw the greatest possible straight lino' 
terminated both ways by the two circumferences. 

167. If from any point in the diameter of a circle 

straight lines are drawn to the extremities of a parallel 
chord, the squares on these straight lines are together equal 
to the squares on the segments into which the diameter is 
divided. v 

168. A and B are two fixed points without a circle 
PQR ; it is required to find a point P in the circumfer¬ 
ence, so that the sum of the squares described on AP and 
BP may be the least possible. 

169. If in any two given circles which touch one an¬ 
other, there be drawn two parallel diameters, an extremity 
of each diameter, and the point of contact, shall lie in the 
same straight line. 

I 170. A circle is described on the radius of another 
circle as diameter, and two chords of the larger circle are 
drawn, one through the centre of the less at right angles to 
the common diameter, and the other at right angles to the 
first through the point where it cuts the less circle. Shew 
that these two chords have the segments of the one equal 
to the segments of the other, each to each. 

171. Through a given point within a circle draw the 
shortest chord. 

172. 0 is the centre of a circle, P is any point in its 
circumference, PN a perpendicular on a fixed diameter: 
shew that the straight lino which bisects the angle OPN 
always passes through one or the other of two fixed points. 

173. Threo circles touch one another externally at the 

points ./f, B , C ; from A, the straight lines AB, AC are 
produced to cut the circle BC at D and E: shew that DE 
is a diameter of BC, and is parallel to the straight line 
joining the centres of the other circles. ■ ,, 

174. Circles are described on the sides of a quadri¬ 

lateral as diameters: shew that the common chord of any 
adjacent two is parallel to the common chord of the other 
two. ■ ' 

175. Describe a circle which shall touch a given circle, 
have its centre in a given straight line, and pass through a 
given point in the given straight line. 
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III. 16 to 19. ' 

.®^ ew ^ at two tangents can be drawn to a oircle 
length g 6Xterna P ° int ’ and that ^ey are of equal 

ltao\ 7 o 7 'tou E oh‘r^,eudrc t I°e“ giT “ S * raigh ‘ )ine a strai S hl 

«*- **"'«“ “» * 

ferenco shall be of given length. cum 

i Two circles have the same centre* show ail 

chords of the outer circle which 

Ml- Through a given point draw a straight line so that 
«n°iPn rfc inte r c , epted . b y the circumference of a given circle 
Sete r 69 * ffiv “ strai ® ht Mne not greatfr than Se 

cut-off 6 from* a °ffi 

S «iS^aifit if 4.o be the “ ntra » f ** 

n „ a 1 , 83 - describe a circle that shall have a given radius 
and touch a given circle and a given straight line. 

184. A circle is drawn to touch a given cirHA n»wi « 
given straight line. Shew that the points of contact are 
always in the same straight line with a fixed point in the 
circumference of the given circle. 1 e 

circles 5 ’ DraW a straight line to touch each of two given 
that the part oAfc conUiUied^y*fmother°^ven V circie C shaU 

xr }®?* & straight lino cutting two srivon circles so 

gtven^lengths 1 * 45 toteroe l ,tcd ^thin the circles shall havq 

188. A quadrilateral is described so that its sides 

. a ?F cle •’ g hew that two of its sides are together 
equal to the other two sides. ° 

about^a circteexcept a rhondbu^ 0 ^™ ““ ^ deScriM 


*13—2 
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190 ABD, ACE aro two straight lines touching a 
circle at B and C, and if DE bo joined DE is equal to BD 
and GE together: shew that DE touches the circle. 

191 If a quadrilateral be described about a circle the 
angles'subtended at tho centre of the circle by any two 
opposite sides of the figure are together equal to two 

k IQ 2 ° Two radii of a circlo at right a.jglos to each other 
when produced aro cut by a straight lino which touches the 
circle: shew that the tangents drawn from tho points of 

section are parallel to each other. . . 

193. A straight line is drawn touching two circles, 
show that the chords aro parallel which join the points of 
contact and the points where tho straight line through the 

centres moets the circumferences. , 

194. If two circles can be described so that each 
touches the other and three of the sides of a quadrilateral 
figure, then the difference between the sums of the opposite 
sides is double the common tangent drawn across the quad- 

rUateraL ^ ^ diameter and c the centre of a semi¬ 

circle: shew that O the centre of any circle inscribed in 
the semicircle is equidistant from C and from the tangent 

to the semicircle parallel to AB. . .. 

196 If from any point without a circle straight lines 
be drawn touching it, the angle contained by the tangents 
is double the angle contained by the straight line joining 
the points of contact and the diameter drawn through one 

° f m m ' A quadrilateral is bounded by the diameter of a 
circle, the tangents at its extremities, and a third tangent, 
shew that its area is equal to half that of the rectangle con¬ 
tained by the diameter and the side opposite to it. 

198. If a quadrilateral, having two of its sides parallel, 
be described about a circle, a straight line drawn through 
the centre of the circle, parallel to either of the two paral- 
lel sides, and terminated by the other two sides, shall be 
equal to a fourth part of the perimeter of the figure. 

199 A series of circles touch a fixed straight line at 
a fixed point: shew that the tangents at the points where 
they cut a parallel fixed straight line all touch a fixed circle. 

onn Qf aP straight lines which can be draw*' from two 
given points to meet ill the convex circumtei uco ot a 
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given circle, tho sum of the two is least which make equal 
augloa with the tangent at tho point of concourse, 

201 . (J is the centro of a given circle, CA a radius, B 
a point on a radius at right angles to CA ; join AB and 
produce it to moet tho circle again at D, and let tho tan¬ 
gent at D meet CB produced at E\ shew that BDE is an 
isosceles triangle. 

202. Let the diameter BA of a circle be produced to 

f » 80 ■£P equals the radius; through A draw the 

tangent A ED, and from P draw PEC touching tho circle 
at 0 and meeting the former tangent at E : join BC and 
produce it to meet AED at D : then will the triangle 
DLC be eqmlateral. 


III. 20 to 22. 

/ 

203. Two tangents AB, AC are drawn to a 
a if‘ an y,P 01n t on the circumference outside of the 
AUb : shew that the sum of the angles ABD an 
ib constant. 

204. P, Q are any points in the circumference^ of two 
segments described on the same straight line AB, and on 
tne same side of.it; the angles PAQ, PBQ are bisected 
by the straight lines AR, BR meeting at R: shew that the 
angle ARB is constant. 

. 205. Two segments of a circle are on the same base 
AB, and P is any point in the circumference of one of the 
segments ; the straight lines APD, BPC are drawn meet¬ 
ing the circumference of the other segment at JD and C- 
ACan& BD are drawn intersecting at Q. Shew that the 
angle AQB is constant. 

206. APB is a fixed chord passing through P a point 
of intersection of two circles AQP, PBR; and QPR is 

ot her chord of the circles passing through P: shew 
that AQ and RB when produced meet at a constant 
angle. 

207. AOB is a triangle; C and D are points in BO 
and AO respectively, such that the angle ODC is equal to 
the angle OB A: shew that a circle may be described 
round tae quadrilateral ABCD. 
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EXERCISES IN EUCLID. 


I 208. ABCD is a quadrilateral inscribed in a circle, and 
the sides AB, CD when produced meet at 0 : shew that 
the triangles AOC, BOD are equiangular. 

209. Shew that no parallelogram except a rectangle 
can be inscribed in a circle. 

•i 210. A triangle is inscribed in a circle: shew that the 
sum of the angles in the three segments exterior to the 
triangle is equal to four right angles. 

211. A quadrilateral is inscribed in a circle: shew 
that the sum of the angles in the four segments of the circle 
exterior to the quadrilateral is equal to six right angles. 

212. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to twice the angle 
contained in the other. 

213. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to five times tho 
angle contained in the other. 

214. If the angle contained by any side of a quadri¬ 
lateral and the adjacent side produced, be equal to the 
opposite angle of the quadrilateral, shew that any side of 
the quadrilateral will subtend equal angles at the opposite 
angles of the quadrilateral. 

216. If any two consecutive sides of a hexagon inscribed, 
in a circle be respectively parallel to their opposite sides, 
the remaining sides are parallel to each other. 

216. A, B, C, D are four points taken in order on tho 
circumference of a circle; the straight lines AB, CD pro¬ 
duced intersect at P, and AD, BC at Q : shew that the 
straight lines which respectively bisect the angles APC, 
AQC are perpendicular to each other. 

217. If a quadrilateral be inscribed in a circle, and a 
straight line bo drawn making equal angles with one pair 
of opposite sides, it will .make equal angles with the other 
pair. 

218. A quadrilateral can have one circle inscribed in 
it and another circumscribed about it: shew that the 
straight lines joining the opposite points of contact of the 
inscribed circle aro perpendicular to each other. 

III. 23 to 30. 

219. The straight lines joining the extremities of the 

chords of two equal arcs of a circle, towards the same parta 
are parallel to each other. V 
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220. The straight lines in a circle which ioin the e* 
treaties of two paraUel chords are equal to ei other. 

oUKrr —ass 22 ; 

two 2 s 2 t?aightSs the circumference of a circle 

oxi^qTaCF Sb that *h© straight line which bisects the 
A ^f£° B “ eetS th ° circle at a P^t equidistant 

i 8 *raiglit lines bisecting any angle of a onadn* 

Ajzz~ssz :Lt &£**&£a 

y 4*S4£J&S Ia of 

•*5 -S« ^fiS 

tffiLe straighUinejoinii^ p S™ tffL“f'the m™ 

tL —^ si 

r «.pS,r£s l r&aj g L th r gh 

terminated by tho circles the " ue . a©.drawn 

e “olAr 00 er ’ P t* 0f 

straight lines at Z and Jif. Shew that if AB bTbetwX 
AL and AM the sum of AL and AM is consW° 

^ and AM tho difference ofJz ald il 

229. A OB and COD are diameters of a circle at rio-hf 
Mgjes to each other; E is a point in the are Jc aVi 
EFG is a chord meeting COP at F. and d JL, .v .i.i? 

- -;-"’fStJH iii SUVti a 
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j. direction that F.F is equal to the radius. Shew ihat the 
arc BQ is equal to threo times the arc AE. 

230. The straight lines which bisect the vertical angles 
of all triangles on tho same base and on the same side of 
it, and having equal vertical angles, all intersect at the 
same point. 

231. If two circles touch each othe7 internally, any 
chord of the greater circle which touches the less sha'l 
be divided at the point of its contact into segments whiui 
subtend equal angles at the point of contact of the two 
circles. 


III. 31. 

232. Eight-angled triangles are described on the same 

hypbtenuse; shew that the angular points opposite the 
hypotenuse all lie on a circle described on the hypotenuse 
as diameter. ■ n [j 

233. The circles described on the equal sides of an 

isosceles triangle as diameters, will intersect at the middle 
point of the base. , i ,. 

234. The greatest rectanglo which can be inscribed in 
a circle is a square. 

235. The hypotenuse AB of a right-angled triangle 
ABC is bisected at D, and EDF is drawn at right angles 
to AB, and DE and DF are cut off each equal to DA ; 
CE and CF are joined: shew that the last two straight 
lines will bisect the angle C and its supplement respec¬ 
tively. 

236. On the side AB of any triangle ABC as diameter 
a circle is described; EF is a diameter parallel to BC\ 
shew that the straight fines. EB and FB bisect the interior 
and exterior angles at B. 

237. If AD, CE be drawn perpendicular to the sides 
BC, AB of a triangle ABC, and DE be joined, shew that 
the angles ADE and ACE are equal to each other. 

238. If two circles ABC, ABD intersect at A and B, 
and AC, AD be two diameters, shew that the straight 
line CD will pass through B. 

239. If O be the centre of a circle and OA a radius 

and a circle be described on OA as diameter, the circum- 

■ • - • ' 












that the 

il angle? 
» side of 
at the 

lly, any 
!8s sha'l 
ts whitu 
the two 


he same 
site the 
lotenuse 

t ■ 

38 of an 
3 middle 

ribed' in 


triangle 
it angles 
to DA; 
straight 
respec- 

liameter 
to BC : 
interior 

he sides 
new that 

( and B, 
straight 

a radius 
circum- 


i EXERCISES IN EUCLID. 361 

if frllnf will bisect any chord drawn through 

i * rom t° meet the extenor circle. 

o J}?' r® 8crib ® a circle touching a given straight line at 

given DomtsVthi 2? ^tangents drawn to it from two 
given points m the straight line may bo parallel 

•„f* 1 ' Describe a circle with a given radius touching a 
given straight line, such that the tangents drawn to it 
£om two given points in the straight line may to paraUel. 

^ r0m tbe angles at the base of any triangle 
perpendiculars are drawn to the opposite sides, produrcd 
if necessary, the straight line joining the points of iater- 

the SXTh' “ Pon-end.coto <£to to it ftom 
^ 0n produced through C, meets rfc at E 

SS^re^n ARpRr wA? f *"5" thm the sum of tb ® 

squares on AB, BC y CD, by twice the rectangle BC, CE. 

tbe di ®»eter of a semicircle, P is a point 
18 perpendicular to AB; on 
A /p ^meters two semicircles are described, and 

tw’flp Jnf? these latter circumferences at Q, R: shew 
that QR Will be a common tangent to them. 

. 245 *. A ^> AGare two straight lines, B and C are given 
P°\ntj? ja i'h® same; BD is drawn perpendicular to AC 
and DE perpendicular to AB; in likenSnner is drawn 

Shew that EG is 

w wS i nt ® rsecfc at the points A and B, from 

which are drawn chords to a point O'in one of the circum- 

fcL and r theS6 ch ? r< J?’ Produced if necessary, cut the 
SS 9r nT u “ fer ® nc . e at D and E: shew that the straight 
at right angles that diameter of the circle 
ABC which passes through C. 

. 247, squares be described on the sides and hv- 
potenuse of a nght-angled triangle, the straight line joining 
the intersection of the diagonals of the latter square with 

thf Kto 1 ® 18 P® r ,Pendicular to the straight line joining 
the intersections of the diagonals of the two former. 

,• 2 ff- £ is * b ® ce ntre of a given circle, CA a straight 
line less than the radius; find the point of the circum¬ 
ference at which CA subtends the greatest angle. 
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}' 249. AB is the diameter of a semicircle, D and 'E are 
any two points in its circumference. Shew that if the 
chords joining A and B with D and E each way intersect 
at F and O, then FO produced is at right angles to AB. 

250. Two equal circles touch one another externally, 
and through the point of contact chords are drawn, one 
to each circle, at right angles to each other: shew that 
the straight line joining the other extremities of these 
chords is equal and parallel to the straight line joining the 
centres of the circles. 

251. A circle is described on the shorter diagonal of a 
rhombus as a diameter, and cuts the sides; and the points 
of intersection are joined crosswise with the extremities of 
that diagonal: shew that the parallelogram thus formed 
is a rhombus with angles equal to those of the first. 

252. If two chords of a circle meet at a right angle 
withih or without a circle, the squares on their segments 
are together equal to the squares on the diameter. 


III. 32 to 34., . 

t 

253. B is a point in the circumference of a circle, whose 
centre is C\ PA , a tangent at any point P, meets CB 
produced at A , and PD is drawn perpendicular to CB : 
shew that the straight line PB bisects the angle APD. 

254. If two circles touch each < her, any straight line 

drawn through the point of contact will cut off similar seg¬ 
ments. ■ K , 

255. AB is any chord, and AD is a tangent to a circle 
at A. DPQ is any straight line parallel to AB, meeting 
the circumference at P and Q. Shew that the triangle 
PAD is equiangular to the triangle QAB. 

256. Two circles ABDH, ABO, intersect each other 
at the points A, B ; from B a straight line BD is drawn in 
the one to touch the other; and from A any chord what¬ 
ever is drawn cutting the circles at O and H: shew that 
BO is parallel to DH. 

257. Two circles intersect at A and B. At A the 
tangents AC, AD are drawn to each circle and terminated 
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by the circumference of the othor If cm nn u *. , 
shew that AE or AB nrodmWl if L„?’ Joined, 

angle CBD. produced, if necessary, bisects the 

a «wi £ 0m a 7 u P°i nt i« the circumference of a circle 

^!?lr^ 1CU a ^ to tai3 ^nt at P: shew that the triangle 
2 VAM is equiangular to the triangle JPA Q ° 

shewlhat If h*£ft jg* toe at * * »*•*«# 

verS 45tSfcSS& haVinS: gi,eB th6 »**> tke 

j-«5 •SMStaSa iftessftsrsjj; 

from the vertex to the middle point of the base. 

265. Having given the base and the vertical angle of a 
Safe shew that the Wangle will be greatest whin it is 

1 SOSCvlvSi 


possible. . . J 001116 greatest 

267. Two straight lines containing a constant angle 
a ways pass through two fixed points, their position bS 
J 6 ™ 6 unrestricted: shew that the straight line bisect 

fixedpoSs dWayS PaSS6S through nne or other of two 

268. Given one angle of a triangle, the side opposite 
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} ^ a nd the tom of the other two sides, construct the 
triangle. 

III. 35 to 37. 

269 If two circles cut one another, the tangents drawn 
to the’two circles from any point in the common chord 
produced are equal. , , . 

270. Two circles intersect at A and B : shew that An 

produced bisects their common tangent. - tfjjm 

271. If AD, CE are drawn perpendicular to the sides 
BC AB of a triangle ABC, shew that the rectangle con¬ 
ned by BC and BD is equal to the rectangle contained 

by BA and BE. 

272. If through any point in the common chord of two 
circles which intersect one another, there be drawn any two 
other chords, one in each circle, their four extremities shall 
all lie in the circumference of a circle. 

vm From a given point as. centre describe a circle 
cutting a given stringht line in two points, so that the rect- 
anSe contained by their distances from a fixed point in the 
straight line may be equal to a given square. 

274 Two circles ABCD, EBOF, having the common 
tangents AE and DF, cut one another at £ and C7, and 
the chord BC is produced to cut the tangents at G and H. 
shew that the square on GH exceeds the square on AE or 
DF by the square on BC. 

075 A series of circles intersect each other, and are 
such that the tangents to them from a fixed point are 
JjSl: shew that the straight lines joining the two points 
o? intersection of each pair will pass through this point. 

^276 ABC S& a right-angled triangle ; from any point 
D in the h™tenu»e %G n Straight line is drawn at right 
angles to BC, meeting CA at E and BA produced at F. 
i iL .1 iu A anua.ro on DE is equal to the difference of 
fte r^Ung^ AE, £o-, and that the Mnare 

on DF is equal to the sum of the rectangles BD, DC and 

J Jp JPJ} 

277 ’it is required to find a point in the straight line 

which touches a 2rcle at the end of a given dimeter, such 
tiiat when a straight line is drawn from this point to. the 
other extremity of the diameter, the rectangle contained 
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by the part of it without tho circle and the part within the 
circle may be equal to a given square not greater than that 

on the diameter. / 

/ 


IV. 1 to 4. 

278. In IV. 3 shew that the straight lines drawn 
through A and B to touch the circle will meet. 

279. In IV. 4 shew that the straight lines which bisect 
tho angles B and C will meet. 

280. In IV. 4 shew that the straight line DA will 
bisoct the angle at A. > 

281. If the circle inscribed in a triangle ABC touch 
the sides AB, AC at tho points D, E, and a straight line 
be drawn from A to the centre of the circle meeting the 
circumference at O, shew that the point Q is the centre of 
the circle inscribed in the triangle ADE. 

282. Shew that the straight lines joining the centres of 
the circles touching one side of a triangle and the others 
produced, pass through the angular points of the triangle. 

283. A circle touches the side BO of a triangle ABO 
and the other two sides produced: shew that the distance 
between the points of contact of the side BC with this 
circle and with the inscribed circle, is equal to the differ¬ 
ence between the sides AB and AC. 

284. A circle is inscribed in a triangle ABC, and a 
triangle is cut off at each angle by a tangent to tho circle. 
Shew that the sides of tho three triangles so cut off are 
together equal to the sides of ABC. 

285. D is the centre of the circle inscribed in a tri¬ 
angle BAC', and AD is produced to meet the straight line 
drawn through B at right angles to BD at O : shew that O 
is the centre of the circle which touches the side BC and 
the sides AB, reproduced. 

286. Three circles are described, each of which touches 

one side of a triangle ABC, and the other two sides pro¬ 
duced. If D be the point of contact of the side BC, E that 
of AC, and F that of AB, shew that AE is equal to BD, 
BF to CE, and CD to AF. - .* 

287. Describe a circle which shall touch a given circle 
and two given straight lines which themselves touch tho 
given circle. 
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288. If the three points be joined in which the circlo [I 

inscribed in a triangle meets the sides, shew that the re- II 
suiting triangle is acute angled. it 

289. Two opposite sides of a quadrilateral are toge¬ 

ther equal to tho other two, and each of the angles is less 
than two right angles. Show that a circle can be inscribed 
in the quadrilateral. , 

290. Two circles HPL, KPM, that touch each other 
externally, hare the common tangents HK, LM\ IIL and 
KM being joined, shew that a circle may be inscribed in 
tho quadrilateral HKMt. 

291. Straight lines are drawn from the angles of a 
triangle to the centres of the opposite escribed circles: 
shew that these straight lines intersect at the centre, of the 
inscribed circle. 

' 292. Two sides of a triangle whose perimeter is con¬ 
stant are given in position: shew that the third side 
always touches a certain circle. 

* 293. Given the base, the vertical angle, and the radius 
of the inscribed circle of a triangle, construct it 

IV. 6 to 9. 

294. In IV. 5 shew that the perpendicular from P on 
BC will bisect BC. ' • 

- 295. If DE be drawn parallel to the base BC of a 
triangle ABC, shew that the circles described about tho 
triangles ABC and ADE have a common tangent. 

296. If the inscribed and circumscribed circles of a 
triangle be concentric, shew that the triangle must be 
equilateral. 

297. Shew that if the straight line joining the centres 

of the inscribed and circumscribed circles of a triangle 
passes through one oMts angular points, the triangle is 
isosceles. ^ - 

298. The common chord of two circles is produced to 

any point P ; PA touches one of the circles at A, PBC is 
any chord of the other. Shew that the circle which passes 
through A, B, and C touches the circle to which PA is 
a tangent. - ' ^ 

299. A quadrilateral ABCD is inscribed in a circle, 
and AD, BC are produced to meet at E : shew that the 
circle described about the triangle ECD will have the 
tangent at E parallel to AB. 
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300 \ ©eswibe a circle which rfhall touch a given straight 
line, and pass through two given points. 5 

301. Describe a circle which shall pass through two 

S^Xie^th 4 ° ff fr ° m a * 1 "“ Boo^chori 

•J* 2 ', ?“?}!>« » d«le which shell hero Its centra in a 
given straight line, and cut off from two given straight 
lines chords of equal given, length. ° ® c 

303. Two triangles have equal bases and enunl w.etiooi 
angles s shew that tho radiu3 of the circumscribing circle 
of one triangle is equal to that of the other. * 

304. Describe a circle which shall pass through two 

given points, so that the tangent drawn to it from another 
given point may be of a given length. 9r 

radMi te&r i 

AowXtftSfflbi &S&bj“?y°‘ Crib0d ramd ANP - 

^wnchonrifr* 64 rottn4 tho tria “*‘ ea abp < 

. the centre of a circle cutting off three Annul 

chords from the sides of a triangle 5 e * aa * 

trimrie of $ he 5 We inscribed in the 

srtbed circle at F, shew «$“ FB FO,7u<l FC 

.4 

tnanrics so formed without tho quadrihM cfccks 

snssfis? ^ at *- Arte 

thetae AS & aS 0 fc SfejSfc .“ d 

which intersect at J>t show B the Ski AC§ ADB 
are together equal to two right angles. & ° ADB 

311. ACDB is a semicircle, AB being the rimmat**. 
and the two chords AD, BC intersect at %• shew that if 

right angle? 8 r0Und CDEii wiJ1 the former at 


‘■t- 


'a 
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I 312. The diagonals of a given quadrilateral ABCD 
intersect at 0: shew that the centres of the circles de¬ 
scribed about the triangles OAB, OBC, OCD, ODA, will 
lie in the angular points of a parallelogram. 

313. A circle is described round the tri^gleriP*?; 
the tangent at C meets AB produced at 2> ; the mrcle 
whose centre is D and radius DC cuts AB at E. shew 
that EC bisects the angle ACB. 

314. AB. ACaro two straight lines given ie position; 
BC is a straight line of given length; D, E are^middle 

j » Ad • DF* EF are drawn at right angles to 
5*that -AF will be constant for 

all positions of BO. 

315. A circle is described about an isosceles triangle 
ABC in which AB is equal to AC; from - a straight 
line is drawn meeting the base at 2>and . th ® C1 5? le E A 
shew that the circle which passes through B, D, and E, 

touches AB. ■ n i\ 

316. AC is a chord of a given circle; B and D 'are 
two 5 riven points in tho chord, both within or both without 
the circle: if a circle be described to Pff 8 

D, and touch the given circle, shew that AB and CD 
subtend 'equal angles at the point of contact 

317. A and B are two points within a circle •. findtlie 
point P in the circumference such that if P4P, F JVC to 
drawn meeting the circle at H and K, the chord UK snail 
be the greatest possible. 

318. The centre of a given circle is equidistant from 
two riven straight lines: describe another circle which shall 
|Sf< Straight toes and shall cut off from the 
given circle a segment containing an angle equal to a given 
angle. 

319. 0 is the centre-of the circle dreumsenbing a 

triangle .4 AC; A A. fthe feet of the penra<hedamfroiu 

A, B, (7 on the opposite sides: shew that OA, OB, O 0 are 
respectively perpendicular to EF, FD, DE. 

320. If from any point in the circumference of a given 
circle straight lines be drawn to the four angular pmnts 
of an inscribed square, the sum of the squares on the four 
straight lines, is double the square on the diameter. 
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d cWe^* 1 ” “ Wpt * *4“" •*» ■*> 


322, Describe a circle about a given rectangle. 

323. If tangents be drawn through the extremities of 

5 eras:*• »«*■«»• ■•sssyf 


iv. io. 


324. Shew that the angle ACD in the figure of IV. 10 
triangle^ ^ ree times the angle at tLe vertex of the 

. . J 2 J* S t?T that in figure of IV. 10 there are two 
mangles which possesr the required property: si w that 
were is also an isosceles triangle whose equal angles are 
each one third part of tke third angle. K 

3, 26 ; Shew that the base of the triangle in IV. 10 is 
equal to the side of a regular pentagon inscribed in the 

smaller circle of the figure. 

327. On a given straight line as base describe an isos- 
celM triangle having the third angle treble of each of the 
angles at the base. 


328. In the figure of IV. 10 suppose the two circles to 
cut again at E: then DE is equal to DC. 

329. If 'A be the vertex and BD the base of the con-* 
sfructed triangle in IV. 10, D being one of the two points 
of mtereection of the two circles employed in the construe- 
tion, and h the other, and AE be drawn meeting BD pro* 
duced at G, shew that GAB is another isosceles triangle 
of the same kind. 


330. In the figure of IV. 10 if the two equal chords 
of the smaller circle be produced to cut the larger, and 
these points of section be joined, another triangle will be 
formed having the property required by the proposition. 

331. In the figure of IV. 10 suppose the two circles td 
cut again at D; join AE, CE } and produce AE, BD to 
meet at G : then CDGE is a parallelogram. 

• Shew that the smaller of the two circles employed 

m the figure of IV. 10 is equal to the circle described 
round the required triangle. •’ 


rr 

i 
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)' 338 In the figure of IV.’IO if ^ be the diameter of 
the^maller circle, DF is equal to a radius of the circle 
which circumscribes the triangle Uhl). 


. IV. 11 to 16. 

334 The straight hues which connect the angular 
noints of a regular pentagon which are not adjacent inter- 
sect at the angular points of another regular pentagon 

oos ABODE is a regular pentagon; join AO ana 
MBEmeefAClt F ; Sew that AC to equalto 

the sum of AB and BF. .'. . 

J, 36 Shew that each of the triangles made by joining 
^extremities of adjoining sides of a regular pentagon is 
lew than a third and greater than a fourth of the whole 
area of the pentagon. 

337. Shew how to derive a regular hexigon from an 
equilateral triangle inscribed m a circle, and from -he con¬ 
traction Bhew that the side of the hexagon equals toe 
radius of toe circle, and that the hexagon is double, of the 

i n a given circle inscribe a triangle whose angles 
are as the numbers 2 , 8 , 8 . , An Dn 

339. If ABCDEF is a regular hexagon, md AC, BB. 
CE DF ; EA, FB be joined, another hexagon is formeU 
whose area is one third of that of the former, 

340. Any equilateral figure which is inscribed in a 
circle is also equiangular. 


• m t 

341 . Shew that one of toe triangles in toe figure of 
*Y 10 is a mean proportional between toe other two. 

* W Throw* 

the triangle AEF is a mean proportional between the tri¬ 
angles FBD } EDC. . v * 
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34 3._ Peipendieulare aw drawn from any noinfc within 

^“bir" 16 “ U ' 6 “ de * •• «■“ their 

Kn^be a {"“S 1 ® such that if straight 

an<rl« will vj™! 1 * ^ ree angular points the tri- 
g i!7 m J& dlVlded . int0 t . hree equal triangles, 

amrles’^cS >m //) I « mt +£- 1 S* t ^ common of two tri- 
Af> l *i n nLy' IV 163 are drawn parallel to 

JaQ icS e • BD ' AF ' a - 8hew tw & i*p£ 

346. From any point in the base of a triamrle straight 
t0 e the ® des: shew tha ‘ the “ter- 

to taa'cert^XStlr 17P ^ d0gK “ n « *—d 


to’BCwill Wt Jc 8 1 “ 6 “ rawl ,rom D Pallet 

“ triangle; any atraight line parallel to 
tar Jr..w.f and^c^ti; jota S£ and CD meet- 
Segle^i/? * ta tmn « l6 ADF * equal to the 

? £ tri j ng ?® ; ai »y straight line parallel to 
£*at Vj iZ at join^and V CD meet? 

% Stfu *^2* lf 4 F be P rodu ced it will bisect EC. 
x ,t 5 two “des of a quadrilateral figure be parallel 

to each other, any straight line drawn parallel to them will 
cut the other sides, or those sides produced, pro^tS 

a irivfln ruW a J ria ?f le j i* is required to draw from 

liiSfn i^ mtF \/? Reside AE, or AB produced, a straight 
lme to AC, or AC produced, so that it may be bisected by 


VI. 3, A. 

&~££si*i£sfi iffiWs-iis 
B S3 SVS& ty 0 “ * ? 


24—2 














872 EXERCISES IN EUCLID. 

j - 

are drawn and produced to cut the circle at F and G: 
shew that the quadrilateral CFDG las any two of its 
adjacent sides in the same ratio as the remaining two. 

354. Apply VI. 3 to solve the problem of the trisec¬ 
tion of a finite straight line. ’ ”. 

355. In the circumference of the circle of which AB is 
a diametor, take any point P; and draw PC, PD on 
opposite sides of AP, and equally inclined to it, meeting 
AB at C and D: shew that AC is to BC as AD is to BD. 

356. AB is a straight line, and D is any point in it: 
determine a point P in AB produced such that PA is to 
PB as DA is to DB. 

357. From the same point A straight lines are drawn 
■making the angles BAG, CAD, DAE each equal to half a 
right angle, and they are cut by a straight line BGDE, 
which makes BAE an isosceles triangle: shew that BC or 
DEm a mean proportional between BE and CD. 

358. The angle A of a triangle ABC is bisected by 
AD which cuts the base at D, ana 0 is the middle point 
of. BC: shew that OP bears the same ratio to OB that the 
difference of the sides bears to their sum. 

359. AD and AE bisect the interior and extenor 
angles at A of a triangle ABC, and meet the base at 
D and E; and 0 is the middle point of BC: shew that 
OP is a mean proportional between OD and OE. 

360. Three points D, E, Pin the sides of a triangle 
ABC being joined form a second triangle, such that any 
two sides make equal angles with the side of the former at 
which they meet: shew that AD, BE, CF are at right 
angles to BC, CA, AB respectively. 


‘VI. 4 to 6. 

361. If two triangles be on equal bases and between 
the same parallels, any straight line parallel to their bases 
will cut off equal areas from the two triangles. 

362. AB and CD are two parallel straight lines; E is 
the middle point of CD ; AC and BE meet at P, and AE 
and BD meet at G : shew that FG is parallel to AB. 

363. A, B, C are three fixed points in a straight line; 
any straight lino is drawn through C; shew that the per¬ 
pendiculars on it from A and B are in a constant ratio. 
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th© perpendiculars from two fixed points on a 
straight line passing between them be in a given ratio, the 
straight line must pass through a third fixed point. 

365. Find a straight line such that the peipendiculars 

each other three given pomt ’ 3 sha11 be in a given ratio to 

Through a given point draw a straight line so 
that the parts of it intercepted between that point and 
perpendiculars drawn to the straight line from two other 
given points may have a given ratio. 

367. A tangent to a circle at the point A intersects 

wh?df > 2Si e Ji 1 tan ^ e ? ts at n’ 2* the P° ints of contact of 
which with the circle are D, E respectively; and EE, CD 

“ at F ’ sheW that AF is Parallel to *he tangents 

m J5S „£ an A % are fixed points 5 AB and CD are fixed 
$ iV nes; , an y straight line is drawn from P 

namSf ftii M ’ * and ™ trai S ht line 18 drawn from Q 
m ® etl ”* CB a t shew that the ratio of 
r* 1 ^ on and thence shew that the straight 
hno through ^and iV" passes through a fixed point. S 

nf w£L ?vi 0W that the diagonals of a quadrilateral, two 
of whose sides are parallel and one of them double of the 
other, cut one another at a point of trisection# 

. ^. aa d^ a f® two points on the circumference of a 

c*rcle of which C is the centre; draw tangents at A and B 
meeting a t T; and from A draw AN perpendicular to 
CB : shew that .ST 7 is to BCaa BN is to NA , 

371. In the sides AB, AC of a triangle ABC. are 
ta ^ n two points D, E, such that BD is equal to CEi 

ACwEFis r^ Gd t0 atF: 8heW that AB 18 to 

372. If through the vertex and the extremities of the 
u °Ii a tnangle two circles be described intersecting 

each other in the base or base produced, their diameters 
are proportional to the sides of the triangle. 

373. Find a point tho perpendiculars from which on 
the sides of a given triangle shall be in a given ratio. 

h™ 3 Iw u\ AJ *’i AG > two adjacent sides of a rectangle, 
two similar triangles are constructed, and perpendiculars 
are drawr* to AB, AC from the angles which they subtend, 
intersecting at the point P. If AB, AC be homoiogouS 
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rides, shew that P is in aU cases in one of the diagonals of 

* > e 3 W fc Tn*ti.e-figure of 1.43 show, that if Ed and FH 
be produced they will meet on AC produced. 

376, APB and CQD are parallel atmight lines, and 

jp is to PB as DQ is to QC: shew that the straight 
line 9 PO AC. BD, produced if necessary, will meet at a 
point: shew aW that the straight lines P$, AD, BC, pro¬ 
duced if necessary, will meet at a point. d ^i 

377. ACB is a triangle, and the side AC is producett 

to D so that CD is equal to AC,m& BD 'is any 

straight line drawn parallel to the sides J C,C, 


parallel to X>P, shew that these straight lines will meet 
AB at points equidistant from its extremities. 

378. If a circle be described touching externally two 
givon circles, the straight line passing thr0 ^ ^ h f h ^ lnt J 
of contact will intersect the straight line passing through 
the centres of the given circles at a fixed point. 

379. D is the middle point of the side PC of a tri¬ 
angle ABC, and P is any point in AD\ through P the 
straight lines BPE, CPF are drawn meeting the other 
sides at E, F: shew that EF is parallel to BC. 

380. AB is the diameter of a circle, P the middle 
point of the radius OB ; on AE, EB as diameterscircles 
Sre described; PQL is a common tangent meeting «ie 
circles at P and Q, and AB produced at L. shew that 
BL is equal to the radius of the smaller circle. 

nfti ABCDE is a regular pentagon, and AD, 
intersect 5 0: show that a side I the pentagon is a mean 

proportional between AO and AD. 

382. ABCD is a .parallelogram ; P and Q are points 

in a straight line parallel to AB ; 

R, and PD and QC meet at S ; shew that ito is parallel 

im. A and B are two given points ,AC and BD are 
perpendicular to a given straight line GD;AD*nABC 
Sect at E, and EFia perpendiculm-to CD . shew that 
a v onH BF make equal angles with O/A _ A T>/YTk 

384 . From the angular points of a paralieiogram ^i^/x/ 
nomendiculars are drawn on the diagonals meeting them at 
« . show that EFQH is a pareUelo- 

gram similar to ABCD% 










i * ii ?- —uo wit? imuraiiuae oi tno 

£m C -r B tau ? e “ fcs will always meet in one of 

two fixed straight lines which pass through the given point. 


VI. 7 to 18. 

386. If .two circles touch each other, and also touch 
a given straight line, the part of the straight line between 
the points of contact is a mean proportional between the 
diameters of the circles. ^ 

? ivi j de ^£ ven arc of H circl « into two parts, So 
gtvenratio° r ds° f ; the8e parta sha11 be to each other iiia 

388. In a given triangle draw a straight line parallel 
to one of the sides, so that it may be a mean proportional 
between the segments of the base. 

389. ABC is a triangle, and a perpendicular is draVra 
from^ to the opposite side, meeting it at D between B 

^ ^ s a niean proportional between 
BD and CD the angle BAO is a right angle. 

390. ABC is a triangle, and a perpendicular is drawn 

d A on 1 th ® xW#£ side > meeting it at D between 
B mid y: shew that if BA is a mean proportional between 
BD and BC, the angle BAG is a right angle. 

., . G * s fhe centre of a circle, and A any point within 

it ;CA is produced.through A to a. point B such that the 
radius is a mean proportional between CA and GB : shew 
\ hejmy point on the circumference, the angles 
GPA and GBP are equal. 

392. 0 is a fixed point in a given straight line OA, 
and a circle of given radius moves so as always to be 
touched by OA ; a tangent OP is drawn from O to the 
circle, and m OP produced PQ is taken a third propor¬ 
tional to OP and the radius: shew that as the circle 
moves along OA, the point Q will move in a straight 

ana. r _ v . 

393. Two given parallel straight lines touch a circle, 
and SPT w another tangent cutting the two former tan- 
gouts * & and T } and mooting the circle at JP ; show 
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that the rectangle SP } PT is constant for all positions 

394. Find a point in a side of a triangle, from which 

two straight lines drawn, one to the opposite angle, and the 
other parallel to the base, shall cut off towards the vertex 
and towards the base, equal triangles. , „.. m 

395. ACB is a triangle having a right angle at <7, from 
A a straight line is drawn at right angles to AB, cutting 
BC produced at E ; from B a straight line is <frawn at 
right*angles to AB, cutting AC produced at D: shew that 
the triangle ECD is equal to the tnangte A CB. 

396. The straight line bisecting the angle ABC of 
the triangle ABC meets the straight lines drawn through 
A and C7 parallel to BC and AB respectively, at E and F: 
shew that the triangles CBE,ABFnre equal 

,397. Shew that the diagonals of any quadrilateral 
figure inscribed in a circle divide the quadnlaterdinto 
four triangles which are similar two and two; and deduce 
the theorem of III- 35. 

398._ AB, CD are any two chords of a circle passing 
,1 _v_i-A n. la onv nVinrrl narallel to OB 1 lOin 


meeting AB at the points K antt l, : snew ™ 
angle OG, OH is equal to the rectangle OK, OL. 

399. ABCD is a quadrilateral in a circle; the straigld 
lines CE, D^which bisect the angles ACB, ADB exit BD 
and AC at 'F and G respectively: shew that EF is to EG 
as ED is to EC. 

400. From an angle of a triangle two straight lines are 
drawn, one to any point in the side opposite to the angle, 
and the other to the circumference of the circumscribing 
circle, so as to cut from it a segment containing an angle 
equal to the angle contained by the first drawn line and 
the side which it meets: shew that the rectangle con¬ 
tained by the sides of the triangle is equal to the rectangle 
contained by the straight lines thus drawn. 

401 The vertical angle C of a triangle is bisected by a 
straight line which meets the base at D, and is produced 
to a point E, such that the rectangle contained by vjj ana 
CE is equal to the rectangle contained by AC and OB. 
shew that if the base and vertical angle be given, the post* 
tion of E is invariable. 
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i t 1“ ribcd » ri«ht-an«led triangle 
square is equal to the rectangle AD, BE. 

*&& *?&?>■*D, Ponced at .’hew fi ?£ 
rectangle EF, #»» equal to the square on BE. 

• * , }\ a straight line drawn from the vertex of an 

isosceles triangle to the base, be produced to meet tS! 

thft C r^f ere ^ Ce of , a . circIe described about the triangle 
the rectangle contained by the whole line so produced’ 
nd the part of it between the vertex and the base shall 

&S! 40 the 8<1Uare ° U ® ither of the e ^ ual si des of the 

405. Two straight lines are drawn from a noint A tn 
touch a circle of which the centre is E\ the points of «on- 
taot are joined by a straight line which cuts i3 S£> “and 

sfr^ht^nS?? eter a 3ircIe is described: shew that the 
straight lines drawn through E to touch this circle will 
meet it on the circumference of the given circle. 


straight 
cut BD 
8 to EG 
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le angle, 
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an angle 
line and 
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* 7® rrasw 
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VI. 19 to D. 

\T u ce ¥ 3 tr \ an ? 10 is described having each 
a v the ^sse double of the third angle-if tho 

{£■ e ^ToVed 

“ the 

407 - re ^ lar polygon inscribed in a circle is a 
can proportional between the inscribed and circumscribed 
reg ^ r P 0 ^ 008 of half the number of sides cmmmscnbed 

arc parallel ** figUre ° f YL 24 shew that EG KH 

, Divide a Wangle into two eaual rnris hv « 
-uoigno ime at right angles to one of the sides." ‘ " 
,, j 0 *,. 11 ,two isosceles triangles are to one another in 

are simfe^ — ° f their bases> shew that fch o triangles 
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* ...'\ 

411. Through a given point draw a chord in a given 
circle so that it shall be divided at the point in a given 
ratio. 

412. From a point without a circle draw a straight 
line cutting the circle, so that the two segments shall be 
equal to each other. 

413. In the figure of II. 11 shew that four other 
straight lines, besides the given straight line are divided 
in the required manner. 

414. Construct a triangle, having given the base, the | 
vertical angle, and the rectangle contained by the sides. 

415. A circle is described round an equilateral triangle, 
and from, any point in the circumference straight lines 
are drawn to the. angular points of the triangle : shew 
that one of these straight lines is equal to the other two 
together. 

i 416. From the extremities B, C of the base of an 
isosceles triangle ABC, straight lines are drawn at right 
angles to AB, AC respectively, and intersecting at D: 
shew that the rectangle BC, AD is double of the rectangle • 
AB, DB. 

417. ABC is an isosceles triangle, the side AB being 
equal to AC ; A 1 is the middle point of BC; on any straight 
line through A perpendiculars FG and CE are drawn: 
shew that the rectangle AG, EF'ia equal to the sum of the 
rectangles FC, EG and FA, FG. 


XI. 1 to 12. 

- ' * 

418. Shew that equal straight lines drawn from a given 
point to a given plane are equally inclined to the plane. 

419. If two straight lines in one plane be equally in¬ 
clined to another plane, they will be equally inclined to the 
common section of these planes. 

420. From a point A a perpendicular is drawn to a 
plane meeting it at B; from B a perpendicular is drawn 
on a straight line in the plane meeting it at C: shew that 
AC is perpendicular to the straight line in the plane. 

421. ABC is a triangle; the perpendiculars from A\ 
and 3 on the opposite sides meet at D ; through D a 
straight line is drawn perpendicular to the plane of the 
triangle, and E is any point in this straight line: shew that 
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plane, 
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shew that 
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at a‘min*!!? Str ^ ,ght lines n °t in the same plane meet 
distances from the pourtof interaect^^ i? aefi at e ^ ca ^ 

r ve construction for drawing & 
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XI. 13 to 21. 

Ss«S|^SiSSSZ^]S 

another tria‘gi“ h bribed 
tended by the sid^ of th« L^ ?-° { . the angles s ^ 
not in the tnang,e at point 

m ?> o » sta&zszssz, ^ Tv^ e *rJ the 

tenor angle. ?omt the sides of the ex- 

429. From the eternities of the two parallel straight 
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lines AB, CD parallel straight lines Act, Bb, Cc, Dd ^ are 
drawn meeting a plane at a, b, c, d: shew that AB is to 
CD as ah to ca. 

430. Shew that the perpendicular drawn from tho ver¬ 
tex of a regular tetrahedron on the opposite face is threo 
times that drawn from its own foot on any of the other faces. 

431. A triangular pyramid stands on an equilateral 
base and the angles at the vertex are right angles; shew 
that the sum of the perpendiculars on the faces from any 
point of the base is constant. 

432. Three straight lines not in the same plane inter¬ 
sect at a point, and through their point of intersection 
another straight line is drawn within the solid angle formed 
by them: shew that the angles which this straight lino 
makes with the first three are together less than the sum, 
but greater than half the sum, of the angles which the first 
th^ee make with each other. 

433. Three straight lines which do not all lie in one 
plane, are cut in the same ratio by three planes, two of which 
are parallel: shew that the third will be parallel to the 
other two, if its intersections with the three straight lines 
are not all in the same straight line. 

434. Draw two parallel planes, one through one straight 
line, and the other through another straight line which does 
not meet the former. 

435. If two planes which are not parallel be cut by two 
parallel planes, the lines of section of the first two by the 
fast two will contain equal angles. 

436. From a point A in one of two planes are drawn 
AB at right angles to the first plane, and AC perpendicular 
to the second plane, and meeting the second plane at B, C\ 
shew that BC is perpendicular to tho line of intersection of 

the two planes. . . ... 

437. Polygons formed by cutting a pnsm by parallel 

planes arc equal. • 

438. Polygons formed by cutting a pyramid by parallel 
planes are similar. 

439. The straight line PBbp cuts two parallel planes 
at B, b, and the points P, p are equidistant from the planes ; 
PAa,pcO are other straight lines drawn from Jf,p tooui 
the planes: shew that the triangles ABC, dbc are equal. 

440. Perpendiculars AE, BF are drawn to a plane 
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448. Show that by superposition the first case of I. 2G 
may be immediately demonstrated, and also the second 

case with the aid of 1.16. , ,, 

449. A straight line is drawn terminated by one of the 

• * _4«nAtt/Jn niwl VbV fllA Slu6 111*0- 


sides of an isosceles triangle, aud by the other side pro¬ 
duced, and bisected by the base: snow that the straight 
lines thus intercepted between the vertex of the isosceles 

, . * i • 1 i 1 • _ jl nnnol tA fha 


Une9 IUU9 iUWU/OMWU wvvuvv.. - - - , , 

triangle and this straight line, are together equal to the 
two equal sides of the triangle. ; . , „„ . 

450. Through the midale point M of the base BC of a 
triangle a straight line DMh is drawn, bo as to c c off 
equal parts from the sides AB, AC, produced if necessary: 
shew that BD is equal to CE. 

461. Of all parallelograms which can be formed with 
diameters bf given lengths the rhombus is the greatest. 

452. Shew from I. 18 and I. 32 that if the hypote¬ 
nuse SC of a right-angled triangle ABC be bisected at D, 
thfen AD, BD, CD are all equal. 

453. If two equal straight lines intersect each other 
any where at right angles, the quadrilateral formed by 
joining their extremities is equal to half the square on 
either straight line. 

454. Inscribe a parallelogram in a given triangle, in 
such a manner that its diagonals shall intersect at a given 
point within the triangle. 

455. Construct a triangle of given area, and having two 
of its sides of given lengths. 

456. Construct a triangle, having given the base, the 
difference of the sides, and the difference of the angles at 

the base. . ., ... 

451 AB.AC are two giver straight lines: it is re¬ 
quired to fini in AB a point P m Ay Mat if PQ. be drawn 
perpendicular to AC, the sum cf AP i^dAQ may be equal 
to a given straight line. . ., 

458. The distance of the vertex of a triangle from the 
bisection of its base, is equal to, greater than, or less than 
half of the base, according as the vertical angle is a right, 
an acute, or an obtuse angle. 

459. If in the sides of a giver square, at equal distances 
from the four angular points, four other points be taken, 
one on each side, the figure contained by the straight lines 
which join them, shall also be a square. 
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460. On a given straight line as base, construct a tri 
angle, having given the difference of the s des m3 a Lint 
through which one of tho sides is to pass! / 

«■» S&SS^ 0> 

utsZMt rxr 

ther with it a single isosceles triangles ^ 

be hi G *ttJfL°n ° f ?f fg^ 1 , sides of an isosceles triangle 

0tthebwfrom ** *»*£ 
465. Determine the locus of a point whose distant 

SUB- r n *** to doubie * <^taico hisss 

^ straight line AB is bisected at Cland on AC 

z»°r ‘SUM saasr w^x d 

nals of these latter parallelograms are in the same strict 

passing through C and D has its centre EGncjFuiJ^ 6 I 

iSST^L ■tft’JSW®'taufi 

w une sum of the other two. . T~ ~*" w ^H 545 * 

<69. Two straight lines AS, ACm given in portion: 
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it ia required to find in AB a point F, such that a perpen¬ 
dicular being drawn from it to AC, the straight line AP 
may exceed this perpendicular by a proposed length. 

470. Shew that the opposite sides of any equiangular 
hexagon are parallel, andthat any two sides which are adjacent 
are together equal to the two to which they are parallel. 

471. From D and E, the comers of the square BDEC 
described on the hypotenuse Ftf of a right-angled triangle 
ABC, perpendiculars DM, EN are let fall on AO, AB 
respectively: shew that AM is equal to AB, and AN 
equal to AC. 

472. AB and AC are two given straight lines, and 
P is a given point: it is required to draw through F a 
straight line which shall form with AB and AC the least 
possible triangle. 

473. ABC is a triangle in which G is a right angle: 

shew how to draw a straight line parallel to a given straigat 
line, so as to be terminated by CA and CB, and bisected 
by AB. ' 

474. ABC is an isosceles triangle having the angle at 
B four times either of the other angles; AB is produced 
to D so that BD is equal to twice AB, and CD is joined: 
shew that the triangles ACD and ABC are equiangular to 
one another. 

475. Through a point K within a parallelogram ABGD 
straight lines are drawn parallel to the sides: shew that 
the difference of the parallelograms of which KA and KG 
are diagonals is equal to twice the triangle BKD. 

476. Construct a right-angled triangle, having given 
one side and the difference between the' other side and the 
hypotenuse. 

477. The straight lines AD, BE bisecting the sides 

BC, AC of a triangle intersect at G: shew that AG is 
double of GD. ‘ ; ’ 

476. BA (7 is a right-angled triangle; one straight line 
is drawn bisecting the right angle A, and another bisecting 
the base BC at right angles; these straight lines intersect 
at E l if D bo the middle point of BC, shew that .—— 
equal to DA. * 

•479. On AC the diagonal of a square ABCD, a rhom¬ 
bus AEFC is described of the same area as the square, 



















perpen- 
me AP 

h. . ri 

angular 

idiacent 

rallel. 

BDEO 

triangle 

to ; AB 

nd AN 

les, and 
gh P a 
he least 

b angle: 
straight 
bisected 

angle at 
►roduced 
i joined: 
igular to 

t ABGD 
hew that 
and KG 

ag given 
and the 

the sides 
t AG is 

light line 
bisecting 
intersect 
it JOE is 

, a rhom- 
j square, 
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t 


angles; D is ’any point in A » xed ®trai£ht lines a t right 

on DE as hatf SuSff 1S ^ y r!? fc 

vertex at G : s£ew that the lSs of r ^ n V . w *th it* 
which bisects the angle BAG. US of ® 13 the straight line 

than 8ny 0tber P ar ’ 

square.' DSCnbe a SqUare of £ iven magnitude in a given • 

tt£d If °H B > -4 

that tho triangle RFO iioip xi* "7 intenject at jPj shew 
the“d ttat 
<7/® or BDF equal to elther of the triangles 

“gtefthe Mgfe A tftg&JW* U 'f “?'• right 

meets 2?<7 at 5, and theande v st ™f h f Un ® which 
line which meets AG at E?AD L^np -^ a st «u&ht 
shew that the triangle AOBi?£ i?fi. mtersect at 0 : 
ABDE. g e 13 half the quadrilateral 

byastraight e iine h fntot^mrts t wWch e win nn ^ fc \J divided 

BC, OR and between P araUel °grains on equal base* 

straight lS^ and iX^?^ A ?> BE > *5 

is equal to twice DF AE ntersect at F : shew that BE 
i « Ml on 

and bo®''“ d ^, str ».« h t I’nmAD 

of the parallelograms FG y CK. ls e( ^ ua ^ ie SUD * 
shew that the strafght^ne dral tw ° it 8 sides parallel 

fhe^e b ?™> 

«^a»e sagas 
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iso In a right-angled triangle, right-angled at A, if 
the ride AC be double of the side AB, the angle B is more 
than double of the angle C. 

491 , Trisect a parallelogram by straight lines drawn 

through one of its angular points. . 

492 AHK is an equilateral triangle ’ ABCD is a 
rhombus, a ride of which fc equal to a rile of thetnaugle 
anil thiv rides BC and CD of which pass through H and 
“ reSS^MTO^f show that the angle A of the rhombus is 
ten-ninths of a right angle. . , „ 

493. Trisect a given triangle by straight lines drawn 
from a given point in one of its sides. , ' 

® a _ T OK if fn«A rllCtOfATink dl*tlWU 


nf thA base and the intersection ui uiv 
joined with the intersection of the sides (orsides produced) 
In the figure, show that the joining straight line will bisect 

the base. u » ,, 


1 to 14. 



495 Produce one ride of a given triangle so that the 
rectangle contained by this side and the produced part 
may be equal to the difference of the squares on the other 

‘^ 96 “produce a given straight lino so that the .um of 
the sauares on the riven straight line and on the part 
produced may be equal to twice the rectangle contamed by 
the whole straight line thus produced and the part pro- 

dU< «7 Produce a given straight lino so that the sum of 
thelLron the given straight line and on «jo whrie 

"rS4le li ^ P " S Z&& fhus pro- 

. dU 1 d “ pXm al^rirtightline so that tho rcclangle 
contained by the whole straight line thus produced and the 
par^produced may be equal to the square on the given 

^499^ ^ Describe an isosceles obtuse-angled triangle such 
that the square on the largest side maybe equal to three 
times the square on either of the equal sides, 

500. Find the obtuse angle of a tnanglo when the 
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EXERCISES IN EUCLID. 

the rectangle of the sides. “ d containing it, by 

when the "sum of two Adjacent slffof^tho^™? S< V Wro 
equal to a given quantity. J ° f tho rect angle is 

when tiie difference of tw^afiaceld^d* 0 % fu Ven 8< l l,ar © 
is equal to a given quantity. J Sldes of tbo rectangle 

given square wSichk half of tho inscribe(1 in a 

, 504. Divide a <riven i.ii^; f r f square, 

the squares on the whole hue and ^2® tw ° P * rt ? 80 that 
may be together double of the sauaro !! nP 6 ?u tbo Pnrts 
505 . Two rectangles have eau ^°} ber part 

soT '%%*• tbe ? £ asA 9 ** peri_ 

ge sum of DA and equal to «,* P ° iut 8Uch that 
PD : shew that the locus of ? coUstSf PB and 

lines through the centre of tho * of two straight 
sides. 6 e Centre of the rectangle parallel to its 


in. i to 37. 

point ahd toucha°giv«Q8tnu>££f *£ ass . tbr °Wg b a given 

& "it 

“i^SPal to the ang loEBJL ' 8 * GW that the angle 

diculars fromlhe angles^the on!? \F tflQ P e *7>cn- 
middle point of the tnirri tii/in , pposito sides, andjSrtho 
EFK are “hefualtj ’ ^ that tho 

25-2 
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513. Shew that the four straight lines bisecting the 
angles of any quadrilateral form a quadrilateral which can 
be inscribed in a circle. 

514. Find the shortest distance between two circles 


which do not meet. . 

515. Two circles cut one another at a point A : it is 
required to draw through A a straight line so that the 
oxtreme length of it intercepted by the two circles may be 
equal to that of a given straight line. . 

616 If a polygon of an even numper of sides be in¬ 
scribed in a circle, the sum of the alternate angles together 
vyith two right angles is equal to as many right angles 
as the figure has sides. 

517. Draw from a given point in the circumference of a 
circle, a chord which shall be bisected by its point of inter¬ 
section with a given chord of the circle. 

’ 518. When an equilateral polygon is described about 
a circle it must necessarily be equiangular if the number 
of sides be odd, but not otherwise. A, 

618. AB is the diameter of a circle whose centre is C, 
and DCE is a sector having the arc DE constant; jom 
AE, BD intersecting at P; shew that the angle ABB is 

520 If any number of triangles on the same base BC, 
and on the same side of it have their vertical angles equal 
and perpendiculars, intersecting at D, be drawn from B 
and C on the opposite sides, find thel° c usofZ); and shew 
that all the straight lines which bisect the angle BDt> 

pass through the same point. , . 

\ P 521. Let O and C be any fixed points on the circum¬ 
ference of a circle, and OA any chord; then if AC he 
joined and produced to B, so that OB is equal to Oa, 
the locus of B is an equal circle. , , 

522. From any point P in the diagonal BD of a 
parallelogram ABCD straight lines PP, PF, PC, PH 
are drawn perpendicular to the sides AB, Bv, vJJ, jja . 
shew that EF is parallel to GH. 

523 Through any fixed point of a chord of a circle 

1 ® ^ __ iV.nl IV>n afraiffhf linPA frOHl 

other chores are arawu; mkh w*v «nv ■=•-*—.q--- -rr 

the middle point of the first chord to the middle points of 
the others will meet them all at the same angle. . 

624. ABC is a straight line, divided at any point B 
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SS*X^ , A^ Z> '® “ d C P B , m similar segments of 
SSui^tTl.^ e 4 ? 0m “°“ ohord BD-, CD ana ADare 

CB 1 J? , aiKl E r »sj«=s- 

and r/?** \y£’; ' BF,BE are joined: shew that ABF 

o“hor OAe Mlea lmn ” les > eduitngnlar to ono an- 

other eiteJJnE Z nt r 3 , 0{ J m <irdos whid > touch each 
tner externally be fixed, the common tangent of ihnen 

«*W* ^ 

mtecept „„ a given straight lino a part of gZlenfth 
tha 5 ^ 7 : ,4 straight line and two circles are given* find 

“ ‘h« ««Sht line from which the taments 
drawn to the circles are of equal length. {, C3 

528. In a circle two chords of edven leno+h «*/» 

* the^nn 01 ^ f inters x ect ’ ono of th em is fixed in position*^ 
the opposite extremities of the chords arc iSnedi^ 

straight lines intersecting within the circle • shew thnf 
loons of the point of intersection ^!?be i Irtion^f & 

oniTfiZTclfri CirCle ’ PaS3i ” g thr ° Ugh tha Amities 

tencMntenZ/af^daloXlch °/t‘h7r°d cWc ffi* 

SZd F D l eX /f r “!L y and internally respoctivcTy°at 
mAc'k^ ^ tbe angl ° ADn is double of the 

530. C 1*3 the centre of a circle, and CP is a nernen- 
cular on a chord APB: shew that the sum of CP and 
^ P £ hen CP is e( l ual to AP. * 

w 0, ."»•"$ are three adjacent sides of nnv 
polygon inscribed in a circle; the arcs AJS, BC CD are 
bisected, at L, M, JV"; and LM cuts BA, BC respectively 
fhaf^ , s h ew .that BPQ is an isosceles triangle: and 
fngl„ Zd/“ gle3 AS °- BCD m *»S 0 ther donbVof the 

532. In the circumference of a given circle determine 
appoint so situated that if chords be drawn to if. ^ 

enL £TL fcies 0f ? giveD chord of the circle their'differ- 

gtonSa’ e,Ual “ gi ' cn straigh ‘ lin<> '<*• ‘han tho 
Construct a triangle, having given the snm of tho 
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rides, the difference of the segments of the bwe made by 
Sie perpendicular from the vertex, and the difference of 

thetas a straight line AB as baseband on the 
same side of it are described two se^nents of circles , 

P is any point in the circumference of one of the seg¬ 
ments, and the straight line BP cuts the q ? 
the other segment at Q : shew that the angle PAQ is 
equal to the angle between the tangents at A .. * 

535. AKL is a fixed straight line cutting a given 
circle at K and L \ APQ, ARS are two other straight 
lines making equal angles with AKL, and cutting the 
circle at P,Q and R, S: shew that whatever be the posi¬ 
tion of APQ and ARS, the straight line joining the> mid¬ 
dle points of PQ and RS always remains parallel to itself. 

- 536 If about a quadrilateral another quadrilateral 
can be described such that every two of its adjacent sides 
are equally inclined to that side of the former quadrilateral 
which meete them both, then a circle may be described 
about the former quadrilateral. 

537. Two circles touch one another internally at the 
point A : it is required to draw from A a straight line 
Such that the part of it between the circles may be equat 
to a given straight line, which is not greater than the 
difference between the diameters of the circles. 

538. ABCD is a parallelogram; AE is at right angles 
to AB, and CE is at right angles to CB : shew that ED, if 

S&toffiSd bVtte point of intersection of the t£ree 

^ 540 !^ Tht^two angles at the base of a triangle are 
bisected by two straight lines on which perpendiculars are 
drawn from the vertex: shew that the straight line whic i 
peases through the feet ofthesepe^ndicalara mil be 
parallel to the base and mil bisect theados. 

~ 54 x f i n a given cirae insenu© * ivv^ 6 iv -— 
givea rectilin^gar^n JBC dic?li;r , 

AD Be IkM fall on SC, CA respectively; circle 
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C, a D S t? di ? meters meet EE, AD respec¬ 
tively at F,G and if, JT: shew that F, G, j K K lie onthe 
circumference of a circle. ’ * u me 

543. Two diameters in a circle are at right angles* 
from their extremities four parallel straight lines are 

eq^aTpart^ W be ^ < ^ v ^ e * be circumference into four 

the middle point of a semicircular arc AEB, 
T 7 C f, or ?® uttu, « the diameter at D. and the 

rilateral AEBC that ^ 8qUar ° ° n ° E twice 

‘oKulk £ B e a fixed ? bord of a cir cle, AC is a move- 

ofwWch^tf CirC lr ; a P^etogmm is described 

^gare adjacent sides: find the locus of 
the middle points of the diagonals of the parallelogram. 

, 6 j 6 ' P £ B is a fixed chord of a circle, AC is a. moveable 
wfeh s ^ m ® ®!f cIo > a parallelogram is described of 
a , u ? i /i( L? r6 e adjacent sides: determine the 
greatest possible length of the diagonal drawn through 

equa J c , ircles be P laced at such a distance 
apart that the tangent drawn to either of them from the 
centre of the other is equal to a diameter, shew that they 
will have a common tangent equal to the radius. ; 

548. Find a point in a given circle from which if two 

H3 n ? S - b * e dl l wn *°. ®“ e< l ual circle, given in position, the 
chord joining the points of contact is equal to the cLord 
of the first circle formed by joining the points of inter- 
section of the two tangents produced; and determine the 
limit to tho possibility of the problem. ' 

, 5 f 9 -„J B ia a diameter of a circle, and AF is anv 
chord; C is any point in AB, and through C a straight 
line is drawn at right angles to AB, meeting AF, pro¬ 
duced.if necessary at G, am* meeting the circumference at 

B: a tba i u the rectangle FA, AG, and the rectangle 
HA) a Of and the square on A.D are all equal. 

560. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight fine dravm 
from the vertex to the base bisecting the vertical angle. 

’ ■ ~' J r r ? three given points in the eircumfer- 

giv ®”u circl - e: fin , d a P^at P each that if AP, 
f p y the circumference at D, E, F respectively 

the arcs DE, EF may be equal to given arcs. ^ * 
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552 Find the point in the circumference of a given 
circle, the sum of whose distances from two given straight 
lines at right angles to each other, which do not cut the 

circle, is the greatest or least possible, h > , 

653. On the sides of a triangle segments of a circle ore 
described internally , each containing an angle equal to the 
excess of two right angles above the opposite angle of the 
triangle: shew that the radii of the circles are equal, that 
the circles all pass through one point, and that their chords 
of intersection are respectively perpendicular to the oppo¬ 
site sides of the triangle. 


XV. 1 to 16. 

\ 

654. From the angles of a triangle ABC perpendi¬ 

culars are drawn to the opposite sides meeting them at 
2 ), E, F respectively: shew that DE and DF are equally 
inclined to AD. .. ; 

655. The points of contact of the inscribed circle 
of a triangle are joined; and from the angular points jof 
the triangle so formed perpendiculars aro drawn to the 
opposite sides: shew that the triangle of which the feet of 
these perpendiculars are the angular points has its sides 
parallel to the sides of the original triangle. 

656. Construct a triangle having given an angle and 
the radii of the inscribed and circumscribed circles. 

657 Trian/les are constructed on the same base with 
equal vertical angles; shew that the locus of the centres of 
the escribed circles, each of which touches one of the sides 
externally and the other side and base produced, is an 
arc of a circle, the centre of which is on the circumference 
of the circle circumscribing the triangles. 

658. From the angular points A, B, C of a triangle 
perpendiculars are drawn on the opposite sides, and ter- 

r . r . v * it. __ 7\ T? TP At ttl6 

minatea au tne points x*-, -*• ^ _ * 

circumscribing circle: if L be the point of intersection ot 
the perpendiculars, shew that LD } LE, LF are bisected 
by the sides of the triangle. 
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EXERCISES IN EUCLID. 393 

. . 659 * .A&CDE is a regular pentagon; join AC and BD 
intersecting at 0: shew that AO is equal to DO, and th at 
the rectangle AC, CO is equal to the square on BC. T 

... JJSl ^ 8tr f lght of given length moves so that 

its ends are alwayson two fixed straight lines CP, CQ • 
straight lines from P and Q at right angles to CP and CQ 
respectively intersect at ; perpendiculars from P and Q 
£r85 d C f £ es P cct l ve Jy Jotersect at S: shew that the 
aTf7° f ^ $ are circ es having their common centre 

661. Right-angled triangles are described on the same 

IKS 1 ™ 6 ; sh - ew that the locus of the centres of the im 
Sw? 8 18 a ^rter of the circumference of a circle 
ot which the common hypotenuse is a chord. 

662. On a given straight line AB any triangle ACB is 
described; the sides AC, BC are bisected and straight 

- a ! ngh i angles *° them through the pointsof 
bisection to intersect at a point D ; find the locus of D. 

C63 - Construct a triangle, having given its base, one of 
the angles at the base, and the distance between the centre 
ot the inscribed circle and the centre of the circle touching 
the base and the sides produced. e 

664. Describe a circle which shall touch a given straight 
hne at a given point, and bisect the circumference of a 
given circle. 

666. Describe a circle which shall pass through a given 
the ? ircu “ fe f ei } ces of two given circles. 

666. Within a given circle inscribe three equal circles 

touching one another and the given circle. 1 

667. If the radius of a circle be cut as in II 11 the 
greater segment will be the side of a regular decagon in- 
scribed in tho circle. 

668. If the radius of a circle be cut as in II n the 

square on its greater segment, together with the squai4 on 
the radius, is equal to the square on the side of a regular 
pentagon inscribed m the circle. s - 

669. From the vertex of a triangle draw a straight 
line to the base so that the square on the straight line mav 
beequal to the rectangle contained by the segments of the 

670. Four straight lines are drawn in a plane forming 
four tmngles; shew that the circumscribing circles of 
these triangles all pass through a common point. 
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ttZSm&DBbSaSi AB preload .t 
the point* E and F : shew that AE is equal to BF. 

672. The four circles each of which passes through the 

centre* of three of the four circles touching the sides of a 
triangle are equal to one another. v 

673. Four circles are described so that each may 
touch internally three of tho sides of a quadrilateral: shew 
that a circlo may be described so as to pass through the 
centres of the four circles. 

5*74 A. circle is described round the triangle ABG y 
and from any point P of its circumference perpendiculars 
are drawn to BC,CA. AB, which meet the circle agam at 
D,E,F: shew that tiie triangles ABC and DEF are equal 
in tall respects, and that the straight lines AD, BE, CF are 
parallel. 

676. With any point in the circumference of a given 
circle as centre, describe another circle, cutting the former 
at A and B ; from B draw in the described circle a chord 
BD equal to its radius, and join AD, cutting ,the given 
circlo at Q : shew that QD is equal to the radius of the 
given circle. 

676. A point is taken without a square, such that 
straight lines being drawn to the angular points of the. 
square, the anglo contained by the two extreme straight 
lines is divided into three equal parts by the other two 
straight lines: shew that the locus of the point is the cir¬ 
cumference of the circle circumscribing the square. 

677. Circles are inscribed in the two triangles formed 
bv drairing a perpendicular from an angle of a triangle on 
the opposite side; and analogous circles are described in 
relation to the two other like perpendiculars: shew that 
the sum of the diameters of the six circles together with 
the sum of the sides of the original triangle is equal to 
twice the sum of these perpendiculars. 

678. Three concentric circles are drawn in the same 
plane: draw a straight lino, such that one of its segmeo-j* 
between the inner and outer circumference may be bisected 
at one of the points at which the straight line meets the 
middle circumference. 



i 









EXERCISES IN EUCLID ,, 


YI. 1 to D. 


679. AB is a diameter, and P any point in the circum¬ 
ference of a circle; AP and BP are joined and produced 

!L n ^T‘ ?; J r0m C in AB* straight line is 

drawn at right angles to AB meeting AP at D and BP 

““.the circumference of the circle at P: shew that 
CD is a third proportional to CE and OF, ‘ " 

« 3 33*™ ^points in a straight line, and D 

•P?®* which AB and BC subtend equal angles; shew 
that the locus of D is the circumference of a circle. 

681. If a straight line be drawn from one corner of a 
square cutting off one-fourth from the diagonal it will cut 
off one-third from a side. Also if straight lines be drawn 
similarly from the other corners so as to form a square, this 
square will be two-fifths of the original square. 

682. The sides AB.AC of a given triangle ABC are 
produced to any points D E, so that DE is parallel to BO. 
1 he straight line DE is divided at F so that DP is to FE 
Hn^-® 18 *° shew that the locus of Pis a straight 

683. A, B, C are three points in order in a straight 

linefind a point P in the straight lino so that PB may be 
a mean proportional between PA and PC. ' 

684. A, B are two fixed points on the circumference 
of a given circle, and P is a moveable point on the circum¬ 
ference; on PB is taken a point D such that PD is to 
DA- m a constant ratio, and on PA is taken a point E 
such that PE is to P B in the same ratio: shew that DE 
always touches a fixed circle. 

685. ABC is an isosceles triangle, the angle at A being 
four times either of the others: shew that if PC' be bisected 
at D and E, the triangle ADE is equilateral. 

686 . Perpendiculars are let fall from two opposite 
angles of a rectangle on a diagonal: shew that they will 
divide the diagonal into equal parts, if the square on one 
S1( de of the rectangle be double that on the other. 

687. A straight lino AB is divided into any two parts 
at 0, and on the whole straight line and on the two parts 
of it equilateral triangles ADB, ACE, BGF are de- 
scribed, the two latter being on the same side of the straight 
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line and the former on the opposite side; G, H, K are the 
contras of the circles inscribed in thoso triangles : shew 
that tho angles AGH, BQK aro respectively equal to the 
anirlos ADC BDC', and that GHia oqual to G^. 

688 On tho two sides of a right-angled triangle squares 
are described: Bhew that the straight lines joining the 
acute angles of the triangle and the opposite of tho 

squares cut off oqual segments from the sides, and that 
each of these equal segments is a mean proportional be¬ 
tween the remaining segments. . , , , „ „„„ 

689. Two straight lines and a point between them are 
given in position: 3raw two straight Hw. from the gjven 
Joint to terminate in tho given straight lines, so that the} 
shall contain a given angle and have a given ratio. 

690. With a point A in the circumference of a circle 
ABC* centre, a circle PBC is described cuttingtho 
former circle at the points B and C\ aay_chord AD of the 
former meets the common chord BC at E, and the ci rcum- 
forence of tho other circle at 0: show that the angles 
EPO and DPO are equal for all positions of P. 

691 ABC ; ABF are triangles on the same base in the 
ratio of two to one; AF and BF pr«loced ;noet the sides 
at D and E ; in FBu part FG is out off e™d to F£. mid 
BG is bisected at 0 : shew that BO is to BL as Vt is to 

^692. A is the centre of a circle, soother oirclc 
passes through A and cuts ‘ho former at B m&C.ADk 
a chord of the latter circle meeting BC at E, and trom jj 
are drawn DF aud DG tangents to the former circle. sh 
that G E* F lie on one straight line. 

693. In AB, AC, two sides of a triangle, are taken 

•_i, n p. AB AC are produced to F, G such that BF 
Kuafto^i D, and W equal to AE-, BG,CF areJoined 
meeting at H\ shew that the triangle FUG is equal to tto 

iria ltr ifSy^triSi 1?ABC if BD be taken equal to 
one-fourth of BC, and CE one-fourth of AC, the straight 

line drawn from C through the intersectionof^and 

AD will divide AB into two parts, which are in the ratio oi 

Bin 695 ° D Anv rectilineal figure is inscribed in a circle : 

shew that by' bisecting the arcs and dramng 

the points of bisection parallel to the sides of the recti 
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circumKribln, 

mg the right angle common. 

n JS? » n tb ? 8ides -AQ BG of » trianglo ABC point# 
£ “ i E A are 5“*“?* *«ch that CD and CD are respectively 
the third parts o.f AC and BC\ BD and AE a re drawn 
intersecting at C: shew that EO and DO are iS 
the fourth parts of AE and BD. respectively 

698. CA, CB are diameters of two circles which touch 
each other externally at C; a chord AD of the formor 
cirde, when produced, touches the latter at E. while a 

at C*? khfw°tW ll ttcr ’ w f hen .Produced, touches the former 
fjt' ®. w that the rectangle contained by ^4D and BF 
is four times that contained by DE and FO. 

699. Two circles intersect at A, and BAG is drawn 

and C; with D, Cas centres are d<£ 
scribed two circles each of which intersects one of the 
former at right angles: shew that these circles and the 
circle whose diameter is BC meet at a point 

HiviS' M a regular hexagon : shew that BF 

divides AD m the ratio of one to three. 

601. ABCJOEF are triangles, havin'* the angle A eaual 
to the angle D; and AB is equal to 2>D; show that\he 
areas of tho triangles are as Au to DE. 

602. If M, iVbe the points at which the inscribed and 
an esenbed circle touch the side AG of a triangle ABC' 

£2 ^ ced the eeeXl cS 

again at P , then NP is a diameter. 

603. The angle A of a triangle ABC is a right angle 
‘)?5lf i n 1 Ar the f ° 0t of J he , P er P e udicular from A on %c\ 

S&i on AB - AC: Bhew that tho 

604. If from the point of bisection of any given arc of 
JhA 1 6 tW A , 8 , fcnu ? ht h 5 es be drawn, cutting the chord of 

th f cl . rc ^ference the four points of intersec¬ 
tion shall also lie m the circumference of a circle 

oep. Tiie side AB of a trianglo ABC is touched bv the 

hftwthl tl rC ° and the escr ibed circle at E: 
shew that the rectangle contained by the radii is eaual to 

the rectangle AD 4 DjB and to the rectangle AE, eT 
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606. Show that the locu3 of the middle I^mta of 
straight lines parallel to the base of a triangle and ternn- 

a triangle, haring 

oneride onSe base of the triangle, and , th ,t o!'the 

narallel to a fixed direction: shew that the locus of the 
Intersection of the diagonals of the parallelogram is a 
straight line bisecting the base of the triangle. 

608. On a given straight line AB ^as hypotenuse 
right-angled triangle is described; and Iron* A and B 
straightlines are drawn to bisect the opposite sides: shew 
that- the locus of their intersection is a circle. * , 

609 From a given point outside two given circles 
which do not meet, draw a straight line B J«* 
tions of it intercepted by each circle shall be respectively 

^rtionritoteir^Xgio ^ l mba3 B «ch 

shall have one of its angular points coincident with a point 

in the base, and a side on that base. , . « * /nr, 

611. ABC is a triangle having a right angle at 0, 
ABBE is the square dc scribed on the hypotenuse; F, G> H 
are tbfwtoU ^intersection of the diagonals of the 
on the hypotenuse and sides: shew tnat the angles DGE , 
GFH are together equal to a right angle. 


MISCELLANEOUS. 

612. 0 is a fixed point from which any straight line is 
drawn meeting a fixed straight line at P; m OP a point 
Q is taken such that the rectangle OP, OQ is constant: 
shew that the locus of Q. is the circumference of a circle 
613 0 is a fixed point on the circumference of a circle, 

from which any straight line is drawn meeting the circu;r>- 
P • in OP a point Q is taken such that the 
rectangle OP,’OQ is constant: shew that the locus of Q is 

a BtraghUine. ^ ^ a ^arfutoral inscribed in 

produced meet at P and Q : shew that tn 
square" on PQ is equal to the sum of tfce squares on tM 
tangents from P and Q to the circle. 
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<““*r.•* the'cWe^CD 

lines 1 be joined ao*^ to^fornw tW ° in .* er ® ectin g straight 

*h 0 fi |?ra, m 8 Si g b t ; t 

e 4 « s “ T » t0 ^ a,flth0 

at Bmdr- 6 tW0 ^ n /? nts ^ a circle, touching it 

&sr that s&zi&ufs 

thro^theSddYeAtateof Sfi&rS It/te 

£#mes ai £Eftr* sss. mi a diasonai ° f 

Sftj* *£?two. that ° ne of them is to «>° »»m 

^-■fsyras.sa.sS 

623. Divide a triangle by two straight lines into three 
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narts which, when properly arranged, shall form a paralle- 

shew that the anfp^A ifV is within the angle 

j p AT) if p has any other position. , , ,, i* 

d fi ?5 Two circles cut each other, and a straight line 

ABCDE i, dmvm, *** c\ 

‘howthat the square on’ BD into the squareon AE » 
rectangle BC, CD is to the rectangle AC, CE. 


THK END. 


______m jl atthk ujnvKiusiTY riutwi. 

CAMBRIDGE * PRlNTtOBV C. J. CLAY, M.A. AT A**" * 
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